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PREFACE 


My cliiof excuse for writing a book on the Properties of Stq|km is 
that the greater part of my life has been devoted to ejjpilEmental 
and Wiporctical researches direetly bearing on the subject, and to 
the training of rising engineers in physics ’and thermodynamics, 
aarr^vestigation of the proi>erlies of may^ is the province of 
tile physicist rather than ol' the engineer, and it is appropriate that 
tlw^ |>bysic’ist shonkl oeeasionally take a hand in discaissing thfe 
application of the results to engineering |p‘obleins. The discussion 
has been restrietnl to problems depiatding primarily on the pro- 
(.erlielTof the working fluid, %hieh are of fundamental imiHirtance, 
but aij;necessarily relegated to a secondary jilaee in works dealing 
Kfitl^lhe tietails of eonstrnetion of iruurhines. I hojic for this reason 
Jdiat the present work may |)rove a useful su|)pl<'ment to treatises 
on Steam Power written from th(^ engineering slandpoint. 

In the twenty years which have elapsed sinee the lirst publica¬ 
tion ^f my eipiations for steam, the importance of the thermo- 
djliainical aspes-t of the problem has been mor<' widely recognised. 
The extensive adoption of the turbine has raised a number of new 
problems, and many impoifant researches have been published 
on the physic.al side. It was fn ipiently suggested that my tables 
w'crc becoming out of date and imieifiirate in the light of sub.se(picnt 
knowledge, and already reipiired serious alteration anil revision. 
The original papers explaining the theory ippeared in a variety 
of publications, some of whieh were dillicult of ai-cess and were 
frcipiently misquoted. This gave rise to a number ol misappre¬ 
hensions which it Wins imiiortant to remove. I felt that I owed a 
duty to those who had done me the honour to adopt my system, to 
write a connected account of the theory and ex])erimcnts on whiidi 
it was bw^d, to show how well it (ittid with snbseipient work, and 
how the equations and tables might liesi !)(• applied to mdke r^cernt 
■iPV'clopments. The defence of my work against common mis- 
apprc]{cnsions necessarily gi\cs the liook a personal itharactcr, 
which may ^ distasteful to some ».'aders. In view of the circum¬ 
stances, this was unavoidalile, but it is less to lie regretted liccause 
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most of the ofl|ftci£ns raised afford good miisirauons oi tnermo*' 
dyn^ical principles and methods, which might otherwise appear 
devoid.of practical in^rest. 

I have been Ijlamed in some quarters for delay, in answering 
objections, which hIVe sometimes been accepted A sound qn 
account of my Silence. This book was to have appeared in 19f2( at' 
the same time as the Steam Tables, but owing to the occupation of 
our jjuildings and equipment by Research Departments of the 
War Ofeef etc., ifey own time was entirely devoted to the work 
of national ^fence, and the absence of the junior staff on war 
service made it very difficult for me to obtain any assistance in the 
exactijg work of jcVicing the figures and calculations. ThefMsJfi., 
of HeaCDrop, VIII, in Appendix III, was calculated by my son 
G. S. Callendar, Sub.-Lieut., R.N.V.R. (now a first year student 
of the Imperial College), I have also to thank Miss M. Re^ks, 
Technical Artist of the Imperial College, for valuable assistance 
in preparing some of the figures and .diagrams. With these excep ¬ 
tions I am solely responsible for any mistakes or impcrfectjpns in 
the work, which I trust may be pardoned on account of the troujdod!*;, 
conditions under which it was completed. 

. . In the latter portion of the book, dealing with the Thermo¬ 
dynamical Theory of Turbines, some new methods have been 
introduced which I hope may prove useful to engineers. Thesft are 
necessarily of a somewhat tentative character on account of fhc 
scarcity of suitable experimental data, but the results seem to 
correspond with practice so far as they can be tested, and it appears 
possible that they may have a wider application. An attempt has 
also been made to calculate the effects of superheat and super¬ 
saturation in a consistent manner. The latter have already been 
reeogni^ by engineers, notably by Mr H. M. Martin in his New 
Theory of the Steam Turbine, but they appear to be more amenable 
to calculation than is usually supposed and to afford a promising 
field ibi experimental investigation. 

H. L. CALLENDAR. 

Oct. 1620, 
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CHAPTER I 

INTRODUCTORY 

NOTATION, UNITS AND CONSTV’TS 

• 

I. .International Notation. The symbohe notntion adopted 
in this work is based as far as possil}lc on the rceonimendations of 
the International Commission for the Uni(^ation of Physico- 
Chemical Symbols made at the meeting in Hrussels in Sept. 191.3, 
The list given in their report has been siipi)lemented and extended 
al(ing eonsistent lines by a special Committee of the Physical 
Society of London (Proc. Pliyu. Soc. 27, p." 205, 1915). The list is 
^irly complete as regards the science of heat, but the Committee 
recognise the necessity of using the same symbol with different 
ij^anings in different parts of a subject. A few such cases are 
indicated in the following list, witli references to the chapters and 
Sections in which the symbols occur. 

Alpiiabetic Index of Symbols 

,A *— \/J, reciprocal of mechanical equivalent of heat (II, § 8). 

*a = numerical factor for reducing PV to heat units (II, § 8). 

B = constant of integration in expressions for K and // (III, §§ 19, 26). 

6 = covolume in characteristic equation (III, §§24, 28). 

C = cooling-effect of Joule and Thomson (HI. § 23). 

(Also eonsiunption per horse-power-hour for a turbine (XV, § 161).) 
c = coaggregation volume in characteristic equation (III, § 28). 

D = finite drop or difference, e.g. DH = heat-drop (XIII, § 140). 

(.4.180 diameter of a rotor or cylinder (XV, § 156).) 

<f = differential sign denoting an infinitesimal difference. 

S = intrinsic energy of vapour per unit moss in heat units (II, ( 8). 
t - base of natural or hyperbolic it^arithms. 

) = syn^ml for fiuiction, e.g. Carnot's function (VII, § 63). 

F ■*= relatifre efficiency, of a turbine (IX, § 94). 
t - stage iffieiency at any point of the expansion (XI, {{ 127-1^. 
a = T*- B, Oibba’ function or thermodynamic potential (VII, *9) 

= acceleration of gravity (I, § 2). 

B - B + aPV, total heat of vapour (II, |f 8, 14). 
h => {otal heat of liquid under saturatiap prennre p (II. f 11). 

J ^ mechanHal equivalent heat (I, { 5). 






Z [NyRODUCTORY [ct. 

/ and 0 ate not al aymbols owing to confusion with numetala 1 and 0. 

•K and k (not being required in the present worh for thermal oonducfleity and 
ediSusivity, as recynmended by the Committee) are employed for 
occasional constant^and constant coefficients in the equations. 

L = latent heat df vaporisation in thermal units (I> § 7; U, §§ 16-18). 

I - leakage cIearano#in a turbine (XV, § 167). 

Jif = mass-flow (lb8./seo. or kg./seo.) (X, § 99). 
m = index in equation PV - kP”, ot H - B - kP" (IX, § 96). 

N - number of stages or pairs in an expansion (XI, § 126). 
n =sjjjdexinc = %(TJTy‘.SJR = « 1 = 13/3 for steam (I, §7; III, §28). 

P = pressure jf va^ur generally under any conditions. 
p = vapour-pressure of liquid, or saturation-pressure of vapour. 

Q = quantity of heat supplied per unit mass in thermal units (II, § 9). 

7 = quality, or diynSss-fraction of wet steam (VII, § 66). 

B = gas-constant, or limiting value of aPVjT at low pressures (I, § 7)- 
(Also used for rev./min. of a turbine (XV, § 166).) 
r = ratio of expansion or pressure (XII, § 135; XIII, § 143). 

(Also used for radiusmf a wheel or tul;e (XI, § 129), etc.) 

8 - specific heat of vapour alt constant pressure (III, § 19). 

3 -- minimum specific heat of liquid (II,^ 12). 

T = temperature reckoned from absolute zero (I, § 7). 

1 = temperature reckoned from 0° Centigrade or Fahrenheit. 

V = velocity of fluid, ft./sec. or metres/sec. (U, § 10; X, § 98). 
u = velocity of blades in a turbine {XI, § 114). 

W = work done by vapour (II, § 10; VII, § 63; IX, § 84, etc.). 

10 = work done on liquid in feed-pump (IX, § 93). 

X = cross-section of nuzzle or annular area in a turbine (X, § 99). 

X = linear dimension of nozzle or annular area (XI, § 126, etc.). 

Y = surface tension of liquid (X, § 102). 
y = capillary elevation (VIII, § 80). 

Z =: dimensional constants (XIV, § 145). 
z = velocity ratio (XI, § 114, etc.). 
a ~ discharge angle with axis. 

^ = discharge angle with blade-ring (XI, § 116). 

y = index in adiahatio equation PV^ = X (X, § 99). 
fr ^ ratio of circumference to diameter. 

S as symbol of summation of finite quantities (XV, § 166). 

= entropy of vapour. 

<l> sss entropy of liquid (VII, § 66). 

• 

It is a matter of practical convenience to repre^nt eorre- 
spoi)()itt£r<luantities for the vaponr and liquid as far as^xtssible by 
capitals and lower-case symbols respectively, because these coq^- 
monly occur together in the same equations, and would otherwise 
have to be distinguished by u^ng different letters, or by sdfflxes, 
which are frequently required for other purposes. €t is notion- 



common in many books to see two or even Ju^es attached 
to the same symbol, which is extremely confiising to the reader, 
in addition to being troublesome to write print. * 

Initial and final states in expansion ifiay cqpveniently be dis*> 
tinguished by single and double dashes, provided that these do 
tioj interfere with numerical indices rejTrescnting jwwers. Thus 
F', t^,’ represent initial volumes of vapour and liquid at P', T\ 
and v", the Anal volumes at P", T". Initial or limiting values, 
defined by the vanishing of some other quan^fty, are dented by 
the suffix (o), thus Sg is the limiting value of S aUP 0 , and 
is the initial value of the total heat at zero velocity (17 = 0) in 
flow through a nozzle. The suffix (,) is emjfloycd for indicating the 
state of dry saturated steam, thus f ',, //,, are the volume, 
total heat, and entropy of dry saturated steam. The suffix (,) is 
ymilarly employed to imply that the steam is wet, but these 
suffixes may be omitted if the state is otKerwise obvious, esijeeially 
in the ease of the liquid, for which h and r are always required under 
saturation pressure p. ' 

f Abbrevialiom and Riferences. The three systems of units 
most commonly emi)loyed by engineers, are indicated by the 
^breviations, K.M.t'., I"’.P.C., and F.P.F., as explained in the 
next section. 

References to scientific papers in periodicals ;ire generally given 
ip the form adopted by Science Abslraets, the editors of which have 
had great experience in this respect. 

The author’s original papers explaining the theory, which 
appeared (1) in the Proceedings of the Royal Society, Vol. 67, pp. 266- 
286, June, 1300, and (2) in the articles. Calorimetry, Thermometry, 
Thermodynamics, and Vaporisation in the Encyclopaedia Britannica, 
10th edition, 1902, requiring frefjuent citation, are referred to in 
the present work by the abbreviations (R. S. 19(X)), and {E. B. 1902), 
respectively. 

A list of other scientific papers by the author, directly bearing 
on the subject of this work, is given at the end of the book. The 
reader must refer to these papers for experimental details which, 
though essential to accuracy, are not of sufficient general interest 
for reproduction. 

, Cross references in the body of the work are generally umuc to 
the sections, which are numbered continuously throughout the 
boolf. The equations and tables jp each chapter are numbered in 
s^iarate semes, and are referred to when necessary by the number 

l-a 



Introductory • [ch., 

of the chapter iS^rrfan type with the number of the equation in 
brackets. 

In order to avoid repetition, the majority of the purely mathe- 
•matical relations ijpquircR in the course of the work, are collected 
in Appendix I, Therraodynamical Relations, where they are de¬ 
veloped as a connected scries. It is hoped that this procedure ^If 
render the relations themselves more intelligible to the student, 
and will serve as an introduction to Rie practical use of partial 
differenIthUcoefficiftjts in thermodynamics. 

Directions with regard to the use of the Steam Diagram, issued 
with this book, are collected in Appendix II; and the Steam Tables, 
with a summary of the; more important equations, are collected in 
Appendix III to facilitate reference. The greater part of these two 
appendiees has already been published separately (Edward Arnold, 
1915). 

2. Systems of Units, fine of the chief diftieulties in redueing 
the results of different cxperiiuentalists'’, or eompuring values given 
in different Steam Tables, arises from the fact that they are oftei^ 
expressed in different systems of units, and that the fundamenfol 
quantities involved are not always defined in precisely the same wa * 
It is therefore necessary to explain with some care the system of 
units adopted as the basis of the present work, the seleetiofl of 
the fundamental constants from experimental data, and the theoiy 
by which, the values given in the tables have been calculated. 

The Centimetre-Gramnie-Second, or C.G.S. system of units, is 
now almost exclusively adopted for scientific purposes, and is 
generally used, in conjunction with the Centigrade scale of tem- 
perattire, for expressing the results of the most accurate experi¬ 
ments. But the systems most in vogue among steam-engineers are 
(1) the Foot-Pouitd-Fahrenheit (F.P.F.) system, (2) the Foot- 
Pound-Centigrade (F.P.C.) system, and (3) the Kilogramme-Metref 
Centigrade (K.M.C.) system. The K.M.C., or Metric system, is 
naturally employed by Continental nations who have adopted 
the metric system of weights and measures for all their machines 
and measuring instruments. The F.P.F., or British system, was 
at onffee exclusively adopted by engineers in Englislf speaking 
countries, where nearly all the machines and measuring instrument^ 
are still constructed and graduated according to the British system 
of weights and measures, and ^here the Fahrenheit scale iS the 
most familiar scale of temperature. The F.P.C. system is«iow larg^y 
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employed in Knglish text-books, and is gradually displacing the 
F.P.P. system among engineers, owing tt^the superior simplicity 
of the Centigrade scale, and the great cftnvenjpnce of eSpressing, 
all quantities of heat-energy by the same nuntbers as those employed 
T>)^Continental engineers and in accurate scientific work. It is a 
comparatively simple matter to change the therniometric scale, but 
it is out of the c|uestion at present to discard the foot and the pound, 
which arc in other ways very convenient units JWr stean\, SRe Foot- 
Pound-Centigrade system has accordingly been a«hgited for general 
purposes in the present work as the most suitable compromise, 
because it greatly facilitates reduction to cither of the other systems 
when exact comparisons are required. Hut ui the majority of 
important cases the corresponding values and formulae in the 
ffther two systems have also been gi\’cn. 

Iteduclion b'actorx. In construeling* the Steam Tables, the 
following factors have been employeef as being suHicicntly accurate 
for the purpose in reduciiij; and eomj)aring experimental results 
i^xpressed in different systems. 

Length, 1 foot - 0-30tH«t( metre. 

Mass, 1 )>ound 0-153592 kilogramme, 

frorp which we obtain the factor for Density or Specific Volume, 

Density, 1 pound ])er cu. ft. ‘ Ki-OlSl kilos jjcr cu. metre. 

Specific Volume, 1 cu. metre per kilo. - IG-OISI cu. ft. per lb. 

The unit of Pressure, cxjjressed in terms of weight per unit area, 
(pounds per sq. in., or kilograms persq. cm.) de|)cnds on the value 
of the intensity of gravity assumed at the place of observ'ation. 
English enginwrs generally take the intensity of gravity at mean 
sea level in Ix)ndon as the standard. The vnlifc of gravity varies 
appreciably along any given parallel of latitude, so that it is 
necessary to s{)ccify a particular place or vahie assumed. American 
and Continental engineers generally take the conventional value 
of the acceleration of gravity at sea level in latitude 46°, tmmely 
980'605 e.G.S. The acceleration of gravity at sea level in London 
exceeds tllis conventional value by 1 part in 2000, or num^^^^jaken 
jis 081'16 e.G.S. with an accuracy sufficient for the present puqxMC. 
This is equivalent to 82-190 ft./scc.‘. One pound per sq. in. at 
London, and one foot-pound at Jx>ndon have been token, in the 
tables as tile units of pressure and work. The values of pressure 
given in the tables must accordingly be increased by one part in 
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2000 if it is requTrld to reduce them to the corresponding con- 
ventioithl values in latitude 45®. 

, The 'reading pf a pressure-gauge generally represents the 
difference from atmosjpheric pressure at the time of observation. 
The pressure in excess of atmospheric is commonly called the gai^« 
pressure, the defect below atmospheric pressure is commonly 
called the vacuum. 

Tht!*d)iolule p^ssure reckoned from zero is the quantity re¬ 
quired in most <:alculations and experiments. To find the absolute 
pressure it is usually necessary to read the barometer, and deduce 
the atmospheric pressure by applying suitable corrections for 
temperature and ^avity. The absolute pressure is deduced by 
adding the atmospheric pressure {expressed in the same units) to 
the gauge-pressure, or by subtraeting the vacuum from thj 
atmospheric pressure. 

Readings of gauge-pressifre or vaeuum are often stated with 
reference to a barometric standard of SO inches of mercury, which 
at 62° F. is equivalent to 14-690 Ibs./sq. in., or is practically equal tq 
one standard atmosphere in the latitude of London. But 80 inclfes 
of mercury at 0° C. or 32° F. is equivalent to 14-730 Ibs./sq. in" 
which is appreciably different. 

Barometers for meteorological purposes arc often graduate^ in 
millibars, 1000 millibars being equal to the C.G.S. atmosphere ^1 
one megadyne per sq. cm., which is very nearly equivalent tc 
760 mm. of mercury at 0° C. in latitude 43°, or to 14-496 Ibs./sq. in, 
in London. 

The reading of the barometer, and the correction of mercurj 
columns for temperature, are frequently of considerable importance 
at low pressures. Thus at 28 inches vacuum an error of a tent! 
of an inch in both barometer and vacuum-gauge may make ar 
error of 10 per cent, in the corresponding value of the absolute 
pressure. 

High pressures are frequently stated in atmospheres, and low 
pressures sometimes in percentage of an atmosphere. It is e^esirable 
in such cases to specify the kind of atmosphere intended. The 
term ^l^itc^here shoedd not be used as synonymous with a pressure 
of 1 kg./sq. cm., which differs by 8-8 per cent, from the standare 
atmosphere of 760 mm. 

The temperature of 100° Centigrade is defined as being that ai 
which the pressure of saturated steam is one Standard i^tmospheje 
or is equivalent to a column of mercury 760 mm. high, of stanelar 
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density 13-59S4S grams per cu. cm. (corresponding to 0° C.), at a 
place where the acceleration of gravity 080-665 C.G.S, This 
pressure is equivalent to 14-6800 pound% weight per sq» in. at 
Ixmdon, or to 14-6064 in latitude 45°. 

We have therefore the following rcdiictioh factors for pressure 
and work, 

1 atmosphere (760 mm. Hg, lat. 45°) - 14-0800 Ibs./sq. in. (London), 
1 Ib./sq. in. (London) -070807 kg./sq. cm. (London), 

„ „ - -070342 kg./s<j. cm. (lat. 4.y), 

1 foot-pound (London) - -1.38255 kilogrammctrc (London), 

„ „ - -138324 „ . (lat. 45°). 

3- Units of Heat. It is taken as axiomatic that the quan¬ 
tity of heat rc(piircd to raise the tcni])cruturc of a given mass of a 
particular substance through a given range must always be the 
.same under the same conditions, aud«nay therefore be made the 
basis on which quantities oWieat are measured. 

The unit of heat generally adopted in scientific work is the 
qu^itity of heat required to raise the temperature of 1 gramme of 
..water under a constant pR-ssure of 1 atmosphere by 1° C.. measured 
on the scale of the standard hydrogen thermometer in the neigh- 
bourhoorl of some particular temperatuR.-, generally either 15.°, 
or 20° C. These two units differ .slightly in value ami arc generally 
referred to os the ‘•gram-calorie at 15° C.” and the “gram-calorie 
at 20° C.” respectively when great precision is required. Instead 
of the gram, the kilogram, or the [louiid, may be taken as unit of 
mass, in which case the unit is called the “kilocalorie” or the 
“pound-calorie.” 

The British thermal unit, or B.Th.U., is defined in practically 
the same way in terms of the pound and degreq Fahrenheit. It is 
seldom used for scientific purposes, but may be taken as J of the 
pound-calorie under similar conditions. , 

The calorie at 20° C. is the most suitable unit for accurate 
calorimetric work at ordinary temperatures. But for expressing 
the preppies of steam, the Mean Calorie, which is generally 
defined as^ne-hundredth part of the qiuntity of heat required to 
raise the temperature of imit mass of water from 0° to IoITC., is 
the most convenient unit. The mean calorie has the advantage 
that its definition depends only on that of the fixed points, and ’ 
that it simp^fies the expression fdl the “heat of the liquid.” This 
unft has aecotdingly been adopted as the basis of the present work. 
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4. Variation of Specific Heat of Water. The relation 
between these units oi heat is of primary importance in accurate' 
calorimetry, and is required in the construction of steam tables 
for determining thc^values of the fundamental constants to be 
employed. Since the accurate comparison of the units of glass 
presents no dilTiculty, the problem is reduced to that of determining 
the variation of the specific heat of water with temperature mea¬ 
sured sap the gas-«calc. It might be thought at first sight an easy 
matter to determini: the required variation by simply mixing known 
quantities of water at different temperatures in a calorimeter. 
But when this is done at temperatures above 50° C. the thermo¬ 
metric difficulties are considerable, and the calorimetric errors due 
to evaporation or to heat-loss in transference of the hot water to 
the calorimeter, become so uneertain that this method has kd, 
even in the hands of skilful experimentalists, to most discordant 
resulis. The experiments of Regnault were most carefully per¬ 
formed, and were for many years accepted as the standard, but 
he was unable, owing to the defective state of thermometry, Jp 
detect with certainty any variation of the specific heat of wfiter 
between 0° and 100° C., or any systematic divergence of the sefile- 
of the merciu-y thermometer from the gas-sealc between these 
limits. From his cxjieTiraents on the total heat of water between 
100° and 200° C., he was led to infer a gradual rise of specific heat 
froni 0° to 100° C., but his experiments failed to give any direct 
or reliable information with regard to the variation of specific 
heat between 0° and 40° C. In calorimetric work a great deal 
depends on the accurate observation of small differences of tem¬ 
perature, for which the mercury thermometer is not well suited, 
owing to its errors of stem-exposure, and to its temporary varia¬ 
tions of zero, whiqh had not been sufficiently studied in Regnault’s 
time. Even when special attention has been paid to these thermo- 
metric difficulties, as in LUdm’s experiments (Inaugural Disserta¬ 
tion, Zorich, 1896), the method of mixtures has not given satis¬ 
factory results. Thus LUdin’s observations show a rap(^ fall of 
specific heat near the boiling-point, which is probably arroneous. 
The inpjt,./eonsistent results have been obtained by observing the 
rise of'temperature due to the supply of measured quantities of 
electrical or mechanical energy. These methods are intimately 
associated with the determination of the mechanical equivalent 
of heat, a problem of primary^ importance in the tjieory of 
steam-engine, which requires more detailed consideration. 
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5. The Mechetucal Equivalent of Htftft. Joule showed 
by a considerable variety of experiments botween the year!?1842- 
1850 that, whenever heat was generated byfriction, the qurfntity of 
heat produced was, within the limits of experimental error, pro- 
{Xiryonal to the quantity of mechanical work expended, and was 
independent of the nature of the materials employed and of other 
conditions. He also showed that the same cocflicient of propor¬ 
tionality between work and heat applied when tlic conversion was 
effected by means other than friction. His final*resist, obtained by 
friction of water (Phil. Trans., 1850), was that 772-5 foot-poundsi 
of work at Manchester w<‘rc equivalent to the quantity of heat 
required to raise one pound of water 1° F. in teifiperature at 62“ F. 
on the scale of his mercury thermometers. At a later date, when 
the absolute value of the Hritish .4ssoeiation Unit of electrical 
resistance had been determined, experiments by the method of 
electric heating were found to give a sfnallcr result than Joule’s for 
the mechanical equivalent. At the request of the British Association 
^ule accordingly repeated his experiments in 1878 on a larger 
sc^e, but found the same result us before. The error was subse- 
Kjflently found to lie cliiefly in the detennination of the B.A. unit 
of electrical resistance. Joule’s result, when reduced to the scale 
of the gas-thermometer and latitude 45°, must be raised to about 
77^6 foot-pounds per ponnd-Fahrcnheit unit, hut this correction is 
Somewhat uncertain as the scale of his mercury thermometers 
could not be tested under the exact conditions of the original 
experiments. 

Rowland, in repenting Joide’s exj)erimcnt in 1879 on a larger 
scale, with many refinements, over an extended range of tem¬ 
perature from 5“ to 35° C., discovered the previously unsuspected 
fact, of vital importance in accurate ealorinietry, that the specific 
heat of water diminished from 5° to 30° C. by nearly 1 |)er cent., 
instead of increasing continuously frf)m the freezing {xuiit as had 
previously bc-en assumed. His cxiwriments were probably most 
accurate in the neighbourhood of 20° C'., where the uncertainty of 
reduction* is of the order of 1 in 2000 only. He made the kilocalorie 
at this temperature on the gas-scalc equivalent to 42e-;U^3gram- 
Bietres in latitude 45°, or the pound-Fahrenheit unit e^ivalent 
to 776-8 foot-pounds under the same conditions, a result' agreeing 
remarkably well with that of Joule. 

^Express|d in absolute unit's on^he C.G.S. system, which are the 
most convenient and the most commonly adopted for comparison,. 
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Rowland’s valu# »f the equivalent of the gram-calorie at 20° C 
is 4'ISO joules, the jouje being defined as 1 watt-second of electri( 
energy,.or W ergs C.6£. 

The equivalent of the mean thermal unit (0° to 100° C.) ir 
meehanieal energy was directly determined by Reynolds and 
Moorby {Phil. Trane., 1898) by heating a measured stream of water 
from the freering to the boiling point in a Froude-Reynolds 
hydraujjc brake nipuntcd on the shaft of a 100 H.P. steam-engine. 
In spite oTf the difliculties of accurate measurement on so large a 
scale with the calorimeter at the boiling-point, they succeeded in 
obtaining a result comparable in accuracy with that of Rowland 
at ordinary temperatures. When allowance is made for the fact 
that the water was not supplied exactly at the freezing jwint (where 
its specific heat varies somewhat rapidly with temperature) the 
value which they gave ihc mean gram-calorie in absolute units 
may be taken as 4'184 joules, which is equivalent to 426'6 kilo- 
grammetres per kilocalorie, or to 77S C foot-pounds jjer B.Th.U, 
in latitude 45°. In order to compare this result with that of Row¬ 
land, it is necessary to know the variation of the sjrccific heat ftOm 
0° to 100°, or at least the ratio of the specific heat at 20° C. to thejj 
mean over the whole range. LUdin’s formula {loc. cit.) gives l'OO03 
for the ratio of the mean calorie to that at 20° C., which would 
make the mean-calorie equivalent to 4-20C joules, if the calorie 
at 20° C. is 4-180. The discrepancy betw-cen 4-206 and 4-184 *is 
beyond the probable limits of error of Reynolds’ and Moorby’s 
experiments, and may be taken as an indication that Ltidin’s 
formula is incorrect. Better agreement has been obtained by 
electrical methods of measurement. 

6 . Electrical Methods of Calorimetry. Griffiths {Phil. 
Trans., 1895), anS Schuster and Gannon {Phil. Trans., 1896) 
measured the rise of temperature produced by {utssing an electric 
current through a resistance immersed in water in a calorimeter, 
and deduced values of the mechanical equivalent of the gram- 
calorie from those of the electrical standards employed.^* If their 
results tire corrected for an error (at that time suspected, and 
subse^h^idy proved) in the electromotive force of the Clark 
Stands cell, they become 

Griffiths, gram-calorie at 20° C. = 4-187 joules, 

Schuster and Gannon, gram-Balorie at 19° C. = 4-188 joules. 

Q A 

Griffiths’ observations extended over the ranee 15° to 9«° o 
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confirmed Rowland’s results for the diminution oftSie specific heat 
of water over tliis range of temperature. 

In the continuous eleclric method* of Sallcndar and Barnes, 
a steady current of water passing through a flyc tiftje is heated by 
an«l^tric current through a central conductor. The difference of 
1;emperatiu^ between inflow and outflow is taken by a single reading 
of a pair of differential platinum thermometers, which permits a 
much higher order of accuracy than is obtainalxb with mgreury 
thermometers. The annexed Fig. 1 sliows a* diagram of the 
arrangement. The flow-tube and thermometer pockets at either 
end are hermetically sealed in a vacuum-jacket to minimise external 
loss of heat. The methotl possesses sj)ceial advantages for observing 
the variation of the specific heat, because the external water 
jacket surrounding the calorimeter can be maintained by a regu¬ 
lator at any temperature at which the s|)cci(ic heat is required. 
The absolute electromotive force of tin- standard cells employed 
^as determined at the same time bj^ Kingt with an eleetrodynamo- 
mj^cr specially designed by the author for the purpose, and was 
proBhbly correct to 1 in 10,000. King’s work has recently been 
\ijrtflcd by Prof. Norman Shawf, who has sueee<-dcd in obtaining 
a very high order of accuracy with the same instrument. 

The results obtained by this method for the specific heat of 
water at various temperatures are indicated in Fig. *2. The values 
•of the total heat deduced from the specific heat agrt'cd with 
Rowland’s values to one-hundredth of a calorie over the range 6° 
to 80° C. The result obtained for the equivalent of the mean gram- 
calorie over the range 0° to 100° f\, was -t'lSOS jotdes, excee<ling 
that found by Reynolds and Moorby by less than 1 in 1000, which 
is probably within the limits of (rrror of their experiments. 

Dieterici {Ann. Phys., 16, p. 503, 1003) employing an elcctricd 
method with an ice-calorimeter, reading to about 1 in 1000, subse¬ 
quently found the result 4-1923 joules for the equivalent of the 
mean gram-calorie. 

Adopting the value 4 1808 joules as the equivalent of the mean 
gram-caloaie in absolute units, we obtain the following value for 
the pound-aaloric: 

1 mean Pound-Calorie (0° to 100° C.) - 1400 00 foot^nds 

(London). 

CUkndar and Bamea, B. A. jBejport*. 1807, p. 682, and 1899, p. 624; PhS. 
Trant., 1902, pp. 88-263: alao Bakerian Le&ure, Phil. Traiu., 1913, pp. 1-82. 
rronf, 1902, p. 81. 

t PM. Trant. A, 214, pp. 147-198. 
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Owing ^ th® great convenience of having an exact 

round number for the mechanical equivalent, this value has been 
adopted in the presAit work. The corresponding value in latitude 
45° would be 1400-7 Ibot-pounds, and for other units 

1 mean B.Th.U.* = 1400 x ^ = 777-78 foot-pounds (London) 

= 778-17 foot-pounds (latP45°),i 

1 mean kilocalorie = 426-98 kilogrammetres (lat. 45°). 

7. iTie Absblute Scale of Temperature. A necessary pre¬ 
liminary to all accurate calculations for gases and vapours is the 
definition of the scale of temperature employed. This is generally 
defined in praetice as that of the hydrogen thermometer below 
100° C., and as that of the nitrogen thermometer at higher tem¬ 
peratures. A discussion of all the available data in a paper* read 
before the Physical Society of London in March 1901 led to the 
conclusion that intervals of temperatures reckoned on these 
thermometers from the free'/.ing point upwards agreed with tlsi 
absolute thermodynamie scale almost, if not quite, within the 
limits of error of experiment. It is generally assumed that thenho- 
metric readings arc reduced to the scale of one of these gases, atyl 
it would be useless for the present purpose to attempt further 
reduction to the absolute scale. Since gas thermometers are quite 
unsuitable for the majority of experiments, the reduction *to the 
hydrogen or nitrogen scale is generally effected in practice bjs 
comparison with a platinum thermometer, or preferably by the 
direct use of a platinum thermometer, if accuracy is required. If 
the reading of the platinum thermometer pt is reduced to true 
temperature t by means of the formulat, 

t-pt= 1-50/ (/ - 100) X 10-‘, 

the experience df many independent observers has shown that the 
values of / obtained agree with temperatures on the absolute scale 
within the probable limits of error of experiment. 

The value of the freezing point of water in degrees Centigrade 
reckoned from the absolute zero of temperature, or themumber to 
be added to the temperature / reckoned from 0° C. *in order to 
obtei^:.d)e temperature T on the absolute scale, >fas taken as 

• Published PJtO. Mag., Jsn. 1903. 

-f PfUL Traiu. A, 1887. This scale has recently been adopted by the Heichs- 
aostalt, Berlin, April 1, 1016, as tfaa official scale of temperature lor acoorate 
testing ot thermometers. 
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378-0 in the author’s original paper (B. S. U9WJ, in accordance 
with the value ^ven by Lord Kelvin (£. B. 1882). It was shown,' 
however, in the paper aljovc referred to, tllkt the true value was 
certainly within two or three-hundredths a degree of 278*10. 
The difference is quite appreciable in accuraA reductions, and the 
vJlug 278*10 has accordingly been employed for the present work. 
This value has Ix^en verified, within the above limits, by maqy 
subsequent computers, though the exact values yven are to some 
extent a matter of taste, depending on the wmglits attained to 
the various series of observations on which the rcsultsis based. We, 
therefore, employ the formulae 

r = < 4 273*10° C. = / + tS9*58°J<’. 

Most of the fundamental constants required in calculating the 
properties of steimi depend directly or indirectly on the values 
selected for the mechanical eqiiivident and for the absolute zero 
of temperature, as well as on tiu? unit*of heat. The determination 
tof each constant is liable to errors of experiment, which will lie 
discussed in the following chapters. For these reasons the absolute 
v^nes, even of the best determined constants, such as R and L 
|t 100° C., an* uncertain by at least 1 part in 2000. But in order 
to obtain relative values in the tabulatioi*. of the various properties, 
sufficiently exact and consistent for the investigation of problems 
de|>cfiding on small differences, it is n(*cessarv to take the values 
of*the fundamental constants to five significant figures, and to 
work the results in each case to a hundredth of a thermal unit. 

The values adopted for the most iin)>ortant of these constants 
are: 

Latent heat at B.P., L « 5H9-80 C., =- 070*74 F., 

Gas constant for steam p<*r unit mass, K = 0*11012, 

Specific heat at zero pressure, = 0*47719i 
Ratio Sq/R = » + 1 = 13/3, Index n ^ 10/8. 

The value of L depends on the scale of temperature, whether 
Centigrade or Fahrenheit, but those of R and arc independent 
of the teifiperature scale, and arc the same in all practical systems 
df units, vJnen expressed in terms of thermal units per d^ree. The 
value of R%>t steam can be estimated from the moleculilVlteight 
in terms of hydrogen and oxygen. The limiting value of aPV/T — R 
at low pressures is found for O, or N, by calculating the value at 
N.TJ*. from the observed dcnsity,«nd correcting the value of PV 
to »to presstre by Amagat’s coefficient. The value of R for steam 
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is found by mnltiplyjpg the result for O, by the ratio 0,/I^0 of 
•the molecular w&^hts. Values obtained in this way from different 
data 8gree to about » in 2000. The value of S„ is'variable to a 
slight extent witlj temperature, but the range of variation according 
to different experiments is-uncertain, and is of little practical 
importance for the present purpose. A mean value is accotdjpgiy 
selected, having a simple ratio to B, in order to simplify the ^ia- 
batic equation, as explained in Chapter III, § 25. 
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CHAPTER Tl 

THE TOTAL HEAT OF WATER AND STEAM 

8 . Intrinsic Energy and Total Heat. In accurate calori- 
■trie work, especially with gases and vapo\irs, it is often important 
idefine the exact nature of the quantity measured, which depends 
js the conditions of pressure and volume as «'oll as on the tern-' 
brature. 

The quantity of energy existing in a body in a given state is 
died the internal or intrinsic energy, and iij denoted by the symbol 
' when measured j)er unit mass. The intrinsic energy E per unit 
i^s is eommonly expressed in thermal units, e.g. in {xnind- 
Jories Centigrade per jwund, but the Centigrade unit of intrinsic 
icrgy may be more briefly referred to as the cnIorie-Centigrade, 
jcause it is obviously independent of the unit of mass. The 
jmber representing the intrinsic energy of any substance in a 
particular state is evidently the same whether exjjressed in pound- 
caloriCs per pound or in kilogram-calorics per kilogram, provided 
that the same scale of temperature is employed in both cases. 
When however it is reqxiired to reduce the intrinsic energy ex¬ 
pressed in Centigrade calories to Ilritish thermal units, the value 
in Centigrade calorics mxist be multiplied by the factor L8 or | to 
reduce to the Fahrenheit scale. 

The state of a substance may in general be suflieiently deflned 
by the pressure P and the volume F of unit mass.^The product PV 
has, a'definite value for any particular state of the substance 
coiwidered, and represents the work done in forcing unit mass into 
an. enclosure against a steady pressure P. The product PV is ob- 
tamed in foot-pounds if the pressure is expressed in pounds weight 
j»pf »j. ft. und the volume V in cubic feet. More commonly the 
pressure is ^pressed in pounds per sq. in., in which case the work 
done is 14iPP foot-pounds. This may be reduced to its e^jl^^Aent 
in mean pound-calories by dividing by 1400, the equivalent of the 
mnan calorie in foot-pounds. The letter A is very commonly 
CD^layed to represent the reciprocal of the mechanical equivalent 
(ih this c«se''l/1400), which has different numerical values in 
na 
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dittelrent systeAaii^f &uts; The )ette!t a'»wi]t,be employed'to denote 
the ivimeiical factor j;i4i/l406 on the F.P.C, systeip, or its ^ui- 
valent. in other systeijps) required to reduce the product PV to 
calories when P anjj V are expressed in arbitrary units. These 
numerical factors are very often omitted altogether in books jan 
thermodynamics, because it is tacitly assumed that all the ferms 
in any physical equation must be expressed in the same units; 
but it\.,a work lik(! the present it will be more convenient to indicate 
them by special symbols (a, etc.) explicitly in the equations. 

The reduction factor a is that most often required in thermo¬ 
dynamical equations. Nearly all the equations in this book will 
give consistent results in any practical system of units, not only 
for P or V, but also for any of the other quantities concerned, 
provided that the appropriate numerical value of the reduction 
factor a is employed for each system. 

When the unit of H or. li is the mean caloric Centigrade, the 
values of the reduction factor a are »s follows for various units o? 
P and F, as previously defined:— 


Unit off 

Unit oi K i 

Unit of PK 

Value of a 

Reciprocal 
o! a 

System of 
up|U ** 

1 lb./sq. in. 

1 kg./sq. cm. 
760 mm. Hg 

1 mm. Hg 
limHg 

1 ob. ft./lb. 

1 ob. m./kg. 

1 litre/gm. 

1 cb. cm./gm. 

1 cb. fi/lb. 

144 ft. Ib8./lb. 
10000kgm./kg. 
101-33 j./gm. 
1333-3 erg/gm. 
70-7 ft. Iba/lb. 

144/1400 

10000/420-7 

24-20 

3-186 xlO-* 
0-0605 

0-7222 

0-04267 

0-04132 

31400 

19-80 

F.P.C. 

K.M.C. 

‘Atmo-litro 

f, " 


When the unit of U is the mean B.Th.U., the value of a on the 
F.P.F. system (with P in Ibs./sq. in.) is 144/777'8 = 1/5-4012. If 
the unit of P is the weight of unit mass on one face of the unit cube 
(e.g. 1 lb./sq. ft. with V in cu. ft./lb.) the value of a is the reciprocal 
of but this unif of pressure, though often employed in equations, 
is inconvenient in practice, and is seldom used in graduating 
pressure-gauges. 

In writing an equation, it is usually most convenient to insert' 
the factor a explicitly, as in aPV, but in working a tem of this 
form, or of the form BjaV, on a slide-rule, it is genewUy more 
convenient to employ the reciprocal of a, as given ii) the above 
tabled 'l^use the operation P -r (l/o) x F, or B-rV x (!/«>, ; 
requires fewer settings of the slide than the direct multiplication 
ax P X F, or the division B-r a-rV, ' 

The value of o in any otheP system of units is tte ratio o^the^' 
work equivalent of the product of the units of P and F to t® 
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mechanii^ equivaIen»'of the thet^al unit in the same 

woric units as PV. 

The necessity ot repeating an equation tii cJiiTcrcnt systems of 
units is in most cases avoided by inscrting|jthc*symbol a for {he 
redaction factor. This method will be found to save a great deal 
of uncertainty and loss of time in the numerical application, and 
in the comparison of results of different experiments, expressed 
in various systems of units. 

The intrinsic energy E maj' also be expressed in foot-pounds or 
other units of work by multiplying the value in thermal units by 
the appropriate value of the mechanical equivalent J, or dividing 
by A. It may also be directly measured in mechanical units by 
electrical or mechanical mctluxls. But it is most comnionly ex¬ 
pressed and measured in thermal units, and it may be assumed that 
it is expressed in Centigrade calories throughout this work unless 
it is otherwise speciflcally stated. * 

The total heat denoted by // is defined as the sum, E + aPV, 
o^the intrinsic energy E and the work aPF expressed in the same 
units. The total heat is the quantity generally tabulated for steam, 
Jjccaiisc it is more often required in steam-engine practice, and also 
more easily measured in ealorimctric experiments, than the in¬ 
trinsic energy. It will always be expressed, like the intrinsic energy, 
in Centigrade calorics, unless otherwise stated, and may be reduced 
to other units by the same factors as in the case of intrinsic energy. 
The total heat thus defined is a function of great generality and 
importance in thermodynamics, but it does not exactly correspond 
with Regnault’s definition of the total heat of steam, which refers 
only to a special case. Some writers use the term “total energy” 
■for the quantity E + aPV, for the sake of distinction, retaining 
the term “total heat” in the special sense of Regnault’s definition. 
But the term “total energy” apjiears to be more appropriate for 
the sum of the total heat E + aPF, and the kinetic energy AU*l2g 
(expressed in calorics), when the fluid is moving with velocity V, 
The kinetic energy is a very inqiortant factor in many steam 
problems^and it is useful to include it in the term “total energy.” 
The advai^tages gained by adopting the wider definitigp (^total 
heat* (including Rcgnault’s total heat of steam as a speciarcasc) 
are so great that the term total heat and the symbol H are now 
generally used as denoting the function E + aPV. 

190S, p. 00. B. B., 1902, ThennodynsaikMi and Vaporiaatioo, 
‘’ToL S3, pp. 280 and 028. 
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9. Calorimotric'* Measurement of E and H. When a 

quantity of heat MQ supplied to a body of mass M, the whole of 
the heat goes to increase the intrinsic endrgy, say from Ei to E^, 
provided that there is no external work done by expansion or 
otherwise. The quantity of heat Q supplied under this condition 
per unit mass, divided by the rise of temperature, is called the 
mean specific heat at constant volume over the range of temperature 
considered, and « equal to the increase of intrinsic energy per 
degree at constant volume. 

If on the oiher hand the body is allowed to expand, say from 
specific volume F, to specific volume Fj, under a constant external 
pressure P, part of the heat Q supplied per unit mass is expended 
in performing external work, which is equivalent to aP (Fj — Fi) 
per imit mass when reduced to calories. We have therefore the 
equation • 

Q = Ej - E, + aP‘(F, - Fi) 

= (Ej + aPP,) - (El + oPF.) H, - ff,.(1) 

which is simply the expression of the law of conservation of energy. 

The expression on the right hand side is the change of totaV 
heat at a constant pressure P. The heat supplied per unit mass at 
constant pressure divided by the rise of temperature is called the 
mean specific heat at constant pressure, and is equal to the increase 
of total heat per degree at the same constant pressure. It is scldoim 
practicable to keep the volume of a liquid or solid constant while 
it is being heated, so that the change of intrinsic energy at constant 
voliune cannot as a rule be measured directly by experiment. But 
it is nearly always [wssible to keep the pressure constant, and to 
observe the specific heat at constant pressure, or the increase of 
the total heat, fre*n which the change of intrinsic energy may be 
deduced if required. In the case of solids and liquids, the changes 
of volume are small, and the difference between the total heat and 
the intrinsic energy is comparatively unimportant at moderate 
pressures. But in the case of gases or vapours the difference may 
be of great importance, on account of the large changes 0 / volume. 
For iqgjtai^, in the case of water, the expansion from Ojto 100° C. 
under atmospheric pressure is 4-8 per cent, of the volume at 0° C. 
The term aP (Fj - Fj), (takingo = 144/1400,P = 14*70 Ibs./sq. in., 
F, ” *01602 cu. ft,/lb., Fj - Fj = *048F,), reduces to *00105 of a 
cidorie, which is only 1 part in ldo,000 of the increase of total heat, 
namely 100 calories. The change of intrinsic energy at constant 
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pressure is for all praetical purposes the saiie i^^that of total heat 
in this particular case, but in the case of a gas or vapour the two 
may differ by 80 per cent, or more, and it must not be hastily 
inferred that the distinction is immaterial .even in the case of a 
Ijguid or solid. 

^hus, if the volume of water could be kept constant while it 
was heated from 0“ to lOO" C., the pressure would increase by about 
850 atmospheres, and the increase of H would bg greater than that 
of E by the term a(P — P„) Uo. which amounts to about 21 cals. 
The actual increase of // would be about 15 calottes greater than 
in the previous case in which the water was heated under a constant 
pressure of one atmosphere, and that of E would be about 0 calories 
less. 

In work of precision it is usual to define the pressure under which 
the measurements are made, though the^ effect of pressure, in the 
case of a liquid like water at ordinary, temiieratures, is too small to 
be deteeted in the niajori^ of exiieriments. The usual definition 
of the mean calorie is equivalent to onc-hundredth part of the 
Change of total heat of water when heated from 0° to 100° C. 
under a constant pressure of one standard atmosphere. But since 
the accuracy of a calorimetric experiment rarely surpasses 1 in 1000, 
the calorie might equally well be defined for most praetical purposes 
in terms of the change of intrinsic energy under the same conditions. 
• In the present work, the unit of heat in terms of which the 
total heat of water is expressed has been taken as one-hundredth 
part of the change of total heat of Avater between 0° and 100° C. 
when the water is heated under the pressure of its OAvn vapour only. 
The quantity of heat requiix^d in this case exceeds that required 
when the pressure is kept constant and equal to one atmosphere, 
by the small quantity a - p„) Vg, which amounts to 0-024 cal. 
or about one part in 4000 of the whole. The mechanical equivalent 
of the mean gram-caloric thus defined is taken as 4-1868 joules, 
in which case that of the mean gram-caloric under atmospheric 
pressure would be 4-1858 joules. The difference between these two 
units is*l)eyond the limit of accuracy with which the mean calorie 
can be determined, the best estimates ranging from 4-1882 
(Reynolds and Modrby) to 4-1925 (Dictcrici). The quaflti^chiefiy 
required in steam-engine work is the total heat h of the liquid 
under its own vapour pressure, and it is a matter of some con¬ 
venience that the values of A ai thq fixed points 0° and 100° C. 
slR>uld be exactly 0 and 100 respectively. 
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10. The Ecj^ijatlbii of Steady Flow. One of the simple 
illustrations of the law of conservation of energy, and one of the 
most important for the theory of steam, is the case of steady flow 
of a fluid. Suppose t^at steam or water or any other fluid enters 
ail enclosure AB (Fig; 8) through the inlet A with constant veloci^, 
Vi at a constant pressure Pj and specific volume and leav^he 
enclosure at B with constant velocity Z/j, at a constant pressure 
and specific volupc Fj. When the flow has become steady, it 
follows from the law of conservation of mass, that for each unit 
mass of fluid elitering the enclosure at A, unit mass of fluid must 
in the same time leave the enclosure at B, provided that there is 
no leakage or other.oiitlet. The enclosure AB may contain a throttle 
valve, or a porous plug, or an expanding nozzle, or a calorimeter. 


A 




j En cIo s a re 
containing 
any appliance 
admitti n| of 
I steady flow. 


B 


Fig. 3. 


or a turbine, or any other ajipliance which admits of steady flow. 
It may even contain a reciprocating engine, provided that the 
dimensions of the receivers at the inlet and outlet are sufficient 
.to render the flow practically uniform at these points. 

The energy entering the enclosure at A with eaeh unit mass of 
fluid, is the Total Energy per unit mass, E, + aP^Vi + 
consisting of the sura of the intrinsic energy E,, the work aPjFi, 
and the kinetic energy AU^l'ig, in the initial state. Thp' energy 
leaving the enclosure at B per unit mass is similarly,.the total 
energy*®, oEjF, + AV^j'ig in the final state. By the law of 
the eonservation of energy, the difference between the total energy 
entering and the total energy leaving the enclosure per unit mass, 
must be equal to the sum of the ffKtemal loss of heat Q, measured 
per raiit mass passing through, and the external worK AW dofie 
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by nus appliance; measured in equiv^ent c^oij^ ))er unit mass. 
Tite complete equation may be written, 

Hi-U,^A (17,« - U,*)l2g + aw .(8) 

r • 

This includes a number of sjiecial cases whid’h may be considered 
I sefiauately. 

(1) The Throttle. If the appliance is a simple throttle valve, 
or porous plug, or small aperture, the function of which is simply 
to reduce the pressure, without any external wqjl:, or loss of heat, 

• or increase of velocity, we may put the terms on the fight hand side 
equal to zero, and we obtain the very simple and important result 
that the total heat remains constant, or //i.= //g. This is the 
essence of the “jjorous plug” method (Chapter III) devised by 
Joule and Thomson for investigating the variation of the total 
heat of a fluid. 

(2) The Nozzle. The object of n no^/.le, as employed in an 
. impulse turbine, is to convert as much as possible of the energy 

into the kinetic form witfiout external loss or work AW. 
Pitting these two terms equal to zero, we obtain the condition 

,, Hi - H, = A HV - .( 8 ) 

which shows that the kinetic energy generated is equal to the drop 
in total heat provided that there is no external loss. If there is 
friction, the drop in total heat is diminished, but the equation still 
holds. If eddies are formed, part of the kinetic energy will be 
unavailable. The flow must evidently be frictionless and linear to 
secure the maximum velocity. The maximum velocity obtainable 
under ideal conditions is given by the drop of total heat in “adia¬ 
batic” expansion, as will be explained later (Chapter VII). 

(3) The Turbine. The object of the turbine is to obtain the 
maximum of external work AW, without heat j^jss Q,, or excessive 
waste in kinetic energy AU^^jig of the steam rejected. If Q, ■= 0, ■ 
and t/j = t7j, we obtain 

//, - lit .W 

which shows that the external work done is ecpial to the drop in 
tottd heat. The maximum drop of total heat obtainable under given 
conditions without external loss is that due to adiabatii^xfinnsion. 
There is necessarily a great deal of fluid friction and eddying motion 
in a turbine, which has the effect of reducing the drop of total heat 
to about I of the ideal maximuoi. But this effect is included in 
tEl equation, where Hy — Hg represents the actual (and not the 
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adiabatic) value of if e drop of total heat. There is generally some 
• ejctemal loss which must be subtracted from the heat-drop 
ff, -*R, in estimating the actual output, W (Chapter XI). 

(4)* The recipromtfng engine, with the limitation already im¬ 
plied, leads to the same law. 

It will be observed that all the equations in wluch the wdHc*lF < 
is involved give no direct information with regard to the work 
obtainable. They^simply assert that, if external work is done, there 
must be^ equivwlent drop of total heat, which is all that can be 
obtained front the law of conservation of energy. To find the limit* 
obtainable it is always necessary to refer to Carnot’s principle, as 
explained later (Chapter VII). 

(6) The Calorimeter. The object of the calorimeter is to measure 
the change of total heat //j — between given states by observing 
the quantity of heat Q per unit mass which must be abstracted 
to reduce the fluid from'the first state to the second. The change of 
kinetic energy, and the work W are ^nerally negligible, but can - 
be allowed for if appreciable. The most convenient way of measuring 
Qj, is by observing the rise of temperature of a steady streamSf 
cooling water. is often measured in this way in steady flow 
methods of calorimetry. It is also possible to reverse the process,^ 
and observe the increase of total heat produced by supplying energy 
with a stream of hot water, or an electric current, or a frittion 
brake, or other means admitting accurate measurement. Other , 
methods of calorimetry in which the flow is not steady, may gener¬ 
ally be reduced to the equivalent case of steady flow, without 
material uncertainty as to the results. Tw'o of the best examples 
are afforded by Regnault’s measurements of the total heat of 
water and steam which he denoted by h and U respectively. 

11 . The Tothl Heat of Water, h. The intrinsic energy and 
total heat of water are generally reckoned from a zero corresponding 
to the state of water at the freezing point, because we are concerned 
only with changes of energy, and it is impossible to specify ae-- 
curately the absolute value of the energy in any given sta(|£. Below 
100° C. and atmospheric pressure, the changes in the case of 
waterMre fo small that it is seldom necessary to make any practical 
distinction between the mtrinsic energy and total heat as already 
explained. Above 100° C. the distinction becomes more importantaa 
the pressure and volume increase^pand it is necessary to consider the 
method of experiment employed ,and the quantity actually measutid. 
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Regnault operated by allowing 10 litres oAwaty, under satura- 
„jn pressure in a boiler at various tempejptures betweei^lOT* 
and 187° C., to pass thrcwgh a throttle-v^ve into a caloijnieter 
containing 100 litres of water at atmospher^ pressure and tem- 
pe^ture. Passage through a throttle-valve does not alter the total 
•heat *ai we have already seen, provided that there is no external 
loss of heat and no change of kinetic energy. If kinetic energy is 
generated, it is reconverted into heat in the calori^jeter. The result 
of Regnault’s experiment is the same as if th8 water flom the 
•boiler, after passing the throttle, had a quantity of htat Q per unit 
mass abstracted from it, and were rejected at the final temperature 
of the calorimeter and atmospheric pressure.'The quantity Q*, 
estimated in the usual way from the thermal capacity and rise of 
temperature of the calorimeter, measures the change of total heat, 
hi — h^, from boiler pressure and temper^jture to the final tem¬ 
perature of the calorimeter and atmwpheric pressure. Unfortu¬ 
nately Regnault was ignorantof the variation of the specific heat of 
water at ordinary temperatures (subsequently discovered by Row- 
laim), and of the temporary variations of zero of a mercury ther- 
ijomefer, which cannot be neglected in accurate calorimetric work. 
The first source of error can be corrected by reference to the original 
data with a fair degree of certainty, but the second only by estima¬ 
tion from the behaviour of similar mercury thermometers. 


12. Explanation of the Formula for h. The formula 
employed for the heat of the liquid h in the author’s original paper 
(R. S., 1900) represented a combination of Regnault’s results with 
those of the continuous electric method. It was shown, however, 
by MacFarlane Gray* (Proc. Inst, C. E., 1901-02, Part I, vol. 147, 
p. 8) that the results of the contintious electric method could be 
represented very closely above 40° C, by a thermodynamical 

formula, h = st + aTv (dpjdT) .(5) 

• According to Gray (letter dated June 16, 1901) this formula was given by 
Paul de St Robert {Thermodynamique, Turin, 1857) as representing Regnauit'a heat of 
the Uquid, bn^ without any exact definition of the quantity denoted, which oould 
in fact hai^y have been expected at such an early date, when the function E +aPF 
was praotioa|l>*unknown, having been first ap|died by Joule and ThoAon hi their 
investigation of the equations of steady flow {Proc. <9., 1856). The sim^icity and 
accuracy of all the derived relations given in this book depend primarily on the exact 
definitioa of the quantity denoted by the formula. On tiiia point see also B. B. 
Baynea {Sdenu Absiracif, 2050, Nov. 190^. After a long correspondence on tlw 
subjegt Gray refused to be oonrerted to the autoor*# definition of total heat and of 
the qnaat^y denoted by A in the formula (6). 
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in which (dpjdf) refkresents the rate of increase of the saturation' 
pressure p with temperature at 25. Gray defined h in the same way 
as Renault, and too|f the above expression as representing "the 
quantity of healt taken in by the liquid from 278 to T, the pressure 
during the heating being that due to the higher temperature.”. 

In the revised equations (£. B., 1902) the author adoptDl thi# 
expression, but with an essential ehange in the definition, as 
representing th« thermodynamical total heat E + apro of the liquid 
under shturation*pressure p. The total heat under this condition 
is greater thin the quantity of heat involved in Gray’s definitiorf 
by the difference a(p —Polr’o approximately, which cannot be 
neglected in considering the properties of the liquid at high pres¬ 
sures. The advantage of this definition is that it j^eatly simplifies 
the relations between the volumes and total heats of the liquid and 
vapour, and gives a simple and exact expression for the entropy. 

The formula for h was also interpreted as implying that the 
liquid contains in solution its owiv volume of the vapour, the 
latent heat of which contributes the term vL/{V — v) to the total 
heat of the liquid, where V is the volume of the dry saturated 
vapour {Phil. Trans. A, 1902, p. 147). If A is to be zero by definition 
at 0° C., we require to add to the formula the small constant term 
— 0’008, representing the value of vLI{V — v) at 0°C., but this 
is so small that it may usually be neglected. We thus obtjfln the 
expressions 


A = sf + vLl(V - v) - 0-003 = st + {H - St) vjV - 0-003,...(6) 
which arc exactly consistent with Clapeyron’s equation, namely 

II-h = L^aT{V -v) {dpjdT) ..(7) 

and lead to the convenient relations 


(/* - st)jv = Lj{V - n) = - st)IV .(8) 

which are much simpler than could be obtained by neglecting the 
variation of the specific heat of the liquid entirely, and are pre¬ 
ferable to any of the purely empirical formulae commonly employed 
for the variation of A. , 

If the value of the constant s is determined by tHfe condition 
tha^ isrto be 100 mean calories at 100° C., where the^value of the 
term vLI(V — v) is 0-887 calorie, we obtain 

s = 0-99666 = 1 - 1/800 nearly.(9) 

The value of s found in this way is practically equal to that of the 
minimum specific heat at 37-3° C. indicated by the contii&oug 
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tfectric metnoa, which is 0-9069 in tenns of th«m«yi specifte heat 
between 0® and 100® O. 

It wOl be observed that •the. formula does jiot pretend to repre¬ 
sent the effect of the ice molecules in the liquid, Vhich produce 
important effects on the variation of the specific heat in the neigh- 
Sourh(ft)d of the freezing point. The maximum error from this cause 
is only a tenth of a calorie between 20° and 40° C., with smaller 
deviations at lower and higher temperatures. This is to unimportant 
in steam-engine work, where h is rarely reqtiired forlmall differences 
at low temperatures, that it was thought undesirable t& complicate 
the formula by including a term to represent the iee molecules. In 
accurate calorimetry on the other hand, since the results depend 
chiefly on small differences of total heat in this region, it is essential 
to employ a formula which includes the effect of the ice molecules, 
such as that proposed by the author in a nigre recent paper (Phil. 
Trans. A, 212, p. 1, 1913). 

13. Comparison with Experiment. The effect of the ex¬ 
perimental evidence on which the formula is based, is most readily 
appreciated by plotting the value of the small difference h — t as, 
in Fig. 4 (p. 82). Between 0° and 100° C. the difference is too 
small to be shown clearly on the scale of the diagram, and is quite 
unimpdrtant in comparison with the uncertainty of the total heat 
H of steam. The formula is represented by the full curve above 
100° C. in relation to the observations of Regnault and Dieterici, 
which are distinguished by + and x crosses respectively. 

The observations of Rcgnaidt have been expressed in terms of 
the mean calorie by reference to the original calorimetric data, 
assuming the variation of specific heat given by the continuous 
electric method between 0° and 100° C. But thejj have not been 
corrected for errors of thermometry because any such correction 
would be highly speculative. Each point represents the mean of 
5 to 10 experiments differing from the mean by twb or three parts 
in 1000 in either direction. The results at 110° and 120° C. ate 
evidentlj^ t5x) high, and the general trend of the points plotted 
shows a systqpiatic deviation from the fornnila which mig|^t easily 
be explained by thermometric errors. The experiments agree 
distinctly better with the author’s definition of h than with Gray’s, 
because the quantity actually measured by Regnault was the 
change ot E + apv, as previously Explained, and not the heat 
supfuied at constant pressure p. If Gray’s definition of the qi^tity 
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represented by Jthefformula were adopted, it would be necessary 
dejyess each of R^ault’s points by the corresponding value of 
apu„shown in the Icjwer curve, which-would appreciably increase 
the discrepancy. 

The observations of Dietcriei (jinn. Phys. 16, p. 598,1905)^were 
not available at the time when the formula was publisll^, b* 
have the advantage of being comparatively free from thermometric 
uncertainties. *He employed hermetically sealed bulbs of quartz*’ 
glass tbntainini suitable quantities of water, which were heated to 
the required temperatcires and dropped into a Bunsen icc-calofi- 
meter at 0° C. The results whieh he gives are expressed in terms of 
the mean caloric, and represent the change of intrinsic energy E 
from 0“ to t under saturation pressure. In order to deduce the 
corresponding values of h as represented by the formula, it is 
necessary to add the yalue of apv shown by the lower curve. This 
correction has been applied to the points as plotted, and brings 
them into very good agreement with the formula, except for one 
observation at 156°, which is evidently an experimentA.' error. 
Dieterici continued the observations as far as 300° in sp!i:e of 
increasing difllcultics, but the results at these temperatures are of 
little importance for steam-engine work, and are not shown in the 
figure. Up to 240° C. they agree very well with the formula. Beyond 
this point they fall slightly below it. This may indicate fdllure of 
the formula at high pressures, but it is equally likely that the diffeih 
ence is to be explained by experimental difficulties. Up to 220° C. 
the thermal capacity of the quartz-glass bulbs was about equal to * 
that of the contained water. Beyond this point it was necessary to 
make the bulbs much thicker in order to withstand the pressure, 
and the thermal capacity of the bulbs was about four times that 
of the contained water, which would greatly increase the uncer¬ 
tainty of the results for the total heat of water. 

Many steam tables (such as those of Mollier) still employ 
Regnault’s formula for the total heat of water, namely 

h=‘t + 0’00002<> + 0 00000081’, ...(10) 

• 

with or^withont a reduction to the mean calorie. Th^ values given 
by This formula when reduced to the mean calorie by dividing by 
1’005, are shown by the dotted line in the figure. This line would 
represent Regnault’s observations very fairly if they were aU 
depressed by 0’5 calorie, which is the probable error at 110° C. 
But the empirical formula is not nearly so simple as the tli^rmo- 
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dynamical formula, and disagrees material^ with Dieterici’s 
experiments.’ Many i%cent tables employ Diqterici’s formula*for 
the mean specific heat abovd 100° C., but ncgl^t the correction,api). 
His formula is of the same type as Regnault’s §nd •equally incon- 
venivi^in practice. It is obvious from the iijjure that the thermo- 
(]ynamical formula, with the author’s interpretation, represents all 
the available experiments within the limits of probable error. It 
has accordingly been retained without modification, since it is 
greatly to be preferred for theoretical reasons, fn any case the 
uncertainties of the total heat of the liquid are of very small practi¬ 
cal importance as compared with those of the total heat of the 
vapour, which are shown on the same scale in tlie upper part of 
the same figure. 

The thermodynamical basis of formula (5) is further explained 
in Chapter VIII, where its applicfition is extended to the critical 
point. 


The Total Heat of Steam, H. The total heat of dry 
saturated steam was defined and measured by Regnault* as the 
qifimtity of heat required (1) to raise unit mass of the liquid from 
O'* C. to the temperature t of the boiler and (2) to evaporate it 

* In ihe author's original paper (if. S, 1900) all the expressions wore worked out 
in teqins of intrinsic energy E according to the usual custom in thermodynamios 
that time. Regnault's definition was also adopted for the total heat U of saturated 
steam, for comparison with the values given by his cxpcrimcntB. The heat of the 
liquid h was taken from a formula winch was assumed to represent the intrinsio 
energy. This afforded a perfectly consistent system which is still often adopted. 
The expressions given for 11 (as defined by Regnault) were necessarily less by the 
term o (jp - p^) b than the expressions given for H os now defined. The new dofinltioa 
of total heat as a name for the function E+aP V was first introduced in the revised 
expressions {E. A, 1902), but the expressions for the intrinsio energy and entropy 
remmn unaltered. The change of definition necessitated in tHe first instance the 
use of a different symbol F {PhU. Mag., Jan. 1903) for the total heat E+apVt 
but the new definition has been adopted in the International Notation, and is now 
so well understood, that no confusion is likely to arise. Since everything required, 
including R^;nault’s beat of formation, can be more simply and accurately expressed 
in terms oi 1/ -^aPV than in terms of Kegnault's definition of N, it hardly seems 
neoessaiy to re^^ain his symbol in its oi^insl signification, which dates firom a period 
before the first law of thermodynwnics was formulated, uid before the important 
propertiM of tlA hmotion H + aPV were mve.tig.ted by JUnkine, uiS by doole 
M»d Thonuoa MolUet employ, the .ymbol i tor X+aPV, tnd 0 .II. It 

the total eneily. He abo nree Regnault’. formula for h (giving whloh 

oom^icate. maoy of the expremion. unneceoarily, and introduce, minor diMte- 
pmiole. in tl» oaiouiation., especially in thmdeduotjon of the utnxation praMurc, 
and fan the oalonlation of the entropy of tiie liquid by integrating (dk/dt)/!' (H. 
Cfcap-VU). 
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at that temp^atu^!, the whole operation being perfopiad ! 
cot^tant pressure j} equal to the saturation [nessure at the 
pera^ure of the boilty. The heat of formation thus defined diw b< 
regarded as cdnsi^ing of two parts. The second part is evidently 
the latent heat of vaporisation L at saturation prei^^i^ and 
temperature, about which there is no question. But the first; pai^ 
the heat of the liquid, is the change of total heat h from 0* to t° C. 
at constant jyessure p, and differs slightly from- the (Jmuitity 
actual^ measufed by Kegnault in his calorimetric experiments 
on the liquid. The difference amounts approximately to o (p - pi) oj, 
where no represents the volume of the liquid at 0° C. and atmo¬ 
spheric pressure pj. The numerical value of the difference is zero 
at 100° C., and only 0-85 calorie at 200° C., which is much less than 
the probable error of Regnault’s experiments and is quite un¬ 
important in the casc.of steam. But it has given rise to some con¬ 
fusion, and the correction has often been applied with the wrong ^ 
sign. The heat supplied to the liquid in the boiler at constant pres¬ 
sure p is leas by the amount a (p - po) v„ approximately tha^ the 
quantity which Rcgnault measured for the liquid and denoted 
by h. So that the total heat of steam, which Regnault measurpd 
by condensing steam in a calorimeter under a pressure equal to 
that of saturation maintained by an artificial atmosphere, would 
be equal, neglecting experimental errors, to 


L + h-a{p-po) 

The last term represents approximately the work done by the 
feed-pump in forcing the water into the boiler against ^ 
pRssure p - p,. This energy is not actually supplied a» ' 
this particular case, but should obviously be included in the t 
h^at, which the^ reduces to L + h. 

If on the other hand the total heat of dry saturated steam ii«.v 
measured in the same way as Regnault measured that of 
namely by passage through a throttle and condensation at 
spheric pressure (which has been done by Willans and 
the quantity measured (when corrected to zero) woul^ be siii!^^ 
Li- h, which is the quantity really required. More gene 
method gives the change of total heat If, defined as the i 
dynamic function JE -h aPV, from steam to water at ati 
pressure, whatever be the initial state of the steam with r(^ai<lt||$;; 
temperature, pressure, superhCht or wetness. The name TqljitJD(a|'- 
appears particularly appropriate on this account, 
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of 0 ii the tote! quantity of heat actuallyti^easured under 
exjperimental conditions. 

15. RegnauIt'aExperimeatSoalfindly KegnadJt re¬ 
presented the results of his experiments on the tJlal heat of saturated 
jtenhishetwcen 0° and 200“ C. by the simple linear formula, 

H = 606-5 + 0-805/,.(11) 

which was universally adopted for more than fifty years, and gives 
in reality a very fair value of the mean rate of vfttiation l^twcen 
f00“ and 200° C., where his experiments were most' concordant. 
That this formula did not represent the variation below 100“ C. 
(which is most important in these days of turbiftps) in an equally 
satisfactory manner, was first shown by the experiments of Dieterici 
(Wied. Ann. 87, p. 506, 1889) at 0“ C., and of K. II. Griffiths 
{PMl. Trans. A, 186, p. 261,1895) at 80“ an<j 40“ C. These observa¬ 
tions have been confirmed by all subsequent work, and there is no 
doubt at the present time that Kcgnault’s formula is insufficiently 
aeewate in this region as well as theoretically inadmissible. 

In order to appreciate the value of the experimental evidence, 
tl^ results of Kcgnault and subsequent observers arc plotted in 
Fig. 4 on the same scale as that already employed for the total 
heat of water. Since the object of the figure is to bring out clearly 
the dffferences between various methods, the difference of each 
^resiBt from the value given by llegnault’s formula at the same 
temperature is the quantity jilotted in the figure. Regnault’s 
fonnula is represented by the horizontal straight line marked 0. 
Observations giving a lower result than llegnault’s formula lie 
below the line, those giving higher results above. The differences 
are plotted in mean calories Centigrade. The actual observations 
recorded by Regnault himself are shown by the pjain circles, each 
of which represents the mean of several experiments under similar 
conditions. The crossed circles represent results of subsequent 
observers. The plain circle giving the value 686-7, or 0-8 calorie 
less than Regnauit’s formula, at 100“ C., represents the mean of 
88 expedients giving 636-7 for the total heat at atmospheric 
pressiire; or {86-2 calories for the latent heat at 100“ C., if Rggnault’s 
is adopted for the total heat of the liquid. Regimult was 
well aware that this result was probably too low on account of the 
presence of a small proportion of water in the steam, but he was 
unahte to s^minate this source of e^r completely. The four plain 
cirolea^ between 65“ and 85“ C. represent the results of 22 experi* 
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inient* ^ups, some of which nearly i^ac^the line, while 

others lie 5 or 6 calories below. The mean of al^hows a defect ^ra 
the ^orinula of 2-5 calories, or 0-4 per cent, of the total h^t at 
75* C, Combining the mean of these with the observation at 100“ C. 
we ^ould obtain a rate of increase of 0-40 in place of O-SO for the 
<totsl Seat between 75° and 100° C., as remarked by Griffiths. 

Regnanit’s observations are liable to another source of error 
which has not previously been notic&l. The oalorin»eter gains heat 
by Conduction through the pipe by which the st^m is admitted. 
Itcgnault estimated this gain by observing the rise oftemperature 
of an exactly similar calorimeter, with similar connections, to 
which no steam was admitted. lie assumed that ,the gain of heat 
f>y conduction through the connecting pipe would be the same for 
the calorimeter in which the steam was condensed as for the idle 
calorimeter, since both were connected to _the same distributing 
tap at the temperature of the steam. Tips assum])tion is evidently 
unsound, because the flow of^team would necessarily reduce the 
tempeftturc gradient in the connecting pipe, on which the flow of 
heat by conduction depends. He made a similar error in his experi¬ 
ments on the specific heats of gases. The effect of overestimating 
;he correction in this manner was to make his results too low. 

Ii:\ the experiments above 100° C. the |)ossibilities of error from 
leakage increased rapidly with increase of pressure. Great trouble 
,was*experienced from this cause and the effects of leakage became 
very obtrusive when the pressure reached 10 atmospheres. The 
joints had to be renewed daily, and many other precautions taken 
which had previously been neglected. It would appear that errors 
from leakage were largely responsible for the low points between 
150° and 175° C., since Regnault gave no weight to these points 
in selecting his fonnula. 

The three sources of error above mentioned would all tend to 
make the results too low by an uncertain amount for whieh no 
correction can now be applied. The observations arc also affected 
by the calorimetric errors previously mentioned in the case of the 
liquid, for bdiich some appropriate correction might be estimated. 
But these corrections are so small in comparison with the un¬ 
certain squrces' of error that it has not been thought necessary to 
ihake any reductions of this kind in the case of steam. 

Regnault’s observations between — 2° and 16° C., the means of 
which in three groups are indicated by the plain circles in the 
neig£H()uihood of 8° C., were obtained with a different method and 
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apparatus und«i cqpditions most unfavourable to accuracy- The 
resu||ts of experiments under similar conditions varied by 10 or 
15 c^ories, and thougji the mean of all agreed fairly with his formula, 
it is plain thait R^gnault himself attached little weight to this 
series of observations. 

i6. Dieterici, Griffiths and Joly. Dieterici (he. cit. 1889) 
measured the ktent heat at 0° C. by evaporating a known weight 
of watSr in a Bhnsen ice calorimeter and observing the weight of 
mercury extfuded. The observations were very concordant, seldot^ 
differing by more than one calorie from the mean value 596-8, 
which is indicated in the figure by the point marked D at 0° C. The 
weakest point of the determination was that he assumed the 
constant of the ice calorimeter to be 15-4i milligrams of mercury 
per mean calorie from the mean of the results of previous observers. 

GriHiths (Inc. cit. 1895)jneasured the latent heat of evaporation 
by observing the supply of electrical energj- required to keep the 
temperature of his calorimeter constant while a known weight of 
water was being cva|Joratcd. He at first employed a current of 
air for evaporating the liquid, but finally succeeded in obtaining 
much better results by evaporating the water drop by drop under 
its own vapour pressure from an accurately weighed t)ibe. His 
results for the latent heat in terms of the calorie at 15° C were 
578-7 at 80-0°, and 572-0 at 40-15° C. He observed that these two;,, 
results lay very nearly on the straight line, DGR in Fig. 4, joining 
Dieterici’s value at 0° C. and llegnault’s value at 100° C., so that 
the variation of the total heat between these limits could be repre¬ 
sented with considerable accuracy by a linear formula with a co¬ 
efficient 0-40 in place of Regnault’s 0-805, provided that Dieterici’s 
calorie and Regijault’s unit were both equal to the calorie at 15° C. 

In order to test the possibility of this assumption, Griffiths 
persuaded Joly to make a determination of the relation between 
the latent heat of condensation at 100° C. and the mean specific 
heat of water from 12° to 100° C. with the Joly steam calorimeter 
which was admirably adapted for the purpose. The results of ten 
closely concordant experiments gave the mean speci^c heat firom 
11-89° to 99-96° C. as 0-9952, if the latent heat at 99-96° C. were 
assumed to be 586-66. This showed either that the mean thermal 
unit must be much smaller than the calorie at 15° C., or that 
Regnault’s value of the total hfeht at 100° C. was too low. The lattar 
supposition was the more probable, beeause Joly’s method was 
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free from nearly all the uncertfdn errors a!r^y*enumerated in 
the case of Regnault’s method. 

A satisfactory compafison between thqse important results 
first became possible in the course of the pi^jliminary reduction 
of th^observations on the variation of the specific heat of water 
between 0° and" 100° C. by the continuous electric method (Brit, 
Assoc. Rep. 1899) which showed (1) that Griffiths’ unit was in 
fact very nearly equal to the mean calorie, as he hafi supposed, and 
^2) that the value of the latent heat at 100° 6. deuced from 
Joly’s experiments should be 589-3 in terms of the same unit. 
The points marked G and J are plotted on this assumption in Fig. ♦. 

The continuous curve marked G.TC passing through these 
points and extending from 0° to 200° C. represents the theoretical 
curve of variation of the total heat of steam deduced from measure¬ 
ments of the specific heat and the cooling-effect as described in 
the next chapter. This curve agreed •very well with Joly and 
Griffiths, but appeared to indicate that all Rcgnault’s results 
l>etv;ecn 100° and 200° C. were too low. It was impossible to 
escape from this conclusion if the results of .Joly and Griffiths were 
admitted, because it was obvious that the curve of variation must 
be continuous, and the agreement with Joly and Griffiths below 
100° C. afforded very strong evidence in favour of the theoretical 
curve at higher temperatures. 

Dieterici’s value at 0° C., though agreeing far better with the 
theoretical curve than Regnault’s value, could not be brought into 
exact agreement with it unless the constant of the ice calorimeter 
were 15-50 in place of 15-44 mgm. per calorie as assumed by 
Dictcrici. The constant was subsequently redetermined by Die- 
terici with great care in 1905 (loc. cit. p. 008). He found the value 
15-491, which has recently been confirm«l by E* Griffiths (Proe. 
Phys. Soc. 26, p. 1, 1913), who found 15-486 for 4-184 joules, or 
15-498 per mean calorie of 4-187 joules as here employed. The 
corrected result obtained by employing this value of the constant 
is distinguished by a double circle which falls very nearly on the 
theoretical curve at 0° C. 

The equation of the theoretical curve for dry saturated steam 
at a pressure p is as follows: 

H = 0-47727 - SCp -f 464 calories C.(12) 

where S is the specific heat at p, and. C the Joule-Thomson cooling- 
effect* 
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17. Result^ of Later Observers. Subsequent observations 
of the latent heat Rave tended to confirm the conclusions thus 
reached. Henning (Ann. Phys. 21, p. ^49, 1906) obtained values 
of the latent heat W six points between 80° and 100° C. by a 
modifieation of Griffiths’ method, suggested by Ramsay anij, Mar¬ 
shall’s experiments (Phil. Mag. 41, p. 88, 1896). His results are 
expressed in terms of the calorie at 15° C. which he takes as equi¬ 
valent |o 4-188 jQules from the observations of Jaeger and Steinwehr 
(Z«f. Instr. ?5, p. 104,1905) with similar Weston cells. His resultij, 
are indicated by circles enclosing (+ ) crosses at 80-1, 49-1, 64-9, 
77-8, 89-8, and 100-6° C. Each point represents the mean of a 
number of observations, which are not quite so consistent as those 
of Griffiths, because the external loss of heat was not so perfectly 
compensated. Three of the points lie practically on the curve, but 
the two at 30° and 49° are appreciably higher, while that at 100° 
is slightly lower. 

A. W. Smith (Phys. Rev. 25, p. 175,1907), employing a current 
of air for evaporation, expressed his results for the latent hett in 
joules per gram, assuming the electromotive force of the Weston 
cell to be 1-01888 volts at 20° C. His values are reduced to the satie 
unit as that here employed by taking the electromotive force of the 
Weston cell to be 1-0183 volts, and the mean calorie to be, 4-187 
joules'*. His observations are indicated in the figure by the circles 

'* There is necessarily some uncertainty in reducing results, such as those ol 
Smith, expressed in terms of the electrical units. Fortunately Griffiths’ results, 
though obtained by electrioal methods, were directly referred to the calorie at 15" G., 
the absolute values of his electrical standards and of the mechanical equivalent of 
heat being immaterial for the purpose of reduction (Griffiths, foe. cit.. p. 272). 
llieterioi also determined the constant of his ice-calorimeter directly by means of 
water at 100° C., so that his results can be corrected with a fair degree of certainty 
to mean calories, since no electrical measurements were involved. Henning's results, 
as given in terms of the calorie at 16° 0., were similarly independent of any assumption 
with regard to the electromotive force of the cells employed, because the same eells 
were employed in the determination of the equivalent factor for reduction. Henning 
(ilnn. Phys.. 26, p. 444,1006) complains with apparent reason that Smith reduced 
his results incorrectly. Smith also reduced the results of Griffiths and Dieterici to 
joules, for comparison with his own observations, by making certain assumptiona 
with regard to the electrical units. These reductions brought the neulta of Dieterici, 
Griffiths, ebd Henning, into very good agreement with Smith's, buMnvolve material 
errore and uncertainties. Unfortunately Davis and other writers have accepted 
Smith’s reductions implicitly. Thus Dieterici’s result, expressed in mean calories 
and corrected for the constant of his ice-calorimeter, after conversion into joules 
by one factor and reconversion back^jnto calories by another, is brought nearly 
into agreement with his original unoorrected value I Griffiths' and Henning’s 
results are similarly raised from their original values in terms of the calorie at 15° 0., 
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with dia^nal ( x ) crosses, at 14-0, 21'2, 28-^ 89-8° C. They 

are seen to be systeftiatically higher than of Griffiths^ and 
Henning, but agree clos^y with Dieterici’s uncorrected ^ult. 
At a later date (Phys. Rev. 33, p. 181) Smith to<^ some observations 
at 100® C. The point shown at 100° C. with a diagonal cross is one 
whiclTSmith obtained by store evaijoration, and is nearly 1 calorie 
tiigher than July’s observation. He obtained nnieli lower values 
yy rapid boiling, which he explained by sup})Osing»that water was 
;arried over in minute (juantity with the stcam,*n very pfobable 
Source of error in such cases. He considers that the Mghest values 
merit the greatest confidence on this account. There is a good deal 
of truth in this, especially at high temperatures •qii account of the 
density of the vapour, but the discrepancy affects all Smith’s 
observations to a similar extent, and might easily be explained by 
other causes. In any case it would not maierially affect the form 
of the curve of variation. , 

Henning (Ann. Phys. 20,,p. 441, 1900) subsequently made a 
se'i^ of observations of the latent heat at 5 points between 100® 
and 180° C., the results of which are indicated in the figure by 
( 4- ) crosses. The values of the total heat arc' deduceil from those 
of the latent heat by adding the total heat of the liquid obtained 
from Dietcrici's formula, whiidi is in jiraetical agreement with 
that flnployed by the author, and cannot intrixlucc any material 
disfrepancy. The results are too discordant to he rcprescntcfl by 
any reasonable formula, but confinn the eonehision that Kegnault’s 
oKservations in this region were considerably too low. The wavy 
line marked “ Henning’s Table” represents his table of the probable 
valiies of the total heat, which has commonly been adopted by 
subsequent writers. But this curve was deduced by a graphic 
process of smoothing and does not represent thc^ actual observa¬ 
tions satisfactorily. It is obviously inadmissible for theoretical 
purposes, as it involves a discontinuity in the curve at 100® C. 
and would necessarily introduce inconsistencies in all the thermo¬ 
dynamical relations. Three of the five observations are in very fair 

whereas> they >aI>oaId have been slightly lowered in reduction to mean esloriss, 
heesuse the calorie at 16° C. is about 1 in 2000 lest than the mean calorie. All un¬ 
necessary reduefions ot this kind are strongly to be deprecated. It has seAned better 
in the present work not to apply any reductions to the work of other obserrers when 
the correction is small as compared with the uncertainty ot measurement. It is 
well to bear in mind such corrections when comparing observations or choosing a 
fotmuls- But they may prore very conluang to snbsequent oompnters who ore 
imt f a ttiiligr with all the conditions sssumed in the reductions, and have hequently 
resulted in material errors of the kind described. 
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agreement wit|}.th(| author’s theoretical 6urve, but the other two 
are ^ower by about ^-5 per cent., which is quite a possible error in 
such difficult experiments, and is less than the differences between 
the individual t>bsc|vatioits at each point. 

The method of deducing the variation of the total heat |rom 
observations of the specific heat and the cooling effect, as ex^ained* 
in the next chapter, has the great advantage that the observations 
are comparatiwely simple, and that errors from wetness, or leakage, 
or lossVf heat, ate easily eliminated. Moreover, the whole variation 
between 100° and 180° C. is less than one-twentieth part of thS 
total heat, so that an error of 1 per cent, in the specific heat, or 
in the cooling effpet, would produce an error of less than a twentieth 
of 1 per cent, in the value of the total heat at 180° reckoned from 
100° C. The results prove conclusively that the true values of the 
total heat at 140° and 100° C. cannot possibly be so low as Henning’s 
observations at these poipts would appear to indicate. Although 
no satisfactory observations of thp specific heat or the cooling 
effect are at present available at pressures above 10 atmospljpres, 
it seems justifiable to extrapolate the saturation curve to 200° C., 
and to give greater weight to Henning’s observation at 180°.|r, 
than he does himself on account of its close agreement with the 
theoretical curve. 

l8. Empirical Formulae for H, and L. Since Regnalilt’s 
linear formula for the total heat of steam was shown to be un¬ 
satisfactory, many attempts have been made to construct more 
suitable empirical formulae to represent the observations. The most 
obvious type to select is a parabolic formula such as that proposed 
by Ekholm (Fort. Phys. 46, n, p. 371), 

U = 596-75 + 0-4401/ - 0 000684<*.(18) 

Regnault calculated many similar formulae to represent his observa¬ 
tions on other vapours. It is very easy to calculate a formula of 
this type to represent any selected values of the total heat of 
steam over a limited range. But such a formula has np'theoretical 
significance, and cannot be trusted for extrapolation. A formula 
capable *of extrapolation is particularly desirable in the case of 
steam, because the direct observations are numerous and fairly 
concordant between 0° and 100° C., but the observations at higher 
temperatures are comparatively few, and rapidly become uncertain 
and discordant with increase of pressure. 
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Of empirical formulae hitherto proposAf finr jj;ie latent heat, 
the most suitable type for extrapolation is t\(pt of Thiesen (J^erk. 
Deut. Pkys. Ges. 16, p, 80f 1807), which has been found to suit a 
great variety of cases. It is based on the geiwrally accepted view 
tha^riie latent heat must vanish at the critical temperature 
'and was originally given in the form 

L = ..(14) 

where L, is a constant representing the value of LSvhcn 1, 

and the index J was at first assumed to be the sonift for all sub¬ 
stances. It appears necessarj', however, to admit slight variations 
in the vahie of the index for different substiinces.,^ 

In the case of steam, Henning represented his observations 
below 100° C. by a formula of this type, namely, 

L = 94-210 (305*- .(15) 

in which the critical temjjerature is assumed to Ixi 865° C. Davis 
andtjakob in re<lueiug results of experiments- on the s]>ecific heat 
above 100° C. employed a similar formula, mynely, 

L - 92 03 (305 - .(10) 

A formula of this type has geuer.ally been adopted by other com¬ 
puters for the purjjose of extrapolation. It is essential, however, 
if the formula is to have any weight for this purpose, to employ the 
correct value of the critical temperature, which makes a very 
considerable difference in the results, 

Traube and Teichner {Ann. Phyn. 13, ]). 020, 1904), by the 
meniscus method, found the critical jwint of water to be 874° C. 
This observation is easily verified with a silica tube, and there is 
no doubt that their figure is a close approximation to the true 
critical temperature. If this value is inserted in the above formulae, 
keeping the index and the value of L at 100° C. the same, and putting 
the expression in the logarithmic form, as required for practical 
calculation^ we obtain, for Henning’s formula, 

.log L =• 1-96955 + 0^812-18 log (874 - t) .j...(17) 

Similarly with the formula employed by Davis and Jakob, if 
we keep the same value of the iu<|ex, but alter t, to 874, and take 
L — 589-8 at 100° C., we obtain 

log L - 1-96898 -t 0-8150 log (874 - t). 


,( 18 ) 
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If on the other ^and we take the same value of L at 100° (^4 
but calculate the vVjue of the index to make L = 504'8 at 0° C., 
we o|}tain 

log L »= 1-97145 + 0-31192log(874 - t)*. .(19) 

The values given by these formulae are colleeted in tfc^ fol¬ 
lowing table for comparison with those given by Henning and 
Jakob. 

^fable I. Values of L by Formulae of the Thiesen type. 


Temp. 

Cent. 

Hesnwo 

Davis and Jakob 

Author 

4=0'3I2S 

i=0-3160 

i=0-3U9 

Theoretical 

(,=305 

(,=374 

(,=306 

(,=374 

(,=374 

formula 

0° 

69,‘)-4 

693-7 

696-1 

694-8 

.594-3 

694-3 

20° 

5851 

683-6 

68.5-6 

684-6 

684-2 

683-8 

40° 

674-3 

673-1 

574-7 

674-0 

673-7 

673-2 

60° 

602-9 

662-2 . 

663-3 

662-9 

662-7 

662-3 

80° 

6611 

660-7 

651-4 

661-4 

661-3 

661-1 

100° 

638-7 

638-7 

638-9 

‘ 639-3 

639-3 

639-3 

120° 

626-7 

626-1 

626-7 

626-6 

626-7 

626-9f 

140° 

611-9 

612-8 

611-8 

613-2 

613-4 

613-6 

160° 

497-2 

,498-7 

497-0 

498-9 

499-3 

499-3 

180° 

481-5 

483-6 

481-2 

483-7 

484-2 

483-9 

200° 

464-6 

467-4 

464-1 

407-4 

468-1 

467-4 


All the formulae agree in giving higher values than Henning’s 
table between 120° and 160° C. even when 365° is taken for t,;. 
The substitution of the correct value of the critical temperature 
raises the values by about 3 calories at 200° in each case, and 
brings them into close agreement with the author’s theoretical 
formula. It also improves the agreemest with the observations 
of Griffiths and Dieterici, especially the latter, if the point at 100° 
is raised to 539-§. 

The employment of the erroneous value 865° for the critical 
temperature appears to have led computers, who have commonly 
employed this formula for extrapolation, to raise all the values of 
R and L unduly at low temperatures, and to depress them exces¬ 
sively at 200° C., against the weight of experimental awdence. If 
the eonwt value of the critical temperature had be^ recognised 
sooner, it is probable that more weight would have been attached 
to Henning’s value at 180° C., and it would have been admitted 
that Regnault’s values at 190° C. were probably still too low like 
his values at 100° C. Thiesen'S formula undoidstedly gives some 
useful indication of the values of the latent heat to be expected 




41 


n] TOTAL HEAT OF WATER AND STEAM 

t (tween 100“ and the critical temperature. At tljp same time it 
ust be remembered that it is merely aiij empirical foripula, 
without thermodynamical foundation apart from the vanishing 
of the latent heat at the critical temperature. THb dotted curve 
shoyj^ in Fig. 4 represents the values of the total heat obtained from 
*the formula for the latent heat shown in the last column but one 
of the table, calculated from the obser\’ations of Dieterici and Joly 
at 0“ and 100“ C. This curve agrees with the full cu#ve representing 
the theoretical formula within 1 in 1000, intersecting the triithor’s 
curve at 160“ and again at 260“ C. Between these Vwo points, it 
lies a little above the author’s, and it is verj' likely that it gives too 
high results at 200“ and above, though the index js very nearly the 
same as Henning’s. The index 0-.3150 cm[)loyed by Davis and Jakob 
gives exact agreement with the author’s values at 100“ and 200“, 
if the critical temperature is 374°, and it, is to be preferred for 
extrapolation, above 200° C. It agrees vith the theoretical formula 
within less than 1 in 1000 fi-qm 100“ to 200°, and within 1 in 5000 
fro^p 200“ to 2.30“ (where the agreement is again exact), and the 
difference is still very small at 250“ C. 'rhe author’s formula for 
tlje total heat, which applies to dry steam in ahj state, superheated 
or supcrsaturatcxl, and is in many ways simpler and more con¬ 
venient than Thicsen’s, has accordingly been extrapolated in the 
table! to 259° C. Although the direct experimental evidence docs 
, not extend beyond 180“ C'., it seems reasonable to infer that the 
values are sufficiently accurate for practical purjjoses at higher 
temperatures, because the calculated values of the saturation 
pressure (which depend on small differences and afford a very 
severe test of the theory.) also agree with observation to within less 
than 1“ C. at 250“ C. The values of the saturation-volume, in so 
far as they depend on dpjdt, are much less certain,than those of the 
total heat, but are probably as accurate as any that can be ob¬ 
tained by experiment at these pressures. In any case they are 
exactly consistent with the adiabatic equation and other formulae, 
and will serve as a useful guide for theoretical extensioas. 
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THE JOULE-THOMSON METHOD 
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19! Origiif of the Present Theory. Since the measure; 
ment of the Specific heat of steam, and the application of the Joule- 
Thomsoa method to deduce the variation of the total heat, formed 
the starting poiift of the present theory, the eonchiSions will be 
rendered more intelligible if some account is here given of the 
steps by which they were reached. 

It was early remarlfed by Rankinc (1850), and subsequently by 
Kirchhoff (1858), that the.coelHcient 0-305 in Rcgnault’s formula 
for the total heat of saturated steam, ought to be equal to the 
$p>ecific heat S at constant pressure, if steam obeyed the la\w of 
an ideal gas with constant specific heat, for which 

aPy = RT, and E + aPV = ST + B .(1) 

where B, S, and B are constants. The specific heat S of superheated 
steam was measured shortly afterwards by Regnault at atmospheric 
pressure over the range 12t° to 222° C., and found to be 0-48, 
which greatly exceeded the value 0-.305 required by the formula 
for the total heat on the ideal-gas theory. The experimental value, 

S = 0-48, was generally accepted, and the discrepancy explained 
by supposing, as Kirchhoff suggested, that steam at low pressures 
departed widely from the ordinary gas laws. Some writers, how¬ 
ever, held that the value 0-48 was probably in error, because the 
quantity of heat corresponding to the superheat of the steam 
from 124° to 222° C., namely 47 calories, on which the experi¬ 
mental value of S depended, was only a small fraction of the total 
heat, about 700 calories, measured in condensing the superheated 
steam in the calorimeter. But this objection would apply with 
even greater force to the value of the constant 0-S05 ii^the formula 
for the total heat of saturated steam obtained by condensing steam 
at widely different pressures. 

One of the most consistent views was that held by Osborne 
Reynolds and Perry (Steam-Engine, 1899, p. 582) who cMuk^^fed 
that the specific heat should approximate to 0-805 at low piesmea 
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• and temperatures, biJt increased considerably temperature, 
rising to a mean value in the neighbourhood o| 0*48 over the range 
124® to 222® C. This view Deceived some support from a calculation 
made by MacFarlane Gray on the basis of R^naulFs experiments. 
He noticed that if the specific heat were calculated from the id ex-: 
■perin^ts at 128-7® C. giving 645-63 as the mean value of the total 
heat at this point at atmospheric pressure, assuming H — 686-68 
at 100° C., the value of S obtained, namely 8-93/23tf', or 0-878, was 
intermediate between 0-305 and 0-48. Gray himself believed that 
{he specific heat was constant and equal to 0-385 (as calculated 
previously by Raiikine on the assumption that the ratio of the 
specific heats was 1-40), and explained the difference between 
Rcgnault’s experimental values, 0-38 and 0-48, over different 
ranges, by supposing that “any particles of moisture in the steam 
at 100° C. would not be evaporated up to 124° C.; but they would 
be more likely to be evaporated in the higher range of temperature.” 
Zeuner, on the other hand (^eit. Ver. Deut. Ing. xi, p. 41, 1867), 
sucqpeded in fitting the value S = 0-48 with otlier properties of 
saturated steam by admitting large deviations from the ideal 
state at low pressures, and considered tha t S should be independent 
o^ the pressure in aecordance with his well known equation for the 
volume (Chap. IV, equation (1)). It will be seen that the state of 
uncertainty with regard to the actual value of the sjrccific heat 
•of*steam was most unsatisfaetory about this time, and that it 
was a matter of some practical im|>ortancc to make further appeals 
to experiment by new methods. 

20. The Throttling Calorimeter. Joule and Thomson were 
the first to explain how it was that saturated steam became dried 
and superheated by throttling to lower pressures^ but they do not 
appear to have made any measurements for steam. The first 
application of their method to steam seems to have been made by 
Peabody (Thermodynamics of the Steam Engine, p. 237) in the use 
of the “Throttling Calorimeter” for determining the wetness 
fraction J*»- g. According to Regnault’s formula, the total heat 
H' of wet steam at t' Ls 

£f'= 687 + 0-805 (f- 100) -(!-?) i', .(2) 

where L' is the latent heat at 1'. If the steam is throttled to atmo¬ 
spheric pressure, the total heat wmains the same (provided that 
then is no loss or gain of heat or kinetic energy) and is given in 
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terms of the njean specific heat S at atmospheric pressure by the 
expression | 

® 687 + iS (<"-» 100).(8) 

where t" is the observed temperature of the throttled steam. 
Equating the two values of the total heat, we obtain a fon^la for^ 
the wetness fraction 

(1 T ?)i' “ 0-805 (f- 100) - S (<"- 100).(4) 

The niethod is ^lery delicate, because an increase of 1 per cent, in 
the wetness 6f the initial steam lowers the temperature <" observed 
after throttling by about 10° C. hlwiiig and Dunkerley {B. A. 
Report, 1897, p..S54) applied this method to find the value of S 
in terms of Regnault’s coefficient 0-305 for the variation of total 
heat of dry saturated .steam. They took the steam as directly as 
possible from a separator to the calorimeter, and calculated S, 
assuming j = 1, by means/)f the formula 

S = 0-805 (f- 100)l(t"- 100).(5) 

In this way they found values of S intermediate between 0-805 and 
0-48, but no details were given in the report. 

A very complete investigation, founded on the same principle, 
was made in the laboratory of Osborne Reynolds by J. H. Grindley 
(Phil, Trans, A, 1900, p. 1), who found values of S ranging from 
0-887 at 100°, to 0-665 at 160° C. These experiments were of gteaU^ 
value, and will be more fully discussed in a later section, but they 
left the true value of S more uncertain than ever. 

Prof. J. T. Nicolson and the author in their experiments “On 
the Law of Condensation of Steam” (Proe, Inst, C, E,, 1898), 
employed a throttling calorimeter of the type shown in Fig. 5, 
connected to a large vertical steam-pipe supplying the engine. The 
steam-pipe could be made to act as a fairly efficient st^rator by 
turning the entrance nozzle as indicated in the flgu|it The steam 
was throttled through a thin tube of small bore, in oid^ to eliminate 
the error due to conduction of heat through the throttle, to whidi 
most forms of throttling calorimeter then in vqgue ^re Jiablt^ 
After circulating round the thermometer pocket, the 
steam, before leaving the apparatus, was made to circujhiie tliiee 
round the calorimeter to minimise external loss. The whole ap¬ 
paratus, including the steam-pipe and the throttle tube, was : wdl 
lagged in the usual way. The pressure after passing the thftA^yras 
generally atmospheric, but an exit throttle and gauge went jpKiinic^ 
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for raising the pressure and observing its value |vhea required* The 
exit could also be coimacted, if desired, to a cokdenser vacuunj, or 
to a surface condenser at atmospheric pres^ue, when it re¬ 
quired to measure the quantity of steam passed. Provision was also 
mad%|pir readily changing the throttle tube, to. suit different initial 
pressures. 

The wetness fractions determined with this apparatus, employing 
formula (4) with Regnault’s coellicients, persisted In coming out 
negative (which was obviously impossible), in spite of all preciiitions 
which experience in calorimetry could suggest. This sRowed either 



Fig. 6. Single Throttling Calorimeter. 

that Regnault’s value of S was too high at temperatures near 
100“ C., a^ many had already suggested, or else that his value of 
the coeiiididht 0 805 for the variation of the total heat was too low 
in the sameeregion, and should be more nearly 0‘40, as Griffiths 
(ioc. eU. 1895) had proposed as the result of his experiments on the 
latent heat. 


ax. Experiments on the Specific Heat of Steam. It was 
acooiAngiy decided to make a direct determination of the specific 
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heat at atmospheric pressure by the continuous electric method,' 
whifh had been dev|sed some years previously for the determination 
of the mechanical eqmvalent, and which had already been brought 
to a fairly high degree of accuracy by investigating the various 
sources of error incidental to the method. A steady cui^^t of 
steam at atmospheric pressure, superheated by throttling in th# 
manner already described, was passed through a t'ube, suitably 
jacketed extenaally and containing an electric heating coil. The 
electrib energy supplied was measured by means of Weston instru¬ 
ments, calibrated by the potentiometer method. The rise of tem'- 
perature, due to the watts supplied, was observed by a pile of 
several thermo-jrmetions in series, standardised by comparison 
with a platinum resistance thermometer. The external loss was 
eliminated by taking two sets of observations at the same rise of 
temperature with different currents of steam, the current of steam 
in each case being measured by condensation in a surface condenser. 
The results obtained for S showed discrepancies of 1 or 2 per cent, 
as was to be expected from the comparative roughness o| the 
method of measurement and the difficulty of keeping the steam 
current perfectly stffady, but indicated a value of the specific hfpt 
falling from 0-50 to O-t!) over the range of temperature from 110° 
to 160° covered by the experiments. This was regarded as a 
decisive confirmation of Regnault’s value over the higher 'range, 
and as showing that the limiting value of the specific heat at zero, 
pressure was probably nearly constant, as in the case of many 
other gases. 

23. Variation of the Total Heat. Having thus obtained 
by direct experiment the values of the specific heat at atmospheric 
pressure over the required range of temperature, it was possible to 
deduce the variation of the total heat of dry saturated steam at 
temperatures above 100° C., from the observations already taken 
with the throttling calorimeter, by means of the equation 

H. = S (1"- 100)..(6) 

where H, is the total heat of dry saturated steam |t the initial 
temperature and pressure, and S is the mean specific heat at 
atmospheric pressure from 100° C. to 1", the temperature observed 
after throttling to atmospheric pressure. The curve of variation 
of total heat found in this wayf-as shown in Fig. 4, p. S2, inrtead 
of being straight like Regnault’s, with a constant coeflJcient 
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*dHldT — O'SOS, showed a decided curvature, the i^te of increase 
falling from 0-40 calorie/l" at 100° C. to O-SOfct 160° C. Thij in¬ 
dicated that Regnaulfs coefficient 0-303 might be a fair average 
over the range 100° to 200° C., where his experimAte were most 
conc ^ ant, but that the coefficient probably increased at low 
%emp»atures, approximating to the value 0-475 (as it should 
according to Rankine’s theory) at low pressures, where the vapour 
should behave nearly as a perfect gas. This view, while disagreeing 
materially with Kirchhoff’s, and with Rcgiiault’s observatftns of 
S at low temperatures, gave good agreement with the Experiments 
of Dieterici at 0° C., and of Griffiths at 30° and 40° C., but the 
curve could not be fitted with cither if Regnault’s.value at 100° C. 
was adopted. Fortunately .Toly’s obsel-^-ation at 100° C., when 
reduced on the highly probable assumption (since verided by the 
results of the continuous electric method), ^hat the mean specific 
heat of water from 0° to 100° C. was neafly e<junl to that at 15° C., 
served to bridge the gap by indicating that Regnaulfs value at 
100°^. was probably 2 or 3 calories too low. These results agreed 
in showing that the coefficient dlljdT for saturated steam was not 
constant and equal to 0-303, but diminished frfim 0-48 at low pres¬ 
sures, to 0-40 at 100° C., ami about 0-22 at 200° C., in conse<jucnce 
of the increasing deviation of tlu^ volume of the vapour from the 
ideal >^lue with increase of pressure. This diminution of dlljdT was 
^clearly necessitated by the existence of the Jonle-Thoinson cooling 
effect, which also retpiircd a corrcsi)ondiug variation of the specific 
heat with pressure. This is easily seen by considering the relation 
between the specific heat, the cooling-effect, and the variation of 
the total heat. 

23. The Cooling-Effect, C. The cooling-effect C is defined 
as the ratio of the fall of tempfiratnre to the fall of pressure in a 
throttling process at constant total heat. It is a coefficient of equal 
importance in theory to the specific heat, but has the advantage in 
practice of being more easily measured, since no measurements 
of heat quMitities are required. 

To illustrate the relation of C to S and dlljdT, we may refer to 
the annexed figure, drawn to scale, which shows a portion of the 
saturation line AC on the p, t diagram giving the pressure p of 
saturated steam in lbs. per sq. in. for temperatures t between 140° 
and ^00° C. If dry steam is takeff at any point A, say at 80 lbs. 
and 1M‘5° C., and is throttled to a lower pressure, say 60 lbs.. 
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the state of tlje steam after throttling will be represented by the* 
point B at 151° C. ^he temperature at this point is lower by the 
difference BD = 4'5° C. than the initial temperature at A, but the 
total^eat H i»the safne at B as at A. The line AB represents a line 
of constant total heat on the p, t diagram. The cooling-effect C is 
the slope of such a line at any point, and is measured by tl^ratitf 
BD/AD of the drop of temperature dl to the drop of pressure dp, 
which is commonly denoted by the differential coefTicient {dijdp)^, 
where*thc suffix H indicates that the ratio of di to dp is taken under 
the condition of constant II. Since the lines of constant U are nearljr 
straight, the numerical value of C, namely 4-5/20, or 0-225°/lb., 



Fig. 6. Cooling-Effect on p, t Diagram. 

found in this way over a finite range, may be taken as representing 
very nearly the slope of the curve AB at the middle point of the 
range, namely'at 70’lbs. and 158-2° C. The cooling-effect C has a 
positive sign when a drop of temperature accompanies a drop of 
pressure, as is usually the case in dealing with vapours«° 

Since the total heat at A is the same as that at ^ the drop of 
total heat dH from A to C along the saturation curve is the same as 
the drop of H from B to C, namely the product S x BC of the 
specific heat at 60 lbs. and the drop of temperature BC, since BC 
is a line of constant pressure. 'Kse drop of total heat per degrufaU 
along the saturation curve, denoted by (dHjdT),, is therefore 
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to f X BC/DC, since DC is the drop of t corresponding to the 
drop of H, between A, and C. In other words| (dHjdT), must be 
leu than S in the ratio BC/DC. The temperature at the point C, 
taken from the tables at 60 lbs., is 144'8° C. tience* * 

DC = 155-5 - 144-8 = 10-7° C. 

But BC = DC - DB 10-7 - 4-5 = 6-2° C. 

So that the ratio BC/DC = 6-2/10-7 — 0-58 at this*point; or the 
rate of increase of H, with tenip<Tature is little more than h^flf the 
value of S. But the value of .S' at 60 lbs. near the satu^tion line is 
not quite the same as at atmospheric pressure. 

It is easy to put the relation in a more general form in terms of 
known coeflicients. Since DB =- C x DA, by the definition of C, 
and since DA/DC is the ratio of the dro|) of pressure to the drop of 
tem|)erature (or the familiar cocflicient dpjdQ along the saturation 
line, the ratio BC/DC is 1 — C {dpjdl), on 

{dllldT}, = A' (I - Cdp/di) .(7) 

This well known relation is mathematically exact in the limit for 
small differences of p anil t, being in fact simply the general ex¬ 
pression for the variation of // in terms of .S' and C, u()]>lied to the 
saturation line (A]>pendix I (15)). It shows that the rate of increase 
of H, Will be practically equal to .S' at 0° C. (since dp/dt is very small), 
buOnust diminish rapidly at high pressures since dpfdt increases 
much faster than C diminishes with rise of temperature. It is 
also clear that {dlljdT), must vanish, or the total heat of saturated 
steam must reach a maximum, when CdplcU = 1, or when the line 
of constant total heat becomes tangential to the saturation line 
on the p, t diagram. Beyond this point saturated steam would 
increase in wetness, instead of being dried, by throttling. But this 
point is bevond the range of any existing cxjierimcnts on C, or S, 
otH,. 

In applying mathematical relations of this kind to the results 
of experiment, we are often met by the difficulty that the coefficients 
r^uired, siitsh as S and C and dpjdt, have to be measured over 
fiiate ranges of temperature, as in the foregoing numerical example, 
and that the. values so found will not be quite exact when applied 
to points indefinitely close to the saturation line, where they 
cannot actually be measured. The only satisfactory way of meeting 
this ^fficulty is to frame a simplc.<theory of the relation of the 
ooeflScients concerned. Any such theory must be exactly consistent 
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with the laws qf thermodynamics, and must at the same time repre-* 
sen^ the actual v4iation of the coefficients within the limits of 
accmacy of experimental measurement. 

24. The Joule-Thomson Equation. The experimental 
methods of determining S and C depend essentially on oHWrving) 
variations of H, but it is most im])ortant that the expressions 
chosen to repnescnt the results of such experiments, especially the 
variation of C with temperature, should be thermodynamically 
consistent with the variations of the volume V, the next most 
important quantity required in practical thermodynamics. This 
agreement is readily tested by means of the second law of thermo¬ 
dynamics (Appendix I (89)), which gives the relation 

SC = aT (dVIdT)^- aV .(8) 

This important relation was first given by Joule and Thomson in a 
different form (Phil. Trmis., 185+, p. 855), but they reduced it at ' 
a later date (Phil. Trans., 1862, p. 587) to the above shape which 
is most convenient for the purpose. 

Joule and Thomson found as the result of their exjjeriments on 
air and COj, that the cooling-effect in both cases was independent 
of the pressure, but diminished rapidly with rise of temperature. 
The diminution of C with rise of temperature might hawe been 
represented by a great variety of empirical formulae*; but 'they 1 
adopted the expression C = KjT^, because it gave a solution of the 
thermodynamical relation (8) agreeing closely with an equation 
which Rankinc (Phil. Trans., 1854, p. 837) had deduced from 
Rcgnault’s experiments on the deviation of the volume of CO, from 
the ideal value. By integrating equation (8) on the assumption 
that S was constant, and that V must approximate indefinitely 
to RTjP at hi^ temperatures. Joule and Thomson obtained their 
well known form of characteristic equation for V in terms of T 
and P, namely, 

oF = RTjP - KSj&T* .(9) 

The original equation of Joule and Thomson was'&able to the 
objection that it did not represent the result which ^ey observed 
in the case of hydrogen, namely a rise of temperature with fall of 
pressure (or a negative value of C), which increased instead of 

* Other vritere have in tact sugguted different formulae for C, ume of whkb 
fit the aotual obaervationa of C bettei^ut give abanrd reaulta for F. It ia therefore 
moat important to aeleot a auitable type of formula (Phi, Mag., Jan. 190S). 
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diminishing when the temperature was raised. It appears probable 
that, at sufficiently ffiigh temperatures, all 4thcr gases wauld 
behave in the same^way aiS hydrogen docs ^t ordinary tempera¬ 
tures. This is most readily included in the I'ormuta by putting 
V — place of V in the left hand side of (9), where 6 is a small 
instant representing the limiting volume beyond which the gas 
cannot be compressed however great the pressure. Tlie introduction 
of b into the equation considerably improves the agreement at 
high pressures. 

The method of integration, assuming S constant. Is obviously 
inadmissible if .S' is really variable. We find in fact that the original 
equation of Joule and Thomson does not rej)rese’nt the properties 
of CO, quite satisfactorily with the value of K deduced from the 
observations on the cooling-effect. The agreement is greatly im- 
• proved if account is taken of the known vasiation of S with tem- 
|)crature. The easiest way to do this {Phil. Mag., Jan. 1008, p. 75) 
is to proceed in the inverse order if the variation of S is known. 
Assurie an equation of the type 

F - ft = m'laP - /r/r»,..(lo) 

and deduce the values of K and n by comparing the experiments 
on .S' and C with the resulting expression for SC by relation (8), 
namelv, 

SC — a (« + 1) KjT” ~ ab .(11) 

Xn the case of steam it was evident from the magnitude of the 
cooling effect, and its rapid variation with tcm|>crature, that there 
must be a considerable variation of S with jjressure, according to 
the thermodynamic relation, which follows from the first law 
(Appendix I (35)), 

{dSldP)t = - (dSCIdT)^ .( 12 ) 

The large variation of S with pressure, while not at all affecting the 
previous deduction of 11, from equation (0) by the throttling method, 
for which the value of S at atmospheric pressure alone was required, 
raised a fresh difficulty in another quarter. It appeared at first 
sight to be iqgonsistcnt with some previous experiments on the 
adiabatic expansion of steam, whieh required a constant value of 
the index representing the ratio of the specific heats. The solution 
of this difficulty was not immediately obvious, but it ultimately 
led to a considerable simplification of the expressions for the 
various properties of steam. 
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3$. The <Adkbatic Equation for Dry Steam. In the * 

experiments on tm: Law of Condensation of Stejtm at McGill 
Coll^ in 1895, a large number of obsttvations of the temperature 
of steam under various conditions in the cylinder of a steam-engine 
had been taken by means of a delicate platinum therm^eter, 
constnicted of wire -001" in diameter, which was suificiently sen-' 
sitive to measure the temperature of the steam to about O-l® C, 
under favourable conditions with the engine running at 100 revs, 
per nun. In most cases the temiierature found was simply that of 
saturation corresponding to the jwessure shown by the indicator. 
But when the steam was dry, the relation between jjressure and 
temperature was that given )>y the adiabatie law, f'/I's+i constant. 
The index of T in this ecpiation is the ratio SjH in the case of a 
perfect gas, and is constant if .S' is constant. Contrary to expecta¬ 



tion, the value of the index n + 1 was found to be remarkably 
constant for steam, and to be very little affected by condensation 
on the walls, or by leakage, or by variation of pressure. Leakage 
and condensation would both very seriously affect the value of the 
index deduced from the cun'es shown on the indicator card, 
represented by P»F*+i constant, since the mass would not remain 
constant. But neither condensation nor leakage had ^much effect 
on the pressure-temperature relation, because the thermometer 
showed the temperature in the middle of the cylinder where the 
change was practically adiabatic. The constancy of the index was 
tested by a special series of observations, in which the ports of the 
cylinder were blocked with lead to prevent leakage, while the 
cylinder was heated with steam in the jacket and steam«hest. 
Under these conditions it was possible to test the law over a wide 
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range of pressure and temperature. The value of m + 1 found in 
this way for steam was 18/8, or 4-88. Observattons were also taken 
with air in the cylinder udder the same contritions as a che^k on 
the performance of the thermometer, because the*adiabatic law 
was j^wn for air with a fair degree of certainty; The thermometer 
was automatically compensated for conduction along the leads by 
connecting a short loop of the same -001" wire to the ends of the 
comijcnsating leads, as shown in the annexctl Fig. 7. The radiation 
error was checked by the experiments on air, and found to be 
very small if the wire was clean. The method, though at first sight 
.so unpromising, proved to be the most accurate (as is now generally 
recognised), for measuring the adiabatic inde.v. '. 


26. General Type of Characteristic Equation. The re¬ 
sult that the index n + 1 was constant for steam and ecpial to 13/8, 
fitted extremely well with the view that’iS was constant and equal 
to 0-477, liceaiise the value of K for steam is -1101, and the ratio 
SIR ts 4-33. But it was not at first sight obvious how the index 
could be independent of the pressure for an imperfect vapour, when 
it was found that S varied so widely with pressure. It was shown, 
however, by theoretical investigation, that this pro|)erty would be 
possessed by any vapour, however imperfect, provided that its 
inUjnsic energy E could be represented by the expression 

E - anP (V - b) + B .(18)* 

where b and B are constants. It was also found that the character¬ 
istic equation of the vapour must be of the general type 

aP (V - b)lT - F {PIT”*-^), .(14) 

where P represents any arbitrary function ofc the argument 
(P/r“+‘),which remains constant in adiabatic expansion. The perfect 


• U jr=<raP(V-6) + S, and //=o(n + l)P(K-6)+oiP + fl, it foUovi that 
th« (peoiflo heats at constant pressure, S^, and at constant volume, S,, are 


^=ain + \)P{dVldT)p, and S,=o» (P-6) {dP/dP),.(1«) 

Bat the difference 3^-3, is given by the well known expression (Appendix I, 

(«». 

S, - 8.=aT (dP/dT). (dV/dT), ...(17) 

We thus obtain a simple differential equation for T, aamdy, 

P-(a+1) P (dP/dP), -Jf (P -») (dP/aP)p.(18) 


the gsflsnl soialibn of whioh is (14), as given in the text The station may^lie psrt 
in n fESot vaiisty of forms, ainee it favolvss an othUawy fanotko, hot tbs spseisl 
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. gas is a speciabcase in which the function F is constant and eqiim 
to but this does kot satisfy the other conditions of the problem.' 
The solution next in^ simplicity of a saitable type is obtained*by 
taking 

aP (F - b)/T = K + E’P/r"+i.^5) 

where R is the constant to which aP (V — b)IT approximates when 
P is small, and K is another constant to be determined by observing 
the deviations from the ideal state as the pressure increases. It 
was impracticable in the case of steam to follow the methods 
adopted in the case of gases, of observing the deviations from 
Boyle’s law, or .the coefficient of expansion and the pressure- 
coefficient. AtteVnpts had been made in this direction, but showed 
little promise of leading to results of sufficient accuracy. It was 
obvious from the measurements already made that the cooling- 
effect C was roughly’independent of the pressure, as Joule and 
Thomson had found, but* their method of integration, assuming 
S constant, was inadequate in the case of such large variations of 
specific heat as had been indicated in the case of steam. It was 
accordingly decided to repeat the throttling experiments with 
additional jirceautious in order to test the possibility of this 
solution, and if found satisfactory, to deduce the value of the 
constant K. » 

27. The Difterential Throttling Calorimeter. The. 

single throttling calorimeter previously employed was well adapted 

form (18), givon in the te*t, » the moat convenient for the purpose for which ft is 
required. 

Farther, since the general expression (App. I (40)), for heat received, dQ, is 


dQ=S^T-ttT {dVIdTtfdP, .jt.(19) 

it follows b; substituting the above value (10) for Sp, that when dQ^O, in an adia¬ 
batic process, we must have 

dPIP={n + \)dTIT, which gives constant.(20) 


By expressing dQ in terms of S„ wo similarly obtain (F-6) 2^=oonstant, or by 
combining the two, F(r -i)/I':=ooastant, for the adiabatic equation. 

These thermodynamical relations are more fully discussed ai^d explained in 
Appendix I. 

Since the general expression for the variation of H is, App. I (IA)> 
dH=SdT-SCdP, 

the assumption that Sd is a function of the temperature only, agreeing with 
equation (IS) or (21), gives a much simpler exprestion for H, namely equation (24), 
than the assumption that (7 is a functiOK-of the temperature only, as made by Jonls 
and Thomson, which is inconsistent with their assumption 8 constant, ana loads 
to a diSerent type of oharacteristio equatimi, as shown in the next ohapter, 129. 
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obtaining the differences of H, over a considerable range (as 
from saturation to atmospheric pressure), required in the prevjous 
ex]%riments, but it was n<A so well adapted for obtaining v^ues 
of the cooling-effect C at a particular point. Vhe vdlue of C at a 
t>arti(j||jlar temperature and pressure could be obtained only by 
successive observations (during which the state of the initial steam 
might vary), or by differentiating the curves of constant total heat. 
Since a change of 1 per cent, in the wetness of the steam produced 
a change of about 10° C. in the temperature observed after throttling, 
it was most important to employ a differential method iit which such 



changes were automatically eliminated. This was effeeted by con 
necting two exactly similar calorimeters (Fig. 8) to the same steanr 
supply, and adjusting the terminal pressures p' and p” by inde 
pendent valves to a suitable difference p' — p" read on a differentia 
gauge. The ssorresponding difference of temperature t' — t" wa: 
read snth a differential pair of platinum thermometers. Fron 
which the value of the cooling-effect C = (f — f')l{p' — p") at thi 
mean pressure and temperature is directly obtained, with almos 
complete elimination of errors dbe to variation of wetness o 
extemid loss of heat. The calorimeters were made of thin stee 
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tube, and eacb was well lagged and drained, and doubly jacketed 
witj) its own exhailbtj so that a steady state was reached in about 
5 miputes after turning on the steam. This apparatus was completed 
early in July *1897, and was exhibited to several members of the 
British Association on the occasion of their visit to McGill Qpllege^ 
but, owing to pressure of other work, the observations taken with it 
could not be reduced in time for the meeting at Toronto. These 
were supplemented by some taken by the fourth year students 
during the following session, and showed that the proposed fonp 
of charactefistic equation (15) afforded a satisfactory solution of 
the difficulty*. 

28. The ebaggregation Volume c. For moderate ranges 
of pressure, such as are commonly required in practice, the relation 
between the pressure, volume, and temperature of a gas or vapour 
may most convenientfy be written in the form 

v'-b = KT/aP - c .(21) 

The constant R is the limiting value of the ratio aPV/T in tnean 

* The main results ef these experiments were included in the original paper 
{Proe. R. 5.. 67, p. 266, 1900, referred to by the abbreviation {R. S,, 1900) in faU 
work), but the details of the observations and apparatus wore reserved for later 
communications, referred to (toe. ciL, p. 26H) as **the papers which follow** on the 
“Differential Throttling Calorimeter,** and on the “Electrical Method of Measuring 
the Speciflo Heat of Steam.” Those two pajiors wore not published in the Proceedinge 
of the RoyfU Society as originally intended, because Prof. Nicolson was then making! 
preparations to re|ieat the throttling experiments on a more extended scale at 
Manohester, and did not wish the details published immediately. He idso intended 
to work out a new set of Steam Tables based on the author’s equations, but was 
ultimately compelled by ill health and overwork to abandon both of these intentions. 
The experiments on the speciflo heat of steam and air were described, and the ap¬ 
paratus exhibited, at meetings of the Physical Society of London in (^ot. and Nov. 
1902, as recorded in the Minutes of Proceedings for those dates; but the papers 
themselves wore not published tn er/enaot because the author, as Honorary Treasurer 
of the Society, did not feel justified in asking the Society to print such long and 
elaborate oommunications, the essential results of which had already been published 
elsewhere. These papers described additional experiments by improved methods, 
and confirmed the original results, giving 13/3 for the adiabatic index, or the ratio 
8JR, which was accordingly adopt^, in place of Maxwell’s theoretjoal value 4*5, 
in the revised equations for steam, published in tlw Encyclopaedia BfitannieOf 1902, 
vot 33, articles Thermodynamics and Vaporisation, which are referred to in this 
work by the abbreviation {B. B.» 1902). This modification was fbund^ give improved 
i^peement with experiment for all the properties of steam, but without a^cting the 
theory or the general character of the conclusions. Some further details, with 
diagrams of the original apparatus, have since been given in the preface to a paper 
by J. H. Brinkvrorth, B.So., “On the Sfc^ifio Heat of Steam,** PkU* Tremt. JL A, 
Series A, vcd. 215, p. 383. Confirmatory results for the ratio SJB were obta^4 
ICakower, and given in the PhU, Mag., 9eb. 1003, p. 226. 
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calories per degree \iHhen the pressure is small. 11^ has the value 
0*11012 if the index n.is taken as 10/8, and the^/alue ot the sp^ific 
heat Sj at zero pressure i» taken as 0*47719. These values agree 
sufficiently well with the experiments on the specifle heat anS the 
adiab^fjic index, and also with the conventional values of the 
*atoffiic weights. It is important for convenience of calculation that 
n should be a simple fraction, and that the ratio SJR should be 
exactly equal to n + 1, but the absolute values cannot be deter¬ 
mined by experiment closer than 1 in 1000. The values *t>f the 
constants R and S,, when expressed in mean thermal units per unit 
mass per degree arc the same in all systems of units, but the 
reduction factor a is different in different systems (Chni)ter II, § 8). 

The small quantity b is often called the “covolume” or the 
“molecular volume.” It is here assumed to re|)rcsent the volume 
occupi^ by unit mass of the substance wjien the molecules are 
practically in contact, as in the li<pud state. It is so small in 
comparison with F that it cannot be detcrinined with accuracy 
by experiments on the vapour, cxce})t in the case of non-condcnsible 
gases at very high pressures. It is therefore taken in the case of 
Wftter os being equal to the volume of the liquid at 0° C. We thus 
obtain 

6 = 1 cu. cm. per gram, or 0*01602 cu. ft. per lb. 

«iiThe small quantity c is called the “coaggregation volume,” and 
•expresses the diminution of volume produced by coaggregation 
or pairing of molecules. As already explained, the simplest ex¬ 
pression that can be selected for c is 

c-e.iTjrr, 

where c, is' the value of c at some standard temperature 1\, pre¬ 
ferably 100° C. or 378*1° abs. The value of c, rciqains to be deter¬ 
mined from the observations on the cooling-effect C, which abo 
serves as a subsidiary verification of the value of n. 

The coaggregation volume c affords a very convenient method 
of expressing the deviations of all the properties of the vapour 
from the stfrtc of ideal gas, representing the limiting state of the 
vapour at zgro pressure. All the experiments hitherto made on 
gases and vapours tend to confirm the conclusion that the defect 
of volume e — b from the ideal volume RTjaP is a function of the 
temperature only to a first approximation at low pressures, and 
can iie represented for a fairly extended range of temperature by 
4uppasiiig e to vary inversely as some power n of T, where n may 



58 


PROPERTIES OF STEAM [ch. 

have different (Values for molecules of different types. There is no 
gre^t difficulty in Calculating the deviations from the ideal state 
in terms of c for other assumptions with regard to the variation 
of c, but the ttssiimption c = c, {TJT)” suffices for most practical 
purposes, and gives the following simple expressions: 

Defect of Volume, V, = c — b. 

Defect of Energy, E, = ancP. 

Defect of Entropy, O, == ancPjT. 

Defect of Total Heat, H, = {a {n + 1) c — ab) P, 

Valtie of SC = a{n + l)c — ab. 

Value of S - Sq = an (n + 1) cPjT. 

Incremeilt of G = TO - //, a {c - b) P. 

Increment of log, p, a (c — b) PjBT. 

These give very simple thermodynamical relations between the 
various properties, and are greatly to be preferred to any of the 
purely empirical formulae commonly employed. The two last are 
of special simplicity and importance, since they are independent of 
the assumption that c varies as T“", and remain true for any 
variation of c provided that it is a function of the temperature only. 
The saturation pressure p of the vapour differs from that of r»n 
ideal gas by a factor depending only on the ratio of the defect of 
volume to the ideal volume. If c - 6 is not a function of thj tem¬ 
perature only, the increment of G is represented by the integial 
of «(c — b) (IP at constant T, which is readily determined on any* 
desired hyiiothesis, but no satisfactory law of variation of c or 6 
at high pressures has yet been discovered. 

In the case of steam we have the additional simplification that 
the ratio SJB is equal to a + 1, to a close approximation, which 
has the effect of reducing the equation of the adiabatic t6 the same 
form as for an ideal gas, as already explained. This is so great an 
advantage, that, even if it were not so accurately true as it appears 
to be, it would still be most useful in practice. 

29. Expressions for £, H, C and 5 . Since the form of the 
characteristic equation has been chosen to satisfy the* condition, 
found experimentally, that the index (n + 1) b constant in the 
adiabatic expansion of dry steam, it follows that the Intrinsic 
Energy E can be represented by the extremely simple expression, 
previously given, 

E = anPW- b) + B .(J8) 

where B =• 464*00 mean calories Centigrade if £ is reckoned from 
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the state of water at 0° C. This expression is perfeq|ly general for 
dry steam, whether superheated or supersaturated, and includes 
the intermediate case of saturated steam. 

The corresponding expression for the Tot^ Ilcattff is obtained 


Jby sinipiy adding aPV to the expression for E, since H = E + aPV, 

H = a(n + l)P(V-b) + abP + B .(22) 

This equation, when inverted, gives a very useful' expression 
for V in terms of H and P, namely, 

F = 8 (// - ByiSaP + 106/13.(28) 


The numerical values of the constants in different ^systems of units 
are given in the Steam Tables, Appendix III, § 191. 

Both E and // are readily expressed in terms of P and T, by 
substituting F — 6 = It'l'jaP — c, fnnn the characteristic equation, 
thus, * 

E — nRT — ancP + B, 

H ^ {n + i) KT - a(n + \) cP + abP + B. 

. This equation may also be written in the ft'rm 

// = S„r - SCP I B, .(21) 

wl]gre*SC represents the product of the specific heat S and the 
•booling-cffcct C at a temperature T and pressure P. Sg is the 
limiting value of S at zero pressure, which is taken as constant 
and equal to (n + 1) If. 

The values of II for dry saturated steam are obtained by sub¬ 
stituting for P the value of the saturation pressure p corresponding 
to the ten»j>crature, together with the appropriate value of c. The 
values thus obtained for H, are represented by th^ curve in Fig. 4, 
and have already been verified by comparison with direct experi¬ 
ments on the total and latent heats. It might be supposed at first 
sight that the formula for II,, since it involves p as well as T, is 
unnecessarily complicated, as compared with empirical formulae 
giving H, directly as a function of T. But it is more convenient 
in practice t(»retainp explicitly in the formula, since the saturation 
value of H is merely a special case of the general expression, and 
p is always known. 

The general expression for the specific heat S at constant pres¬ 
sure* namely {dU/dT)f, is imme^i^ely obtained by differentiating 
the expression for H with regard to T under the condition 
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P - constant. Remembering that c - (T,/T)*, we observe that 

■ (delfC) - - nc/T. Whence 

S= ^dHjdT)f = (n +«1)R + an (n + VjcPjT = iS^ + an (« + \)cPjT, 

.-JZS) 

^ * 

The limiting value of the specific heat at zero pressure must 
be constant and equal to (n + 1) R, if n is constant. The small 
terra involving e expresses the complete variation with pressure 
at difterent temperatures. It will be seen that this term remains 
constant, when P/2’»+i is constant, in adiabatic expansion. 

The value of (dlljdP) when T is constant, is equal to — SC, 
by the definition of the cooling-effect C. Differentiating the ex¬ 
pression for H with regard to P at constant temperature, we obtain 
the equation for SC, 

SC - — (dIIjdP)j, = a (re -f 1) c — 06.(26) 

This equation shows that the cooling-effect C should not be quite 
independent of the j)ressure at constant temjierature, but should 
diminish slightly as P increases in consequence of the increase of 
S with pressure. The value of c may be deduced from this equati'.'i 
if C is known for any given P and T. 

30. Relation between C and c. Substituting for S its value 
in terms of c, the last equation (26) may be employed to fin? C, 
in terms of c or vice versa. 

c = {RC/a + 6/(re + !))/(! - nCPjT) .(27) 

C - (e - bl{n -f l))l(Rla + neP/T).(28) 

Since 6/(n + 1) is very small, C is very nearly proportional to c 
at low pressures, so that both may be taken to vary inversely as 
the same power re of the temperature T to a close approximation. 
For the same reason, the ratio of C to c is nearly constant along an 
adiabatic at all pressures, since ncPjT is constant. The constant 
i/(n -f-1) is -0087 cu. ft./lb. which is less than 1 per cent, of e at 
lOO* C. The constant Rja is the same as that in the donation for 
the volmne V, and has the value 1 ■07061 when P is in Ibs./sq. in. 
and V in cu. ft. per lb. Thus the cooling-effect C in ° C. per lb. 

- pressure is of nearly the same order of numerical magnitude as c 
measured in cu. ft./lb., namely C = 0-871° C. per lb. at 1 atmo¬ 
sphere and 100° C. where e = 0-A18 cu. ft. per lb. a 

The values of C obtained with the differential throttling calori- 
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meter were employed to calculate corresponding va]pes of e at the 
mean points of each experiment. The values deduced for the in¬ 
stant Cl at 100® C. agreed very closely when calculated from those 
of c at different pressures and temperatures, showing that the adia¬ 
batic index correctly expressed the variation with temperature, 
^he agreement was not quite so good with n = 8'5 for the index, 
but was almost within the limits of error of exiKriment. The value 
given for the constant c, with the index n - S-5 in the original 
paper {R. S. 1900) was 26-50 cu. cms. jx-r gm. at 100° C. ThS was 
reduced to 26-80 by changing the index to n = 10/8. ^hc change 
is small, because, as already remarked, the ratio c/C is nearly 
independent of n at low pressures. The value of-^ at 160° C. was 
increased by nearly the same amount, the value at 130° C. re¬ 
maining unchanged. The corresponding value at 100° C. when 
expressed in cubic feet per |H>und, or in eulnc metres per kilo as 
employed in practice, is 

Cj (at 100° C.) = 0-4213 cu. ft./lb. = 0-02680 cu. m./kg. 

The coaggregation volume c, being a function of the temperature 
oidy, is very easily calculateil and tabulated.* The same remark 
applies to the simple functions SC ~ a {n + 1) c — ab, and 
Z = ttiicjT, which arc required for the total heat and cooling-effect, 
nn(J for the entropy and specific heat rcs|)ectivcly. These are 
.included in Table I, Steam Tables, Appendix I. 



CHAPTER IV 

THE COOLING-EFFECT C 

3I. Experimental Values of C by the Differential 
Method. The following are some of the values of the cooling-effect 
C observed with the differential throttling calorimeter by Prof, 
Nicolson and the’ author in July, and by the fourth year students 
at McGiD College during the winter session of 1897. Each value 
represents the mean of ten readings of the temperature and pressure 
differences. Most of the observations were taken between 130° 
and 120°, and between 15 snd SO lbs. pressure. It was more difficult 
to get observations at higher temperatures and pressures. Those 
given in the table have been selected so as to cover the experi¬ 
mental range as evenly as possible. 


Table I. Observations of the Cooling-Effect C. 




f-r 

P '- F ' 

0 

c (obs.) 

e ( cali .) 

179-2 

120-4 

2-33 

13-3 

0-176 

0-224 

0-222 

176-3 

94-6 

3-66 

19-6 

0-182 

0-228 

0-228 

166-2 

76-2 

3-30 

16-6 


0-246 

0-244 

160-4 

60-3 


16-1 

0-212 

0-266 

0-266 

163-3 

43-1 

2-62 

10-9 

0-231 

0-272 

0-270 

149-0 


4-31 

17-7 

0-243 

0-278 

0-279 

146-2 



19-6 

0-260 

0-289 

0-288 

140-3 

19-2 


10-2 

0-263 

0-298 

«-300 

134-8 


6-61 

20-4 


0-314 

0-313 

130-6 

30-3 

6-15 

18-4 

0-280 

0-326 

0-326 

124-2 


3-10 

10-4 

0-298 

0-341 

0-342 

118-7 

20-4 


9-7 

0-316 

0-362 

0-368 


The mean temperature and pressure of each observation are 
denoted by and P„ respectively. They do not affect the cal¬ 
culation of c from C except in the small correction Jerm nCP/T. 
The column headed c(obs.) represents the values of c obtained 
from those of C by the formula already given. The column headed 
c (calc.) represents the values of c corresponding to the temperature 
calculated by the formula c«' c, (Tj/r«)V. Tire agreemCfit of 
the observed and calculated values is seen to be within 1 per oOit., 
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wl^cii' is gcKid considering the nature of the pbserrations. The' 
values of the cooling-effect C are here expressed in dejpees Centi-^ 
grade drop of temperature Jfor a drop of 1 lb. jjer sq. in. in\he 
pressure. The corresponding values of e are in eubic feet per pohnd. 

38. Correction for External Heat-Loss. It is most im¬ 
portant in throttling experiments to reduee the external heat-loss 
to a minimum, because any loss of heat with superheated .steam 
will lower the temperature and make the observed cooling-irffect 
too large. It is also most important to avoid conduction of heat 
through the throttle from the high pressure steam. These objects 
were approximately attained by using a thin steel tube for the 
throttle, and by doubly jacketing the ealorimeter with its own 
exhaust, as indicated in Fig. 5, in addition to external lagging. The 
residual error was further reduced in the differential method, by 
taking the difference of temiwrature between two similar calori¬ 
meters at slightly different |)rcssures. fhe differential apparatus 
afforded a ready means of determining the residual correction. With 
this object the throttle tubes were made interchangeable, and tubes 
of different bores were em})loyed, so that the temperatures could 
be observed under similar conditions with different currents of 
steam in the two calorimeters, lly observing the difference of 
tempefeture when the current of steam was reduced in one of the 
'joloriinetcrs by fitting a smaller throttle, and the pressures were 
adjusted to equality, the external loss of heat could be readily 
deduced, from the observed values of the steam currents. A series 
of observations taken on this principle in the neighbourhood of 
300° F., by the senior demonstrator Hr II. M. Jaquays in the 
Engineerii^ Laboratory at McGill College during Nov, and 
Dec. 1897, showed that the required temperature correction was 
inversely proportional to the steam current (as would naturally 
he the case) and might amount to 5 or 10 per cent., according to the 
conditions of flow, with a single calorimeter, when the current of 
steam was at the rate of 1 pound per minute. A suitable correction 
was aceordlbgly applied to the observations with the single calori¬ 
meter, which gave too large a value of the eooling-effect if the 
correction .were omitted. With the differential apparatus the 
correction was found to be, if anything, in the opposite direction, 
since the calorimeter at the lower temperature had the sm^er 
heat-loss; but the correction wm so nearly eliminated by the 
diffcKntial method as to be of the same order as the accidental 



PROPERTIES OF STEAM 


04 



errors of observation. Since the correction cannot be com]^etely 
eliminated by lagging or jacketing, it would appear possible that 
the* slightly larger values of the coolyig-effcct obtained by othw 
obsdVvers, who hav* not employed the differential'method, may 
be attributed to external heat-loss. 


33. To Find the Total Heat of Steam by Throttling. 

As already explained, the method adopted to find the initial value of 
the t^tal heat of wet steam by the aid of the throttling calorimeter 
(when Regijault’s values of the cocfTicients had been proved to be 
erroneous) was to construct a table of the values of the total heat 
of superheated steam at atmospheric pressure, deduced from those 
of the specific heat at atmospheric pressure obtained by the con¬ 
tinuous electric method. The values of the specific heat obtained 
in this way in the first exiicrimcnts were found to diminish from 
•SO to -49 with rise of temperature from 100° to 100° C., and gave 
esults for the total heaf practically identical with those in the 
following table. 


Table II. Valpcs of Total Heat of Superheated Steam at 
Atmospheric Pressure. 

Tempers- 1 

ture Single degrees Centigrade 


a 

F. 

0 ° 


.2° 

3° 

4° 

6 ° 

6 ° 

7° 

8 ° a 

9° 

200 ° 

392° 

688'53 

89-o!i 

89-60 

89-99 

90-48 

90-96 

91-45 

91-94 

92-42 

62-9t 

190° 

374° 

083 66 

84-14 

84-63 

85-12 

85-60 

86-09 

86-58 

87-07 

87-66 

88-04* 

180° 

368° 

678-79 

79-27 

79-76 

80-26 

80-74 

81-22 

81-71 

82-20 

82-68 

83-17 

170° 

338° 

673-91 

74-40 

74-88 

76-37 

76-86 

76-35 

76-83 

77-32 

77-81 

78-30 

160° 

320° 

669-01 

69-60 

69-99 

70-48 

70-97 

71-46 

71-96 

72-44 

72-93 

73-42 

180° 

302° 

664-10 

64-00 

65-09 

66-68 

06-07 

66-66 

67-06 

67-64 

68-03 

68-62 

140° 

284° 

689-18 

69-68 

60-17 

60-66 

61-16 

61-65 

62-14 

62-63 

63-12 

63-61 

130° 

266° 

654-24 

64-73 

66-23 

66-72 

66-21 

66-71 

67-20 

67-70 

<8-19 

58-69 

120 ° 

248° 

649-29 

49-78 

60-28 

60-77 

51-27 

61-76 

62-26 

62-75 

63-26 

53-74 

110 ° 

2.30° 

644-3F 

44-81 

45-31 

46-80 

46-30 

46-80 

47-30 

47-80 

48-29 

48-70 

100 ° 

212 ° 

1639-30 

39-81 

40-31 

40-81 

41-31 

41-81 

42-31 

42-81 

43-31 

43-81 



0 ° 1-8° 

3-6° 

6-4° 

7-2° 

9-0° 

10 -8° 

12 -6° 

14-4° 

16-2° 


Degrees and decimals Fahrenlieit 


By observing the temperature t" of the steam wl^ throttled 
to atmospheric pressure, the total heat of the throttled steam, and 
therefore of the Initial steam, is immediately given b^ reference to 
the table. The observed temperature t" requires careful correction 
for theimometric errors, especially stem-exposure, if mercury 
thermometers are employed. J,t should also be corrected fot 
external heat-loss, whi^ is most easily done by using a differ&tial 
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ealoiimfeter with a double throttle tube on one brai\f h, so that the 
current through one side is double that through the other. Jhe 
difference of tensperature \«hen both are at atmospheric pressure, 
gives the correction to be added to the higher teading. The method 
is per^ct so far as the sample taken is concerned, but it is important 
^ make sure that the sample taken is a fair sample of the main 
steam supply to the engine under test. The mctluxl has the ad¬ 
vantage of applying equally to wet steam or superheated steam, 
provided that the total heat is not outside the limits of the t&ble. 

• 

34. Curves of Constant H on the PT Diagram. The 

general results of the application of the Joide-Thomson method 
to steam arc best represented graphically by drawing the curves 
of constaiit total heat on the pressure-temperature diagram ns 
shown in Fig. 0, in which the |)ressurc^ in lbs. per s(j. in. abs. is 
taken as abscissa, and the tem|X‘rature,in degrees Centigrade as 
' the ordinate. The full lines shown in the ligure, extending from the 
line of zero pressure to the saturation curve, are lines of constant 
total heat calculated by the author’s formulae, based on the ex- 
|ic£iments with tlu; differential throttling ealortmetcr, and on the 
mcasiiremcnts of the specific heat of steam at atmospheric pressure. 
The dotted lines marked Pa, Gl, and Gsll, represent the highest 
scries of observations made by Peak<!, Grindley and Gricssmann, 
respectively, who traced the lines of constant // by keeping the 
initial state as constant as [M>ssible while the steam was throttled 
to various lower pressures in succession. These are seen to corre¬ 
spond as closely as could l)c cx|)ectcd with each other and with 
the theoretical curves. 

The dotted lines 'IT and ZZ in the figure, are calculated from 
the characteristic equations of 'rumlirz and Zeuner, rcsijcctively, 
which were most commonly employed in 1900, and for some years 
later, in expressing the properties of steam. These curves are 
seen to be of a different type, and do not show a satisfactory 
correspondence with experiment. 

According to Zeuner {Zeit. Ver. Deut. Ing. xi, p. 41, 1867) the 
properties of ^am are represented by the characteristic equation 

PV = 50 - 988 r - 192-5P^.(1) 

where P is the pressure in kilograms jjer square metre, and V the 
speci^c volume in cubic metres jper kilogram, so that PV is in 
kilogrammetres. 'This equation requires that the value of the 
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product SC, Reduced from III (8), should be and 

should be independent of the temperature. It follows by III (12) 
that S must be independent of theipressure, but may be any 
funclion of the terlipemture. Zeuner assumed S constant and 
equal to 0-4805, with A = 1/424, so that C = 0-945P~i, y^jiich is 
always the same at the same pressure, and becomes infinite aP 
P1= 0. The numerical value of C at a pressure of 1 kg./sq, cm. 
(10,000 kg./sq. m.) is 9-45° C. per atmosphere (1 kg./sq. cm.) in 
(K.M.C.) units. Similarly at P = 16 kg./sq. cm. we have C = 9-45/8 
(K.M.C.). . 

The equation of a line of constant total heat is obtained by 
integrating CdP •= d2' at constant //. If C = 9-43P “ I, as in Zeuner’s 
equation, we thus obtain for a line of constant U starting from T# 
at P = 0 

r - = ^7-8pi (K.M.C.) = 19-46/»i (F.P.C.). 

The dotted line ZZZ in Pig. 9 represents such a line starting from j 
To “ 895°, or t(, — 122° C. According to this equation the lines 
of constant // are all exactly similar to ZZZ, e.g. the line starting 
from 100° C. would be obtained by simply shifting the cim'e down 
through 22° C. The values of C arc of the riglit order of magnitude 
at average pressures and temperatures such as P = 50 lbs. and 
i = 150° C., but the curves are evidently of the wrong type, 

The eharactcristic equation of Tunilirz (SUz. Akad. Wien, II a, 
p. 1058,1899), may be put in the numerical forms 

y = 0 00467r/P - 0 008402 (K.M.C.) =- X -mTjP - 0 1846 (F.P.C.). 

.( 2 ) 

According to this equation, the defect of V from the ideal value is 
constant and equal to 0'0084 cb. m./kg., which is qbout three 
times too small at 100° C. The product SC is also constant and 
equal to 0-0084/1 kilocalories per unit pressure-drop of 1 kg./sq. m., 
or to 0-197 per atmosphere (K.M.C.). The specific heat is inde¬ 
pendent of the pressure, but may be any function of the tempera¬ 
ture, Tumlirz assumed 5 constant and equal to 0-48, which pves 
C “ 0-197/0-48 = 0-412° C. for a pressure-drop of t>l kg./sq, cm. 
at any point of the diagram. According to the equation of Tumlirz, 
the lines of constant H are parallel straight lines with a slope 
C “ 0-412° (K.M.C.), or 0-029° (F.P.C.), as indicated in the figure 
by the dotted lines marked TT, which have evidently much too 
small a slope to agree with exp'.riment. 

According to the author’s theory, the cooling-effect is a function 
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of both temperature and pressure, but the curves o^constaat tt are 
readily dravnu by puling U constant in the general expr^on for 
H given by equation (24) of Chapter III. Putting H ~ + B, 

we thus obtain * • * 

St{t - to) ^ SCP. .(8) 

where tg is the temperature at which the line considered cuts the 
vertical axis P = 0, and is given by (W — B)/So ~ 27.8, in terms of 
the value of II for the line considered. ^ 

It is very easy to draw the lines of constant total heat with the 
aid of this equation by taking the values of SC, given for each 10° C. 
in Table I, and also in Table IV of the Stciun Tables, Appendix III. 
If it is desired to draw the lin»r passing through any arbitrary point 
P'T', the .corresponding value of S'C must be found by inter- 
IHilation, and the equation becomes for dry steam, 

So {t - t') - SCP - S'C'P' .(4) 

• 

where I' is the Centigrade temperature corresjamding to T' abs. 
It is easy to calculate P by the aid of this equation for any given 
value of t. 

If on the other hand, the initial temperathre and pressure 
P' are given and it is required to find the final temperature t" 
when the steam is throttled to a given i)rcssurc P", it is necessary 
to proceed by interpolation, as in the following example: 


• Example. If the initial state is given as 173 lbs. at 187-2° C., 
find the temperature after throttling to atmospheric pressure. 

At P' = 178lbs.; t' = 187-2°C. S'C (interpolated) = 0-0915, 
S'CP' - 15-82. 

At P" - 14-7 lbs.; t" = 150° (trial); S"C" = 0-12187 (table); 
a?"C''P''- 1-80, whence t" = (15-82 - l-80)/0-4772 = 29-4°. 
t" = 157-8° C. 

If t" = 160° (trial), .S"C''= 0-11256 (table); S"C"P" = 1-64, 
whence t"= 157-5°,^ 

The required answer is evidently 157-6° C. The trial value 
assumed fdi t" makes very little difference if the pressure P" is 
low. The valjie of (" first obtained will be a good approximation, 
and will show how much the trial value was too high or too low. The 
approximation is so rapid, that a second trial is seldom required. 

If the steam is throttled to atmospheric pressure, a convenietil 
method is to find the initial value of the^ total heat in the Steam 
Tables, fhom Table III (H), or Table IV, and then find tins tern- ^ 

6-a 
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perature giving the same value of H at atmospheric pressure ^m 
Tal^fe II of this chapter for each 1“ C. 

The value of the cooling-effect at Ahe mean temperature and 
pressure of efhy range is found approximately by dividing the 
value of SC at the mean point by the value of 8 near the sam# point 
taken from Table IV of the Steam Tables. In an experiment in* 
which P', t', P", t" are the observed quantities, the observed mean 
cooling-effect, C = (<'- t")j(P'— P”), may most easily be verified 
in this way. 

a 

35 - Results of other Observers. Curves of constant total 
heat on the PT diagram were first exhibited in the manner shown 



Fig. 0. lines of constant H, PT diagram* 

in Fig. 9, by Grindley {Phil, Trans. A, 194, p. 1) to represent the 
results of his experiments by the throttling method, curve 
was obtained by keeping the initial pressure of the saturated steam 
as nearly constant as possible, and observing the temperatures 
after throttling to various lower pressures. Values of the specific 
heat were deduced by assuming'Regnault’s formula for thq total 
heat of saturated steam. Taking any pair of curves, the difference 
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of total heat H'— H" is on this assumption equal Jo O-SOS multi* 
plied by the differeitte of initial temperatures t,”) of^the 
saturated steam. The speoific heat at any constant pressure is 
the difference H'— U" divided by the diffefcnce of temperature 
(/'— t"4 between the two curves at the required pressure. 

S = 0 805 t") .(5) 

The values of S calculated by Grindlcy in tliis-way showed a 
rapid increase with temperature, but appeared to be iiearly'^nde- 
pendent of the pressure. The product SC appeared to be nearly 
constant at all temperatures and pressures within the experimental 
range. This led to a characteristic equation of the same form as that 
of Tumlirz, but with quite a different value of the constant, namely, 

aPV KT- 0-2817P (KP.F.) - KT - 0 1505P (F.P.C.) 

or F = RTfaP - 1-522 (F.P.F. or C.) - It'J ^aP ~ 0-0950 (K.M.C.), 

• 

where the coerticient of P is the constant value of SC on either 
system. The defect of volume given by this equation is about 
six times too large at 150° C. 

>4 It is evident that an equation of this type, \tith S variable, can 
be fitted fairly well to the throttling cur\ es, but the values of iS 
reqiiiretl do not agree with direct expcrim<-nts on the spcciflc heat. 
It is eAsy to calculate the values of S and C on this hyiKjthcsis by 
^tfic equation (see § 23) 

(dlildT), - 0-305 = A’ - SC (dpjdt), .(6) 

since both S and C must be independent of the pressure. Wc thus 
obtain 

Tabie III. Values of S and C by Grindlcy’s Kquation. 


Temp. Cent. 

100 ° 

: 120° i 

140° 

160° 

180° 

200 ° 

220 ° 

240“ 

dp/*,lbs./°C. 

0-526 

0-914 

1-488 

2-284 

3.335 

^ 4-675 

6-290 

8-176 

«. calB./°C. 

0-387 

0-448 

0-638 

1 0-602 

0-827 

1-037 

1-289 

1-584 

C.°C.Ab. 

-s# 

0-404 

» 

0-349 

0-291 

1 0-236 

0-189 

0-161 

0-121 

0 099 


The valuej of C arc in fairly good agreement with experiment, 
but A cannot be so low as 0-887 at 100° C., or so high as 1-087 at 
200° C.; and there is very strong evidence that S is not independent 
of the pressure. Grindley did not actually make this calculation, but 
it is ^|irly deducible from his equation and data (see B. A. 1000, 87, 
p. 279). 
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Grindley eydeawured to eliminate external loss of heat by 
sunpunding his throttling chamber with a massive cast-iron jacket 
containing saturated steam, the pressure of which was adjusted by 
the aid of an Auxiliary thermo-couple to give the same temperature 
as that of the throttled steam, a method suggested by Prof. Osborne 
Reynolds. The objection to this method was that, it took a long 
time (2 or 8 hours) to reaeh a steady state, which is a serious matter 
when observations have to be taken successively at different pres¬ 
sures' and temperatures. Grindley’s longest eurve is shown in the 
preecding figure, marked Gl. It has a slightly steeper slope than 
the author’s, which may possibly be explained by the fact that 
his initial steanj •was always slightly wet, or that his method of 
eliminating the heat-loss was less effeetive than the differential 
method. The average values of the cooling-effeet for each of his 
six curves of constant 11, arc most readily compared with the 
author’s by calculating the value of at zero pressure for each curve 
by equation (8) as in the following table. 

Table IV. Temperature t„ at zero pressure from 
Grindley’s Throttling Curves. 


Nnmber of Curve 



(1) 

(2) 

(3) 

(4) 

(6) 

(%) 

(g obucrvedlGrindlcy) 

l.'il-T 

142-2 

127-8 

122-8 

113-9 

106-0 

4 calc. (Callendar) 

154-2 

143-8 

128-9 

123-0 

114-3 

106-7 

„ „ (Zeuner) 

114-fi 

112-4 

86-6 

80-6 

73-0 

66-1 

„ „ (Tumlirz) 

180-0 

163-8 

142-6 

134-7 

123-6 

112-6 


The results are evidently incompatible with the equations of 
Zeuner or Tumlirz, but the general agreement with the author’s 
equation is good, apart from the small systematic difference already 
explained. 

Grindley employed an orifice in a thick glass plate as a throttle, 
which gave some trouble in fitting, and frequently cracked, but 
probably served fairly well to prevent excessive conduction of heat 
from the high pressure side to the throttled steam. 

0 

36. Results of Griessmann and of Peake. Griessmann 
(Fer. Deut. Ing. 47, p. 1852, 1908), who repeated Gtindley’s ex¬ 
periments at Dresden under Prof. MoUier, employed a porous plug 
of the Joule-Thomson type, consiltingof layers of canvas, embfdded 
in a thick block of wood for heat insulation. His highest curve. 
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marked Gsll, is shown in Fig. 9 dotted. It fab{^ns to fall very 
nearly on one of the author’s curves from 130° to iV9°, but has a 
slightly greater curvature. .All Griessmann’s lines of constant H 
are more highly curved than those of the other^bservers, indic&ting 
a more rapid increase of C with fall of tem)>craturc and pressure. 
*A large block of porous non-conductor, like wood, has a consider¬ 
able thermal capacity and a very awkward kind of memory. It 
is also liable to become damp when exposed to saturated steam, 
and the evaporation of the moisture involves great loss of'heat 
when the pressure is reduced. This affords a ]>ossible exjdanation of 
the many low points shown on his curves, and the systematic 
tendency to excessively high values of C at low j)rcssurcs. 

Griessmann reduced his observations on niiieh the same lines 
as Grindlcy. Taking llcgnault’s value for {dlljdT),, namely 0-803, 
he found a similar variation of S with temperature, lie also found 
that the protluet SC was nearly inde]>endeiit of the temperature at 
constant pressure, indicating that S was independeiitof the pressure, 
as ir. Zeuner’s ecpiation. He thus obtained a form of characteristic 
equation similar to Grindley’s, but with this difference, that SC 
varied slightly with the pressure. The values found for SC ranged 
from about 2-20 (K.M.C.) at 1 kg./sq. cm. to 1-80 at 3 kg. The values 
of the volume deduced from this e()uatiun showed fair agreement 
with Zeuncr’s. Griessmann’s main conclusion was that Zeuner’s 
^equation was accurate over the experimental range; but he does 
not appear to have noticed that ZeuniT’s ecpuition requires a 
very different variation of SC, namely from t-SO (K.M.C.) at 
1 kg./sq. cm. to 0-361- at 16 kg. 

Peake (Proc. U. S. 76, p. 185, 1905) employed a perforated mica 
disc as throttle, and jacketed the calorimeter with its own exhaust. 
His curves of constant H, one of which, marked Pa, is .shown in 
Fig. 9, were all very nearly straight lines. This would indicate that 
C remains nearly constant at constant II, or that the increase of 
C with fall of temperature is nearly compensated by a diminution 
with fall of pressure; whereas Grindley found that C varied as T~* 
nearly, buPwas practically independent of the pressure. Otherwise 
his curves were similar to Grindley"s, but showed a somewhat 
steeper slope, due probably to less perfect elimination of the heat- 
loss. He also made some incomplete experiments on the specific 
heat at atmospheric pressure by an electric method, which gave 
O-iS as the mean value betweenwl00° and 200° C., and showed no 
variation with temperature such as Grindley had found. 



ra PROPERTIES OF STEAM [ch. 

t • * 

37. Variation of C with Temperature and Pressure. 

Experiments such as those described, with a single throttling 
calorimeter, though affording the simplest method of observing 
the lines of constant'^, provided that the initial state can be kept 
constant, are not well suited, as already explained, for determining 
the variation of C with temperature or pressure. The drawing of* 
smooth curves through the observed points is to a great extent a 
matter of taste, and the drawing of tangents to such curves affords 
considerable scope for imagination. Empirical form\ilae are equally 
misleading because the type of formula selected is the main factor 
in determining the result found. The least objectionable method is 
to take the actiisd observations in pairs along any one curve, and 
to find the value of C for ctich interval by taking the ratio of the 
temperature and pressure differences. Values found in this way 
from neighbouring pairs of points arc apt to be very discordant, as 
would naturally be expected, but the method has generally been 
adopted by the experimentalists themselves, and by others in 
reducing their results. In addition to affording an instructive 
illustration of the theory, the method deserves discussion betnuse 
it appears in some eases to lead to results at variance with those pf 
the differential method. 

This method of reduction has been very carefully and impartially 
applied to all the results quoted by Prof. H. N. Davis of Hirvard 
(Proc. Amet. Acad. ScL, 45, p. 248, 1910), whose conclusions have _ 
in many cases been accepted as more directly representing the 
results of experiment than 'the author's theoretical method. 
applying this method Prof. Davis has found it necessary to reject 
several of the observations, which am obviously affected by varia¬ 
tions in the quality of the initial steam, and would giv^ absurdly 
high or low values of C. This eliminates many of the worst outliers 
in the resulting 'CT diagram, but cannot mitigate any systematic 
error in the smoothing of the curves, especially near the ends. 
He attributes the residual discrepancies chiefly to the employment 
of mercury thermometers for all the temperature readings, and 
spring-gauges for the pressure readings, in place of electrical thermo¬ 
meters or mercury gauges, which are much better suited for reading 
small differences. The discrepancies of individual observations are 
further reduced by taking means of neighbouring groups. There is 
room for taste in the matter of rejection and grouping of observa¬ 
tions, but it appears from referaace to the original observayons 
that the points selected by Davis may be accepted for purposes 
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of argument as fairly representing the results of the experiments. 
The points have accordingly been verified and rcplottcd in Figj 10 
on a different scale (F.P.C.) to show the cooling-effect in degrees C. 
for a pressure-drop of 1 Ib./sq. in. The points bilonging to different 
observtrs have been distinguished by the same marks as those 
Employed by Davis, namely, plaiik circles for Grindlcy’s observa¬ 
tions, circles with a vertical cross-bar for Gricssmann’s, and with 
a horizontal cross-bar for Peake’s. Some additions have been made 
to the diagram in the hope of rendering it more intelligible. * 

Davis states that he examined the results with gi-wit care for 
evidence of any systematic variation of with pressure at constant 
temperature, but without succt^ss. He accordingly repnjscnted the 
cooling-effect as a function of the tcrnj)eraturc only by a simple 
cun'C, shown in his paper on a different scale in a sejmrate figure. 
This curve is reproduced ns nearly as )>i)ssiblc by the broken line 
marked “Davis” in Fig. 10. It appeal’s to represent the observa¬ 
tions fairly from high temperatures df)wn to l'50° C., but gives too 
much weight to Peake’s observations at low temperatures. 

The results of the author’s differential method arc represented 
ibyjthe two fidl curves marked C’„ and C,. The Upper curve repre¬ 
sents the limiting values of C at zero |)ressurc, the lower curve the 
values of C at saturation pressure. The somewhat steeper lines 
joining'the two curves indicate the variation of t' at constant total 
heat, which is more ra])id, owing to the eombined effects of drf)p 
of temperature and pressure, which both tend to increase C. 

In order to be able to estimate the value of the evidence 
afforded by the different scries of observations, it is necessary to 
group them, as originally taken, along lines of constant total heat. 
The dotted .lines indicate as closely as [lossible the connection of the 
points obtained from each of the original curves of constant II. 
These lines are produced backwards to the saturation temperature 
in each case. The points so obtained are surrounded with larger 
circles, and are marked with the letter or number given by each 
observer in his original paper. The double circles with horizontal 
cross-bars niarked A, B, C, D, E, F, indicate the starting points 
of Peake’s lin^ of constant II; those with vertical cross-bars num¬ 
bered 11 to 1, indicate Gricssmann’s; the plain double circles, 
numbered 1, 2, 8, 4, 5, indicate Grindlcy’s. Curve No. 0 Grindley, 
cannot be extrapolated to saturation, because the line is so short 
that pply one satisfactory point can- be obtained from each of the 
three series of observations represented on the curve. 




Temperature Cj^nti^rade^ 

Fig. 10. Refinlte of other observers for C, 
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It h immediately obvious that neariy all of Peajfe’s values at 
the higher pressures afe much too high, especially for line E, ^le 
two highest points on which were rejected by Davis on this account, 
but have been replaced in Fig. 10, The Davis curve appears, how¬ 
ever, tosgive great weight to tlie highest observation on curve F as 
Mmpared with Grindlcy’s points on 5 and <1, which arc quite 
-satisfactory. It is not theoretically inconceivable that C should 
increase with increase of press\ire, as shown by Peake’s curves, 
but it is against the other experimental evidenee. Morffcver 
Peake’s curve 1) is inconsistent with his other curves in tills respect. 
The point on this curve at the Imv prexxure end, marked flj, 
ajiproaches very closely to the high prexxtire end 

All of Griessmann’s curves, on the other hand, as one would 
expect from their excessive curvature, show a very rapid increase 
of C with fall of T and P at constant //, and give exceptionally 
low Values of t at low pressures, as migj^t be prcdicteil from the 
’obvious experimental errors of the points refected by Davis and 
by Griessmann himself. It is possible however that Griessmann's 
points near saturation may be fairly reliable, because the error due 
►to evaporation from the wood block is most t(t be feared at low 
pressures. 

All of Grindley’s curves (except No. 2, where the points are so 
discordant that no satisfactory indication is given) show a reason¬ 
able slope. One may fairly set Griessmann’s observations against 
Peake’s, and conclude that the intermediate slope of the lines of 
constant total heat, indicated by the aiithor’s differential method, 
is not in reality inconsistent with the results of these experiments. 
Without .some guidance from theory it is hopeless to attempt 
to draw a«mean curve through a target-diagram of this kind, 
especially near the low pressure end of the range, where the observa¬ 
tions are few and the curves short. Grindley’s resufts are the most 
reliable in this region since he was the only one of the three to 
u.se a vacuum condenser. 

The variation with pressure deduced from the author’s formula 
is cortol)orat(d at high temijeratures by the work of A. R.l)odge 
(Am. Mech. ^ng. 80, p. 728), four of whose lines of constant // 
are indicated in the flgire between 190° and 260° C., the observa¬ 
tions being marked by black dots. The pressure range extended 
from S14 to 87 lbs., and the lower dots on each line represent the 
higfacy pressures. The points bet\»een 250° and 260° C. happen to 
fall almost exactly in their appropriate places on one of the author’* 
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lines of constant H, but those at lower temperatures are evidently 
too low, though they all show the same kind of variation of C 
with pressure as the author’s formulae 

Further experiAents on the cooling-effect are undoubtedly 
desirable, but the evidence so far available tends to support the 
previous conclusions, and is far from justifying the adoption of 
any more complicated formula. 

^8. Later Experiments by the Differential Method. 

The differential throttling calorimeter was redesigned for higher 
pressures and temperatures in conjunction with Prof. Dolby in 
1906, and was set up in the thermodynamic laboratory of the City 
and Guilds’ Institution (now part of the Imperial College of Science) 
at South Kensington. The late Prof. Ashcroft assisted the author 
in taking a scries of observations on the cooling-effect, at high 
temperatures. Differential platinum thermometers were employed 
for the temperature’differences, and a differential mercury gauge' 
for the pressure differences. The observations extended to an upper 
limit of 876° C., and agreed so closely with tlie variation of the 
cooling-effect predicted by the equations previously given, tt,et< 
it was not considered worth while to puhlish them in detail, as it 
was hoped to obtain a more complete series at higher pressures as 
soon as a special boiler and regulator could he installed. 'Unfor¬ 
tunately the rapid increase in the number of students undt^ 
Prof. Dalby, which necessitated a continual rearrangement of 
laboratories and the erectihn of new buildings, and greatly cur¬ 
tailed the funds and assistance available for research, ntade it im¬ 
possible to proceed further with the work at the time. It was 
concluded that the variation of C was represented wit|i sufficient 
approximation for all practical purposes at moderate pressures by 
the formulae already published, and that no modification should 
be made in the equations unless decisively necessitated by the 
proposed experiments at higher pressures. 

From a theoretical standpoint, the most important question 
remaining to be settled is the variation of C witlf'pressure at 
constant temperature, with regard to which the rq^ults of other 
observers are so contradictory. It is a difficult point to investigate, 
even by the differential method. Unfortunately the original 
experiments at McGill College were interrupted at a crucial-stage 
before it had been possible to«attack this question effeclj,vely. 
The raeperiments had been arranged to cover the temperature < 
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range from 120 “ to 180° C., but, in the absence of ^ superheater, 
the observations threw little light on the variation with ptessu|e. 
They might in fact have been represented fairly well by assuming 
that C was a function of the teniperafure? dnly. The pressure 
available in the later experiments at the City and Guilds’ Institu- 
fton being limited to 50 lbs., it was decided to restrict the investi- 
•gation to the variation of C with temperature, since there was no 
satisfactory prospect of settling the variation with pressure. Very 
few observations were obtained at temixjratiires below ISrf^C. 
These seemed to indicate that the pressure variatian was, if 
anything, less than that given by the form of eharaeteristic equation 
previously assumed, but since the conditions of experiment were 
somewhat different, no great stress ctjiild be laid on the small 
differences found. It is very easy however to examine the (piestion 
theoretically and to show how little difference it makes to the 
results for jjractical puriwses over the experimental range. 

39 . Alternative Theory, C F {T). In the preceding 
theory we have assumed that the coaggregation volume c and the 
product SC are functions of the temperature qnly, liecause this 
*lel!Hs to the simplest possible form of eharaeteristic equation, and 
represents all the experimental results satisfactorily for practical 
purposes over the necessarily restricted range of the actual observa¬ 
tions. It is of considerable interest from a theoretical standpoint 
to investigate the effect of some alternative hypothesis. The 
obvious alternative to select is that the pooling-effect C is a function 
of the temperature only. The theoretical relations thus obtained 
are sufficiently simple to be intelligible, and arc greatly to be pre¬ 
ferred to any purely arbitrary or empirical equations. 

If C is^ function of the temperature only, the equation of a 
line of constant total heat is immediately obtaineth by integrating 
dP = dTjC. We have also a very useful result which follows from 
the general relations (Appendix I (87)), 

(dSCIdP)ii = C {dSCldT)jj - S (dC'IdPy .(7) 

namely thar SC is constant along a line of constant U, since 
(dCjdPYj, ~ O^if C is a function of the temperature only. It is 
therefore very easy to draw the lines of constant H, and to find 
the value of S at any temperature and pressure, if the value 
at a»ro pressure is known. We have evidently S = S^CJC, where 
C, is^he value of C at 7, and z 8 ro pressure on the given line of 
constant It is easy to allow for the variation of S^ with tern- 
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perature if desired, but for the present purpose we may take it 
as^constant, m which case we have the simple relation 

. , H = SoTo+% 

at zero pressure. 

By way of illustrating the method, we may take thg simple 
case 

c = KIT" = Cj (sra/T)".(8) 

wHhre C, is the value of C at 100° C. or 878° abs. The equation of 
a line of constant H is evidently 

(n + 1) ifP - 2’”+i - .(9) 

where Tj is the value of T when P = 0. 

The general expression for H is found by substituting 

. r„ = (R - B)IS,. 

After a few simple teductions we obtain 

// - B = S„T(l - (n + .( 10 ) 

The general expressions for S and SC arc readily obtained b}W 
differentiation, and satisfy the required condition SC = Sffi^. 

The characteristic equation for V is ol)tained by integrating 
that for SC, ' 

a(T(dVldT), - F) = SC = S^C(\ - (n + l)CP/r)-"/<«+»,...(ll)' 

which becomes an exact differential on dividing by T*, and gives, 
if So “ (n + 1) R, 

aPVIBT = (1 - (« + 1 ) CPITfl^"*», .(12) 

» 

which evidently satisfies condition (14) of the last chapter for the 
adiabatic equation PjT"^'- = K. 

All the equations show a very close correspondence with those 
previously given, except that the small quantity h has been 
omitted* in order to make the work easier to follow. The numerical 
results obtained from the two sets of equations are alto in practical 
agreement over the experimental range, but begin to diverge 
beyond 200° C., where experimental data, except for the saturation 
pressure, are practically non-existent. 

The form of solution thus obtained differs materially from that 

* Tlw imaU quantity 6 is most ra&ly inoluded in equation (12) l^qmttfng 
fi-£Ba(n4-l)F(F-i)+a6J‘ia(10), which leduoea to (12) with i indadsA 
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originally given by Joule and Thomson and repeated in aU the 
nukthematical textbooks at the present day. Taking the special 
case which Joule and Thomson adopted, namely n = 2, or c^k/H 
and accepting the condition that the specific Hbat Sg at zero ples- 
sure is constant, we find that the solution must be of the form 

aPV/Rr = (1 - S/TP/r*)*.(18) 

provided that Sg is equal to SR, but takes the form 

aPVjRT = (SglSR) (I - SKP/l'^)i + 1 - Rg/SR, ...{U, 
itSg differs from SR, the constant of intogratioii in citlieacase being 
determined by the condition that aPV =» RT when T is infinite. 
In the limit, when P is small, c(|uation (I t) evidently reduces to 
the form aPVjRT « 1 - KHgPjSRT^ . (15) 

which agrees with that given by Joule and Thomson; but the 
equation in this form is incousistk'iit with theit original assumption 
• that C was independent of the pressure'. The reason of the dis¬ 
crepancy is simply that .Joule and TlK>inson, in integrating the 
equation, in reality assumed SC KS„IT\ or SC ii funetion of the 
tein[)erature only, in |)lace of assuming C ^ KJT^. The solution 
wTSIch tJiey obtained is eonseqiiently iiKsmsistent with KjT*, 
and with S — constant, and re<|uires some variation of S with 
pressing- and temperature even if .S'„ is constant. The inconsistency 
o{ the solution thus obtained was relatively nium|>ortant for their 
purpose as compared with experimental errors, but is the exsential 
point in considering the effect of the altiTiiativc assumption that C, 
in place of SC, is a function of the temperatiiri! only. Since the 
form of characteristic equation obtained on this assumption, 
though theoretically interesting, is inconvenient for practical 
purposes, 8nd makes very little difference in the results over the 
experimental range, there appears to be no sufficient reason for 
adopting it in preference to the simple form previously employed, 

40. Second Alternative, C = F (H). It is of interest to 
examine in fhe same way another {lossiblc assumption, suggested 
by the straiglitness of Peake’s lines of constant //, namely that C 
is a ftmetion »t H only. The equation of a line of constant H is 
the straight line, CP === T - Tg, and the general expression for H 
deduced in the same way as before becomes 

H ^ SgT-^gCP + B. .( 16 ) 

which is the same as equation (24) of the last chapter, except that 






80 PROPERTIES OF STEAM [ch. 

SCP is replaced S(,CP, and that C is a function of H only, in 
place of SC fc^ing a function of T only. 

To obtain a solution comparable .with those previously given, 
we^sume 

C = KI{H - B)« = C, {SJJill - B))«.(17) 

where Cj is the value of C at Tj and zero pressure. 

A consistent form of characteristic equation is most easily? 
obtained by assuming that the adiabatic is of the form 
7 >yy»+i _ constant, 

and substituting a(n + 1)PV for 11 - B \a the equation for H, 
whicli gives inunediately 

aPV ^RT- fiCjB {RTJaPV)” ..(18) 

This equation is less convenient in form than cither of those 
previously given, bfcansc V is not obtainable explicitly as s 
function of P and T. If h is omitted, all three equations agree 
exactly in the limit at low pressures provided that equivalent 
values of the constant c,-- B(',/n are employed. But better agree¬ 
ment is obtained over the experimental range by scleeting slightly 
different values of the constant C'j together with appropriate valf ca* 
of b. The agreement is of much the same order as that between 
the observations of Grindley, Gricssmann and Peake on the 
cooling-effect. Without employing the differential throttling 
method, it would in fact bo diflicult to decide between the thrtf 
equations by experiments on the cooling-effect alone between 
120° C. and 180° C., Imt th*e form first given is much the simplest 
in application, and gives tlie best agreement with other properties 
over the experimental range. Thus if the values of the cooling- 
effect in the three equations are chosen to agree with experiment 
at 180° C. and^SOlbs., the assumption C = P{T), represented by 
equation (10) would make the total heat of saturated steam a 
maximum at 232° C., (where Cdpjdt = 1) which is improbable; 
but equation (16) with C = F (//), would make H, a maximum 
at a temperature close to 200° C., which is irreconcilable with 
experiment. ’ 

41. Values of H deduced from C by Extrapolation. 

Since the main object of experiments on the cooling-effect is to 
deduce the variation of H, it is most instructive, in comparing 
possible types of formula for C,*giving reasonable agreement over 
the experimental range, to consider the effect of each on the values 
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pf H deduced by extrapolation. If the values of saturation 
pressure p are given, it is easy to deduce the values of H, epfre- 
sponding to any simple assiunption with regard to iS* and C beyond 
the experimental limits. Although the valiibs of and p are 
somewhat uncertain at high temperatures in the neighbourhood of 
bhe critical point, the comparison of different formulae for C is 
little affected thereby, provided that the same values of and p 
are taken in each case. 

In order to simplify the comparison us much as possible^ we 
may take constant and equal to 0 f772, since the variation is 
probably small. The formula selected for p is 

•ogioP = 2-8326 + 4-26t (t - 200)/T, (F.F.C. from’200° to 874° C.), 

‘ .(10) 

which gives the simple expression {?',» (dpjdT) = tO tS/r for the 
ratio of L to ap(V — e). This is the simplest possible type of 
' fonnula for p, and lias been found to give resrtlls within the limits 
of experimental error al high pressures for most liijuids, although 
it is certainly inaccurate at low pressures. The constants in the 
^(bnmila have been chosen to give the same values as the author’s 
formula for both p and dp/dT at 200 ° so that the two curves 
join continuously at this point. It probably gives values whiebare 
too high between 250° and 300° C., but the uncertainty at any 
point between 200° and 374° t'. is less than the discrepancies 
"between the results of different experimentalists. 

Taking first the assumption C — F (//), we observe that in order 
to represent the variation of slope of successive lines of constant//at 
low pressures between 120°and 180°C.,it is necessary that C should 
vary appi^ximatcly as 1/(11 - //)^»'. Taking C = 0-330° C./lb. at 
100° C. and 1 atmosjihcre, the lines of constant // become tan¬ 
gential to the saturation curve (giving a maximum value of //, 
and a minimum value of C'„ when C, (dp/dt) — 1) at a temperature 
a little above 200° C. Beyond this point the value of C, must 
increase with rise of temperature, and the value of U, must 
•l^uiish rapidly. Thus the line of constant H passing through 
tlSf point ( m J20° C., P = 20 lbs., with U - B ^ 184-5, C = 0-298, 
cuts the saturation curve a little above 120° C., and cuts it again 
at p - 880, t - 227°. But the line through /, - 100°, C - 0-860, 
cuts it again at a lower point, namely, t — 223°, p — 867 lbs., and 
the Ifpe through t - 0° C„ tt -<694-8, C - 0-985, cuts it again 
at 195° C. Ncme of the lines of consttvrt H can cut the saturation 

as. 


6 
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curve at all aj any'temperature higher than 227° C., or can pass 
anywhere near the critical point. In order to pass through the 
critical point at T = 647°, p =< 8160, H-h = 464, the line through 
the absolute zero mhst have a slope 

C = 647/8160 = 0-205, 

which is much less than the experimental value of C at 120° C, It 
seems reasonable to infer that the assumed type of solution is 
impossible, and that the lines of constant H cannot be straight 
lines. Still less is it possible that they should have a slope diminish¬ 
ing with fall of T and P, as shown by Peake’s lines E and F 
(Fig. 10). 

The second'assumption, C - F (T), as already remarked, can 
be made to give very fair agreement with experiments between 
120 ° and 180° C. It remains to show that it also gives quite reason¬ 
able values of //, with eertain limitations, when extrapolated to 
the critieal point. Taking the simple assumption C = KjT", it 
follows, from the expression already given for U - B, that when 
H = B, and (n + 1) CPjT = I, S becomes infinite, and (dlljdT), 
also becomes inlpiitc, but with a negative sign, provided that 
C (dpjdt) is greater than 1 . The last condition is satisfied if n ' 1 ' 
does not exceed {Tjp) (dpjdt), the value of wliich is 7-18 at 374° C. 
according to the formula assumed for p. Since the variation of H, 
near the critical point is extremely rapid, it is unnecessary to know 
the values of B or li or p with great accuracy. Proceeding in this 
way we find that the value;. C\„„= 0-405, and n = 4-25, satisfy the 
condition If = R at the critieal point, in addition to giving very 
fair agreement with observed values of C between 120 ° and 180° C. 

The following table shows values of //, calculated by the for¬ 


mulae " 

C = F (T) = 0-405 (878-1/2’)*-“; .(20) 

7/ - R = S„T (1 - 5-25Cp/2’)»/5-w.(21) 


for comparison with values obtained from the formula of the 
Thiesen type with 874° C., (19) in Chap. II, previously employed, 
and with values given by the author’s original ° assumption 
SC =• F (T), as embodied in the Steam Tables. The Jatter formula, 
as already explained, is of an imsuitable type for extrapolation 
beyond 250° C., but is the simplest and most convenient to employ 
at ordinary temperatures in practice. The same value of H, at 
100 ° C., namely 689-8, is assumed in each case, and thet-same 
values of Rg and p. The value assumed for Rg does not affect the 
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iraiues of L obtained from formula II (19)*, bu^the values of 
ff deduced depend t<f a small extent on those of dpjdt owing to 
the term aoT {dpjdt) in the author’s expression for h, which b 
ised in deducing 11, from L. * 

It owill be seen that the two assumptions, C — F {T), and 
SC ■= F (2'), give identical results to 01 caloric between 100° and 
J00° C. They also give equally good agreement between 0° and 
100° C. Both differ slightly over this range from the empirical 
formula, but the difference is less than 1 in 1000, and much sm^er 
than the discrepancies of experinjental measurements of //,. 
Beyond 200° C. the assumption C — F (2') gives slightly lower 
results than formula II (19), though Iwth tend tq the same limit 
/i = B at 874° C. 

The values assumed for p begin to be uncertain at 250° C., but 
make little differenec at this ]>oint. Thus if^wc take p = 505-6 in 
plade of 575-7, the value of 11 for C = F {T) is raised to 679-0 
in place of 678-0, and that for A’C -- F (T) is'raised from 679-5 to 
680-1 as given in the Steam Tables. The formulae diverge more 
rapidly at higher temperatures. The assumption C = F (2*) is 
psobably to be preferred in the neighbourhood &[ the critical point, 
but the expcrimcntid evidence appears to be rather in favour of 
SC =» F (2’) at ordinary temperatures, because it gives better 
valueS' of the volume. It could hardly be expected that any such 
simple assumption as C = F (T), or SC - F (2’), would represent 
all the properties of steam accurately over the whole range from 
0° to 874° C. But the fact that the twd assumptions agree so closely 
from 0° to 250° C. may be regarded as corroborating the variation 
of 11 previously given, and as showing that the truth ])rubably lies 
between the two formulae, which cannot easily be distinguished 
by experiments am C or 11 over the restricted raiigc available in 
practice. 


Table V. Values of H, for C - F (2’). 


Temp. Cent 120° | 140° 

160° 



860° 

C = F(T) 647-1 1 664-2 

660-6 


674-6 

646-4 

SC ^ FIT)\ 647-1 1 654-2 


666-2 671-0 679-5 

_ 

— 

U (19) 1 646-g { 658-8 



679-7 

649-7 


In order that the solution found for the case C = F (T) should 
be cMnpletely consistent, it is alft necessary that the values of the 
vedume deduced from those of H by Clape 3 rron’s equation, should 
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agree frith tbo^ deduced from the corresponding fom of character- 
istiq equation, namely, 

aPVIia'= I - S^/5-25B +%H - B)I5-25BT. ....(22) 


This equation gives a value of the critical volume F„= 0-0884 
agreeing as closely as can be expected with the value 0-0892 
for the liquid deduced from the expression for h on the assumption 
that A,= 464. The agreement in the values of F is abo good 
bet^teen 100° and 200° C., but is not so good at points between 250° 
and 850° oq account of the uncertainty of p and dpjdt. Thus at 
250° C. the value of F obtained from the characteristic equation 
(22) with p — 57^-7 as given by the empirical formula (19), is 
0’8576, but theValue from Clopeyron’s equation is only 0-8154., 
Better agreement is obtained if the author’s theoretical equation 
forp is adopted, withp = 565-6 and dp/d< = 9-210 (F.P.C.). These 
give, from the characteristic eqtiation V = 0-8761, and from Clapey- 
ron’s equation V = 0-8674. The value of p required for complete 
agreement is approximately 563 lbs., giving V = 0-881. Generally 
speaking, the simple assumption C = KjT", with any possible 
values of K and v, satisfying the condition (ra -t-1) CpjT = 1 ^ 
874° C., requires somewhat lower values of p between 250° and 
850° C. than those given by (19) or commonly assumed. 

If equation (22) is corrected for b, as indicated in the foot¬ 
note p. 78, we find F, = 0-0507, h„— 491, agreeing closely with 
Table X, Chapter VIII. But there is strong evidence that C‘ 
cannot be a function of the temperature only at very high 
densities near the critical point. Thus in the case of CO, at its 
critical temperature, 81-5° C., the cooling-effect is nearly in¬ 
dependent of P and equal to 0-070°/lb. at moderate pressures, but 
it falls sharply to 0-0488 at the critical pressure of 1070 lbs., and 
diminishes rapidly to a still smaller value for higher densities at 
the same temperature. 



CHAPTER V 


THE SPECIFIC VOLUME OF STEAM 

42. Experiments previous to 1900 on the Specific 
Volume of Steam. On account of surface condensation and of 
the presence of floatin); particles of liquid, the older measurements 
■ of the density or specific volume of mturated steam (such as those 
of Fairbairn and Tate,Phil. Tram.1S&), p. IKS) led to such irregular 
results that it has generally been considered! preferable to deduce 
the specific volume in the state of saturation from Clapeyron’s 
equation, II (7). The essential point, however, is to make the values 
of the specific volume thermfHjynamically consistent with those of 
the latent heat, which could also be done by deducing the values of 
Ihe latent heat from those of the specific volume in the state of 
saturation, provided that the specific volumes and (dpjdT) could 
be measured satisfactorily. The objection to this method is that 
the deviation of the total heat or latent heat from lineality, as shown 
. by the expressions already given, dei)ends chiefly on the small 
defect of volume (c — b) from the ulcal volume RTjaP, and not on 
the whole quantity measured. The great advantage of the Joule- 
Thomson, or throttling method, is that it gives the variation of 
total heat directly in tenns of the specific heat, and that the corre¬ 
sponding deviations of volume (c - h) can also be deduced with 
great accuracy. 'Clapeyron’s equation then becoijfies available for 
determining the values of (dpjdT) with greater precision than is 
possible from observations of p itself. Direct measurements of the 
latent heat (except at 100” C.) and specific volume are not theoreti¬ 
cally requi|cd, but are useful as an independent check on the results. 

Among the best results for the specific volume previous to 1900 
were those of Battelli (Mem. Accad., Turin, 1808, 48, p, 08). 
Tumlirz (Sib. Akad. IViss., Vienna, 1899, p. 1058) show^ Uiat 
Battelli’s results could be represented within the limits of experi¬ 
mental error by taking the defect of volume (c - 6) to be constant. 
Griiidley (Phil. Trans., 1900) deduced a similar equation from fais 
throttling experiments, assuming Regnault’s linear formula fiir 
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the variation of the total heat. But his experiments were otherwise 
inconsistent with the formula of Tumlirz, as already explained 
(Ch^. IV, § 85), and the value found for the constant defect of 
volume was quite different. 

Grindley’s constant value of the defect of volume wascabout 
II times larger than that given by the equation of Tumlirz, and 
would fit fairly well with the curves of constant H on the PT 
diagram, in the neighbourhood of 130° C., if the specific heat were 
consiant and equal to 0-48. But it would make the defect of 
volume from the ideal nearly five times too large in this region. 
Linde h^as proposed an equation of a similar type with the value 
of the constant 0-016 cb. m./kg., “ as being suitable for most 
practical calculations.” This would make the defect of volume • 
about right at 150° C., but would make the cooling effect nearly 
five times too small, _ It would also require that S should be a 
function of the temperature only, and would give impossible values 
ofHorS. 

43. Zeuner’s Equation. The equation for the volume 
most commonly employed in 1900, and still very often used at tljg^ 
present time, is that of Zeiiner, quoted as equation (1) in the last 
chapter. We have already scien that this equation is of an unsuitable 
type to represent the lines of eonstant II, or the cooling-tffect, 
since it makes C infinite at zero pressure, and much too small at 
high pressures. But it is otherwise of a very convenient type for 
practical p\irposes. Zeuner* realised very clearly the practical 
importance of making the equation as simple as possible and 
exactly consistent with an adiabatic of the type P/T" = AT. His 
form of the equation was chosen to fit with the adiabatic PjT* = K, 
and to give a constant value 0-4805 for the specific heat at constant 
pressure. Unforlunately this requires the high value 

0-4805 X 424/4, 

or 50-988 for the constant RjA, which is 8 per cent, greater than 
that corresponding to the molecular weight, and therefore extremely 
improbable. 

By choosing tlie coefficient of in the last term, namely 
192-5P*, to make the volume of saturated steam at 100° C. equal 
to 1-650 cb. m. (the value deduced from Hegnault’s formulae for 
the latent heat and dpfdt) the equation was found to give vet^fair 
agreement with Regnault’s values for the total heat and the 
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volume of saturated steam over- a considerable range of tern* 
perature. This agreement is illustrated in the folldtring table, in 
which the author’s values tfft also included for the sake of ebm* 
parison. 

Table I. 

Values of // and V by Zcuncr’s Equation compared with Regnault. 


Temp. 

Cent. 

Total Heat H, in Calories C. | 

Volume F, 

in cubic metres per kg* 

Regnault 

Zeunor 

('ailendar i 

Regnault 

Zeuner 

Callendar 

0° 

606-5 

602-2 

.594-3 1 

210-7 

213-7 

204-5 

20° 

612-6 

609-7 

603-7 

68-73 

69-80 

67-67 

40° 

618-7 

617-0 

613-0 ! 

19-67 

26-00 

19-61 

60° 

624-8 

623-9 

622-2 


7-742 

7-674 

80° 

630-9 

630-6 

631-0 

3-379 

3.396 

3-408 

100° 

637-0 

637-0 

639-3 

l-t!.50 

1-6,50 

1-672 

120° 

643-1 

643-3 

647-1 

0-97.53 

0-8740 

0-8907 

140°' 

649-2 

649-4 

654-2 

0-4!l77 

0-4971 

0-6083 

160° 

63.'»-3 

63.5-3 


o-;iooi 

0-300.3 

0-3073 

180° 

661-4 

661 3 

IMiO-l 

0-1901 

0 1913 

0-1962 

200° 

667-5 

(i67-0 

671-0 

0-12.57 

0 1274 

0-1296 


The simplest method of tlediiciug the formula for II from 
Zcuner’s equation is to observe that, since the »:<|uation satisfies 
the condition for the adiabatic PjT* - K, we must have 


II = UtPV t II, 

* 

where a = l/t2t according to Zeuner’s units, and II ~ 476-1 to 
give H = 637 at 100° C. 

The ideal volume at 0° C. deduced from the molecular weight 
of steam, is approximately 205-0, which is much smaller than 
Uegnault’s 210-7. Zeuncr’s value is still higher. This might have 
been explained by supposing (with Kirchhoff) that steam at low 
pressures did not obey Avogadro’s law, if it were not that Dieterici’s 
and Grifliths’ values of the latent heat are conclusive evidence to 
the contrary. 

Regnault’s values of the volume from 20° to 60° C. agree better 
with the as'thor’s equation than with Zeuner’s. Above 100° C., 
Regnault’s values are all too low, but agree very closely writh 
Zeuner’s equation from 80° to 180° C. 

If the ideal volume is represented by Zeuner’s expression 
50-033 TjP, the defect of volume, represented by I82-5P *, exceeds 
10 jjer cent, of the ideal at 1W)° C., but increases rapidly with 
diminution of pressure at constant temperature, instead of re* 
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maining nearly constant, as in uic uuc ui normm gases and vapours, 
for which th^ defect of volume is found to be-k function of the 
teiJiperature only to a first approximation. If, on the other'luind, 
the'ldeal volume is taken to be that corresponding with Avbgadro’s 
law, namely i7TlP, as in Fig. 11, the defect of volume aceordin^ 
to Zeuner for saturated steam at 100° C. is only 2-8 per cent., which 
is still nearly double that required by recent measurements of the 
latent heat and saturation pressure. The defect of V vanishes, and 
the*vapour becomes “pluperfect,” when T = 49P^, i.e. at about 
220° C. for. steam at atmospheric pressure. This behaviour is so 
inconsistent with all molecular theory that the agreement of 
Zeuner’s equation with Rcgnanlt’s experiments cannot he regarded 
as otherwise than an accidental coincidence due to an empirical 
adjustment of constants. 

When tested by comparison with later measurements of the 
volume or total heat, Zcimcr’s equation necessarily shows* the 
kind of disagrecmeiit to be expected from the known errors of 
Rcgnault’s experiments. This point is illustrated in Fig. 11 by the 
dotted lines representing the percentage defeet of volume from 
Avogadro’s law amirding to Zcuncr’s equation, for the saturati'-r.' 
line, and for F >= l-fi. The defect from Zeuner’s own ideal volume 
SO-OTjP, could not be shown in the figure as it woidd lie entirely 
outside the page. It will be seen that the saturation line is'ncarly 
straight but has the wrong curvature, the percentage defect froih 
47r/P increasing at first too rapidly, but at a rate diminbhing 
instead of increasing wth hicrease of pressure and temperature. 
Similarly, the line of constant volume, V = 1'6, does not correspond 
at all with the points representing the observations at that volume, 
but gives nearly double the observed defect, approaching closely 
to line No. 11, with V = 0-825, in place of No. 1, with V = 1-598. 

44. The Munich Experiments on V. The best experi¬ 
ments hi therto recorded on the specific volume of dry steam, appear 
to be those of 0. Knoblauch, R. Linde, and H. Klebe {Forseh, Ver, 
Deut. Ptg, 21,1905) made at the Munich laboratory witfl apparatus 
provided by C. Linde. They employed a modification of the method 
of Fairbairn and Tate. A known mass of water in a glass vessel, 
with a vertical stem containing mercury and serving as one limb 
of a manometer, is heated externally by steam at a suitable pressure. 
The volume is known from preluninary calibration, with ^inall 
corrections for expansion and compression, previously determined^ 
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The pressure and temperature are directly observed. The results 
of Fairbaim and Tate were limited to the immediate neighbourhood 
of the saturation point, and were probably vitiated by errcaj of 
surface condensation due to chemical action Rf the steam on the 
class. .Ramsay and Young at a later date found laige errors from 
this cause in their experiments on steam. The Munich observers 
' endeavoured to minimise this source of error by employing a large 
bulb of special glass for the containing vessel, and deduced the 
saturation volume, in the same way as Battelli, by extrapolation 
from the observations at a moilcrate degree of superheat. The 
observations for each lilling of the bulb gave the variation of 
pressure with temperature for a eonstant mass of-steam at nearly 
constant volume. By plotting the pressure against temperature 
for each filling, they found the liiK's of constant volume on the 
P, 2J,diagram to be straight lines within the Imiits of error of their 
experiments. They obtained the values of the saturation volumes 
’by extrapolating these lines to tlie saturation curve, and they 
deduced the corres|>onding PV, P, or “Aniagat” diagram, by 
observing the jxiiuts of intersectir)n of these lines with lines of 
."^stant tcmpcTaturc, and plotting the isotheivniTls on the Amagat 
diagram with the values of PP thus obtained. This graphic process 
of smo.)thing invoh es the tacit assuni))tion that P is a linear func¬ 
tion of*7' at constant volume, which is well known to be untrue 
in the case of any other gas or va|K)ur, and may introduce system¬ 
atic errors. It follows that the PV, P diagram of Linde, which is 
commonly quoted and repnaliiced, doc#i not directly represent the 
original observations. The lines of constant temiierature, instead 
of being very nearly straight, as they should be at low pressures, 
show an ajjprcciable euiwature which may be attributed in part at 
least to the process employed in deducing the diagram. 

The author’s form of characteristic equation 

r = i7TIP - 0-02(W (srslT)^ + 0 0010, .(1) 

has been described as “grossly inaccurate,’’ because it makes the 
isothermals straight lines on the Amagat diagram (which is known 
to be a very good approximation in the case of normal gases and 
vapours), and because it does not exactly satisfy the condition 
assumed by Linde in smoothing the observations, namely that P 
is a linear function of T at constant volume. As a matter of fact 
the iil^ch observations cannot ^ represented by any equation 
satisfying this condition, and it is a sufficient answer to this objec- 
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tion that the equation calculated by Linde himself to represent 
the Munich experiments as closely as possible, namely 

47-102’/P - {\+ 0 000002P) (0-68L(878/2')*- 0-0052), ...(2) 

does not make the lines of constant volume straight on yie, P, T 
diagram, but is a slight modification of the author’s equation'^ 
The small factor depending on P was introduced by Linde to, 
represent the curvature of the isothermnls on the Amagat diagram, 
which results partly from the assumption made in smoothing the 
observations. Linde himself states that the Munich observations, 
though quite irreconcilable with the equations of Zeuner or 
Tumlirz, are represented “with great aeeuracy’’ up to 160° C. by 
the author’s equation. This is the more remarkable because he 
quotes the original form of the equation {K. S., 1900) with Maxwell’s 
theoretical value of the index n -= 3-5, in place of the experimental 
value n = 10/3 given in the revised equation {E. B., 1902) which 
represents the aetifal observations much more closely. It is not* 
to be expeeted that an equation of the shnplest possible type, 
dedueed from observations of the spceiiic heat, cooling-effeet, and 
adiabatie index, should represent a later series of observations oo, 
the volume with the same degree of accuracy as a more complieated 
equation specially calculated for the purpose. But the agreement 
of the author’s ctpiation with the Munich observations is ftSr closer 
than would be inferred from an inspection of Linde’s diagram, and 
is of such a kind as to suggest that the modifications introduced by 
Linde may be largely d\ie !» errors of surface condensation, and to 
distortion involved in the process of smoothing. In order to make 
a fair comparison, it is necessary to eliminate the assumption that 
P is a linear function of T at constant volume, and to^ back to 
the acUial observations themselves. Much better agreement is thus 
obtained. It is also necessary to plot the observations on a much 
larger scale than in Linde’s diagram in order to exhibit the nature 
of such small discrepancies as exist between them. 

45. Reduction of the Observations. Sino?P, V, and T 
are the quantities actually observed, the most direct method of 
testing the consistency of the observations and exhibiting their 
agreement with the formula, is to calculate the value of oPVjT for 
each observation and compare it with the constant R. The small 
differences may then easily be plotted on a scale sufficiently lai^ 

* Eqoatioiu (1) and (2) give F in ob. m./kg. wfam Phiu kg./ic. an 
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to show both the experimental errors and the deviations ftom the 
formula. Or the values of R at each point may be calculated ^ 
adding to the value of aPV jT the valueof the difference a(c — h) PpC 
according to the author’s formula. With the Exception of filling 
No. 10, which gives discrepancies of 1 per cent, the values of R 
tnus found are remarkably concordant for the observations taken 
with any one of the 82 fillings. But they vary from one filling to 
another under similar conditions in an irregular manner which js 
evidently due to errors in the determination of the mass of water 
introduced into the globe. Thus the value of R from* No. 4 is 
0-6 per cent, too high, and that from No. 7, ()-8 per cent, top low. 
These excessive errors occur chiefly in the short- lines near the 
saturation point, where the range of temperature covered is too 
small to give the observations any value for verifying the formula. 
Of the long lines covering an extended range /)f temperature, the 
great*t differences are 0-.8 per cent, between 1 .-lud .5, and 0-24 per 
cent, between 5 and 12 in the opposite direction. In order to 
eliminate these accidental differences as far a-s (xissible from the 
comparison, the \ ajue of the mass for each filling has been corrected 
iH^hc same mean value of R, namely ()•] 1012, in tfmis of the mean 
thermal unit. It happens that this value is almost exactly the 
mean of all the values of R calculated from the separate observa¬ 
tions, deluding a few obvious experimental errors. It is very 
natural that such accidental errors should occur in the values of 
the mass of water introduced into the bulb, iMvause the introduction 
involved some very dillicult cxperimenttil manipulation, including 
scrupulous cleaning, drying, freezing with solid CO,, and evacuating. 
In the first few fillings the whole mass introductxl was less than 
2 grams, and errors of a few milligrams were inevitable. The largest 
correction applied to the mass of this account is only 1 in 400 in 
the case of filling No. 1 (where the whole niiiss was about 1-S gm.), 
and is equivalent to an error of 4 mgm. 

The quantity plotted in the diagram Fig. 11, the scale of which 
is about ten times as large as Linde’s PV, P diagram, is not the 
whole volumeljut only the defect of aPV/T from the ideal value R, 
plotted as a piycentage of R. The actual observations are shown 
by the small circles in relation to the lines of constant volume given 
by the author's formula. 

The ordinate corresponding to each circle represents the 
diffetwee 1 - oPVjRT, multipliefi by 100, as calculated directly 
firom the Munich tables of observations. The crossed circles repre- 
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sent the extrapolated vMues at saturation given in th^same tables. 
The lines of constant volume represent the corresponding quantity, 
namely 100 (c — 6)/(F + c — h), according to the author’s formi^. 
This is very easily calculated by the aid of the fable of values of c 
fgr each degree given in the Steam Tables, Appendix III. The agree¬ 
ment is seen to be almost incredibly perfect, since each'point 
tepresents a single observation, and not the mean of a group. The 
deviations rarely amount to 1 in 1000, except in the case of tjje 
observations near the saturation line, which are obviously vitiated 
by surface condensation, as the observers themselves admit. For 
this reason the short lines, in which the obseivations extended only 
a few degrees from the saturation point, could not |)c included in 
the diagram without confusion, because many of them exhibit 
much larger effects of surface condensation than any shown in the 
figure. 

It‘appears probable that the effect of.siirfacc condensation in 
increasing the percentage deviation near the saturation point, 
depends partly on accidental traces of dirt or impurity, and partly 
on the chemical action of the water on the gloss, which increases 
wfHdly with rise of temperature and pn^ssurc. Hie effect of any 
dissolved impurity is to lower the vapour pressure or raise the 
boiling point, so that some liquid remains when the temperature 
is above that of saturation. In the case of water the rise of boiling 
pofht produced by x gram-molecules of salt in solution per gram of 
water is approximately IOOOj; degrees C. The proportion of water 
remaining when the temperature i., 8° C.'abovc the saturation point 
will therefore be lOOOar/d. Thus the defect of pv due to surface con¬ 
densation should be represented by a hyperbolic curve, as is easily 
seen to be the case for filling No. 22, where the effect is well marked. 
The effect may extend for 10 or more degrees beyoyd the satura¬ 
tion point, depending on the temperature at which the solution 
becomes saturated, and is not limited to 1° or less as the observers 
supposed. The observations indicate clearly that the correction 
they applied for surface condensation was inadequate, and that 
all the saturaMon points are liable to a small systematic error. For 
No. 22 the defgct of volume due to surface condensation may be 
estimated at 2 in 1000 for 8 = 2-5°, The impurity required to 
produce this effect would be only 5 millionths of a gram-molecule 
of salt per gm. 

Atftve 180“ C. there are only* three short lines, which show 
deviations reaching 0*7 per cent, &om the formula, but the observa- 
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tions are so few, and the experimental difficulties increase so 
rapidly with the pressure, that little weight can be attached to them. 
T^e observers themselves do not tabulate their general results 
beyond 180° C., ahd though some deviation is to be expected at 
higher pressures, it is impossible to say how far the deviation sho\jjp 
is dufe simply to increasing experimental errors. The author’s 
formula agrees very well with the saturation pressures up to 200° C.? 
and it would be undesirable to introduee any modification to suit 
these few observations between 180° and 190° C. without much 
more conclusive experimental evidence. 


46. Comparison of Formulae for V and L. The agree¬ 
ment of Linde’s formula with the author’s in the neighbourhood of 
the saturation curve is much closer than would be imagined from 
a mere comparison' of the constants, and is within the limits of 
probable error of the method. 'I’hc differences become serious only 
when the formula is extrapolated to high temperatures or pressures, 
beyond the limits of the experiments themselves. The agreement 
in the neighbourhood of saturation is illustrated by the following 
table, in which Henning’s values calculated from his smootiiHH 
table of L, are included for comparison. 


Table II. Volume V, and Latent Heat L of Saturated Steam. 


1 

V in litres per {ulogram | 

1 L in calories Centigrade 

Temp. 

CaUontbr 

Linde 

Henning 

Callendar 

Linde 

' Hennins 

Cent. 

1902 

1005 

1909 

irom/8&C| 

from V 

1 Table 

100° 

1672-2 

1675-5 

1673 

639-3 

638-7* 

6.38-7 

110° 

1209-1 

1210-8 

1210 

53.3-2 

632-0 

632-1 

120° 

8«»-7 

892-2 

891-2 

626-9 

625-5 

626-3 

130° 1 

667-6 

669-0 

667-6 

620-3 

618-7 

618-2 

140° 

608-3 

609-0 

607-8 

513-6 

511-6 

610-9 

1(S0° 

392-6 

393-2 

392-1 

606-6 

504-2 

603-8 

160° 

.307-3 

307-2 

307-1 

499-3 

497-0 

496-6 

170° 

243-5 

243-0 

243-0 

491-8 

489-7 

489-4 

180° 

196-2 

194-3 

194-7 

483-9 

482-3 

482-2 


Hennmg’s values of the volume agree on the whole better with 
the author’s than with Linde’s. Linde’s high values brom 100° 
to IS0° C. are due chiefly to the high value 47-10 selected for the 
constant Rja. So high a value'of this constant was not jAttifled 
by the actual observations on the volume, which give R - 46 - 90 . 
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but was reqifired to compensate for the exceptional^ low values 
of dpjdt in the neighbourhood of 100° C. deduced from the Mttni^h 
observations on the saturation pressure, since it had been sho^n 
by the reduction of Joly’s observations {R. S., 1%00) that the latent 

S eat at i00° C. could not well be much lower than 589 in terms of 
!»e calorie at 15° C. as previously explained. The values "of the 
«aturation pressure itself, and a fortiori those of dpjdt, could not 
be determined very satisfactorily from the Munich observatioi^, 
especially near the limits of the experimental range at 100° and 
180° C., because the mercury thermometers employod showed 
irregularities of 0-1°, equivalent to n<!arly 20 mm. in the satiyation 
pressure at the highest points, with an even larger proportionate 
uncertainty in dpjdt for the lower ranges. The fact that the values 
of the latent heat calculated by Linde agree; so well with those 
subsequently found by Henning, is a most remarkable coincidence. 
The differences nowhere exceed 1 in 1000, and are much smaller 
\han the probable error of the calculation as estimated by Henning 
himself. But we have already seen that Henning’s table does not 
represent his actual observations satisfactorily, and the coincidence 
Mirely shows that there must be systematic errort in the values of 
dpjdt (sec p. 144) if the values of the volume arc correct, 

Henning’s table of latent heat makes the rate of diminution of 
L discoRtimioiis near 100°, but practically constant and equal to 
0-72 caloric per 1° C. from 120° to 180° C., which is theoretically 
impossible. 'The curve of latent heat must obviously be continuous 
with the well established curve 1 >c1om» 100° C., and the rate of 
diminution with rise of temperature must increase more rapidly os 
the temperature rises, as shown in the author’s table representing 
values calculated from the theoretical expression 
(// - St) (1 - vjV), 

which gives 

L = f594'8 - (s - S„) 1 - Sep] (1 - vjV) .(8) 

The constant 594-3 is the value of L -f SCp at 0° C. The factor 
{s — 5o) i® difference of the limiting specific heats of liquid 
and vapour, representing the primary cause of variation of the 
latent heat. The term SCp, which increases rapidly with the satura¬ 
tion pressure p, represents the Joule-Thomson effect and becomes 
important at temperatures above 100° C. The factor (1 — vjV) 
shows^hat the latent heat vanishas when the volume of the liquid 
II becomes equal to that of the vapour V. This formula for L is the 
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simplest possible, and is exactly consistent with Clapeyron’^ 
equation, and with the characteristic equation for the volume. It is 
qu^te possible that the rate of diminution of the latent heat may 
increase more rapfdly with temperature above 200° C., than is 
shown by the simple term SCp, and the factor (1 - v/V). vBut th| 
properties of saturaled steam at temperatures above 200° C. are 
of little practical importance, and no satisfactory experimental datas 
e?[ist at present for the volume, or the latent heat, or the specific 
heat, or the cooling-effect in this region. The author’s formulae are 
intended for practical use over the experimental range, and it 
would, be a great mistake to spoil them for practical purposes by 
introducing pyrely speculative complications devised to suit the 
possible behaviour of the saturated vapour at higher temperatures. 
The pressure factor (1 -t- 0-0()0002p) in Linde’s equation is a device 
of this type, which i^ to be deprecated as an unnecessary complica¬ 
tion at low pressures, brides giving impossible values for ‘ff,<at 
high pressures (see p. 122), as explained in the next chapter. There' 
arc other serious objections to Linde’s equation which cannot be 
passed over, because his formula has been so widely adopted, as 
being the most* accurate for superheated steam, which is qi^ 
contrary to the experimental facts. 

47. Objections to Linde’s Equation. The correction term 
0-081 (878/2')’ - 0-(M)S2, in Linde’s equation vanishes and changes 
sign at < = 402° C. a few degrees above the critical point. According 
to Linde’s equation, stcan#becomes a “pluperfect” gas above this 
temperature, deviating from Boyle’s law in the same way as 
hydrogen, the product PV increasing with increase of pressure 
at constant temperature instead of diminishing, wljich cannot 
possibly be correct. The reason of this is chiefly that Linde has 
assigned too high a value to the constant 0'0052 (which is more 
than five times as great as in the author’s equation) in order to 
compensate for the selection of the lower value 8 for the index in 
place of the author’s 10/8. The excuse given for this is merely the 
convenience of having a whole number for the indix. It will be 
found however that the index 10/8 is in many^ respects more 
convenient than the index 8 in actual practice having regard to 
ail the various calculations for which it is required, more parti¬ 
cularly in relation to the adiabatic equation, which Linde appears 
to have overlooked. It may be argued that a temperature of 600° C. 
is so seldom reached in a steam-engine that the error is immateriaL 
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It is evident however that material discrepancies ma^ be expected 
long before this temperatuK is attained. ^ 

It is most important in practice, for calculations relating to Uie 
discharge of steam, and for other reasons, to*have the simptet 
llpssibleoforra, like the author’s P/r^+i K, for the adiabatic 
quation. To be of any use, the results of such calculations m\ist be 
Exactly consistent with the tables. Linde’s equation does not 
iatisfy the theoivtical condition (I t) of Chapter III, namely that 
he deviation from the ideal volume must be of the form 

‘ (TIP)F(PIT”>-'). 

t is therefore extremely inconvenient in ])rnctice; in addition to 
ring almost certainly inaccurate at high temperatures. 

The measurements of the volume taken alone were inadequate 
C) determine all the constants in the ecpiation, syiee the observations 
f V rhight have been represented e(|ually jvell by a variety of other 
}mndue of different types. The valiu's of the constants were 
ccordingly n<ljnsted_as far as possible to suit other observations, 
ach Jis those on the cooling-effect. Hut in spite of the complexity of 
!ia equation the agreement obtained is not at all katisfaetory, and 
he formula cannot l)c reconciled with observations on the specific 
cat as will be explained in the next chunttEr. 
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THE SPECIFIC HEAT OF STEAM 

48. Variation of the Specific Heat. The experimental 
ind theort;tical eviilence leading to the adoption of the formula 
(K. S., 1900) . 

• . S -S„ +an {n+l)cPlf .(1) • 

for the variation of the speeific heat of steam at constant pressure, 
has already been summarised and ex|>lained in Chapter III, and 
the fomnda itself hijs been indirectly verified by the comparison 
of the resulting values of^the total heat, c(K)ling-eftcct, and specific 
volume, with those obtained by experiment. It remains in the 
present chapter to eomi)lete the verification by direct comparison 
with the K^ults of later ex)K'riments on the specific heat, and to 
discuss some of Hie thermodynamical relations, which afford gev-.i 
illustrations of the a|)j)lieation of the laws of thermodynamics to 
test the consistency of various empirical expressions which have 
since been proposed. 

The limiting value of the spi’cilic heat at zero pressure is a 
function of the temperature only, and has been taken as constant 
for the range required in steam-engine |>ractice, although it might 
theoretically be any function of the temperature so far as the form 
of the characteristic ocpiation for V in terms of P and T is concerned. 
Recent experiments have shown that the value of A’o * not quite 
constant over^the experimental range, and that the variation 
becomes important at temperatures approaching 2000° C., such 
as commonly occur in internal combustion engines. But it has been 
found po.ssible to represent the proi)crties of steam satisfactorily 
up to a temperature of 400° C. by adopting a suitable mean value 
of This appears to be jtistiflable because the uncertainty of the 
variation of A’, over this range according to differept experiments 
and formulae is nearly of the some order of magnitude as the varia¬ 
tion itself. Moreover it is most important for practical calctdations 
on the discharge of steam, and for other purposes, that the equation 
of the adiabatic of dry steam ^ould be of the simplest possible 
form, namely P/r*+*, and should be exactly consistent with the 
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tables. This cannot be secured unless a constant valuu is assumed for 
Ao over the experimental range, and is a decisive argument in 
practice, ’ •' 

As the result of extended trials in various calculations of the 
j)ropcrtics of steam from experimental observations and tests, it 
has not hitherto been found possible to make any matetial im- 
'provcment in the value 18/f/3, assumed for in the revised 
equations (E. B., 1902). This value has accordingly been retailed 
in order to avoid introrhicing immaterial and vexatious changes in 
the .Steam Tables. It is probable that this value is toe high near 
100“ C., where Makower found values ranging from ■1-28 to ■^■80 for 
the ratio and where Brinkworth has recently obtained the 

\’aluc 1-21. But a higher value is certainly required at 200° than at 
100“ C., and the value 4-333 seems to give the best general agree¬ 
ment with the latest observations of the sjfturation pressure as 
explained in a later chapter. 

'' The second term in formula (1), which dej)ends on P, and may 
be called the variation with pressure, is of much greater magnitude 
and importance than the variation of .V„. Its presence in the 
*'^rmula is essential in order to make the valnes (5f the specilic heat 
thermodynamically consistent with the variation of the total heat, 
volume, and saturation pressure. 

• ,49. Results of Later Observers. The approximate con¬ 
stancy of the specilic heat of steam at atmospheric pressure was 
verified indirectly by the cxijerimcnt.i of Ilolborn and Henning 
Phys., 18, p. 789, 1905), which covered a wide range of 
temperature. They employed a modification of Rcgnault’s method 
with an o'’ calorimeter at 110“ C., so that the steam was not con¬ 
densed in the calorimeter, and the |)ossible error duetto the inclusion 
of the latent heat was avoided. They also measured the specific 
heat of air with the same apparatus over the same ranges of tem¬ 
perature. The value found for air between 110“ and 270“ C. was 
0-2815, and that for steam over the same range, 0-4492. They 
admitted that these results were too low as compared with those 
of Begnault, l^t they considered that their ex{>eriments gave the 
ratio of the specific heats of steam and air with a fair degree of 
accuracy, and that the variation of the mean specific heat of air 
with temperature could be fairly represented by the coefficient 
4 X l^-‘. At a later date, Swantc (Brit. Assoc. Rep., 1908, p. 81, 
PkU, Trans. A, 1910, p. 109) found a similar coefficient for the rate 

7-9 
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of increase of the mean specific heat of air between 0° and 100° C., 
bu^a much higher value of the specific heat itself, namely 0-2418 
at 0° C. and 0'24i28 at 100° C. Thes^exceedcd Rcgnault’s values 
by 2 per cent., but d^ecd very closely with Joly’s observations on 
the speeific heat at constant volume when reduced to constant 
pressure. 

Swann’s result for air has since been verified by Holbom and 
Jaj^ob {ZeiU Ver. Deni. Ing., 58, p. 1429. 1914). The ori^nal 
results of Holborn and Henning for steam can be reduced, with 
a fair degree of probability, by employing Swann’s formula for 
the mc|n specific heat of air, together with their own values of 
the ratio air/steam. The results thus obtained are exhibited in the 
following table {Brit. Assoc, Rep., 1908, p. 31). 

Table I. Reduction of Holborn and Henning’s Values for S. 


Temp. 1 

1 110° 

110° 

. 110° 

110° 

116° 

1 270° 

440° 

620° 

Range 1 

1 270° 

140° 

620° 

820° 

826° 

i 440° 

620° 

820° 

Mean I 

190° 

27.V’ 

30,5° 

405° 

470° 

! 36.5° 

530° 

720° 

Air, obs. 

0-231,> 0-2350 

0-2442 

0-2492 

_ 

0-2.382 

0-2612 

0-2618 

Steam, obs. 

j 0-449 

0-400 

0-475 

0-498 

— 

0-470 

0-603 

0-666°° 

Ratio 

1-940 

1-068 

1-940 

1-998 

1-900 

1-974 

1-924 

2-122 

Air, calc. I 

1 0-244.'> 

0-2457 

0-2471 

0-2487 

0-249 

0-2408 

0-2497 

0-2628 

Steam, oale. 1 

1 0474 

0-481 

0-481 

0-497 

0-473 1 

0-487 

0-480 

•0-536 


The calculated values given in the last line agree very fairly 
with Ilcgnault at 173° C., but indicate a much smaller rate of 
increase with tcmperattire than the original observations given in 
the fifth line, headed Steam, obs. The observations for the range 
113° to 826° in the fifth column were taken with a different form 
of apparatus, which gave a much lower result than the/irst form 
over the same^rangc, but the experimental difliculties were so 
great at these temperut\ires that little weight can be attached to 
it. The valiics given in the last three columns arc deduced by taking 
differences of total heat between the first four ranges, and show 
the values of S over smaller ranges and at higher temperatures. 
The uncertainty is increased by taking differences in flus way, but 
the results indicate a more rapid increase at high tegiperatures, as 
is also shown to be the case by explosion experiments. The cal- 
etdated values shown in the last line are probably too low at higher 
temperatures, because it appears likely that the specific heat of 
air may increase more rapidly in this region than is assumed ka the 
formula. Even the value 0-474 at 190° may be 1 or 2 per cent, too 
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low fh>in this cause, and should be regarded rather as a lower limit 
to the possible value of S. 

50. Variation of S with Pressure! According to* the 
^ theory* already explained, it is not actually necessary to take any 

observations of the specific heat at pressures other than atmo¬ 
spheric, because the complete variation of the total heat is most 
easily deduced by the throttling method when the sjx>cific heat at 
atmospheric pressure is known. The advantage of this method is 
that the observation of the cooling-effect is much simpler than 
that of the sjieeilic heat, because no measurements of quantities 
of heat are required. Moreover measurements of the sjiecific heat 
at pressures other than atmospheric involve additional experi¬ 
mental dilliculties and sources of error. It is of considerable interest, 
however, to compare measurements at different jircssures with the 
results deduced from the observations on the eooling-effect. 

The variation of the specific heat with pressure ns deduced from 
the observations on the cooling-effect, is shown by the full lines in 
the annexed diagram (Fig. 12), which are drawn for pressures 
of 0, 2, 4, 6, and 8 kilos per sq. cm. in accordance with equation (1) 
for the variation of S. The horizontal line marked A'j at 0-477 
represents the assumed mean value of the specific heat at zero 
pressure. The circle marked C represents the first cxiierimental 
value 0-496 at 108° C. and 1 atmosphere; that marked U Brink- 
worth’s more recent value 0-487 in terms of the mean caloric. Both 
of these give slightly lower values than 0-477 for the specific heat 

at zero pressure. The circles marked R and Hll, indicate the 
observations of Rcgnault and of Holbom and Henning respectively 
at atmoi.pheric pressure. The circles marked IIS indicate the 
observations of Holborn and Henning reduced by assuming Swann’s 
formula for air, wliich, as already explained, is ji.-obably too low 
at temperatures between 200° and 400° C. 

51. K{ioblauch’s Experiments. The other points marked 
on the figure indicate the observations of Knoblauch and Jakob 
(Fornck. Ver.JOeut. Ing., 1906, 86, p. 109), at pressures of 2, 4, 6, 
and 8 kg./cm.*, and those of Knoblauch and H. Mollier (toe. ctf., 
1911,109, p. 79). The points belonging to the later series of observa¬ 
tions are enclosed in circles, each of which represents the mean of 
sevei^ observations. They agM^ closely with the earlier series, 
being made by the same method with similar apparatus, except 
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that all the dots representing the obscrvatioas at the lowest 
pressure of 2 l^./cm.*, are slightly higher in the later series than in 
the earlier between 150° and 200° C.,tbnt much lower in the later 



series than in the earlier in the neighbourhood of 850° and above. 
The dotted curves marked 2, 4, 6, 8, represent the smoothed table 
of results given by Jakob {Zeit, Ver. Deut. Ing., 1912, p. 1903) to 
fit both series of observations as closely as possible. The pmnts at 
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different pressures are distinguished in the figure by the same 
marks as in the original papers, namely dots for tlMt observations 
at 2 kg./cm.*, small circles for 4 kg., crosses (+) and ( x ) for O and 
8 kg, respectively. The points at different,pressures are swell 
separate below 200° C., but begin to overlap at 800° C. and above, 
*where the 4, 6, and 8 kg. points lie very close together. It. will be 
seen that the observations confirm the variation of the specific 
heat with pressure, as predicted from the observations on the 
eooling-effect, not only in kind, but also in magnitude. The range 
of variation shown by the observations is in fact almost identical 
at 210° C., but somewhat greater below that temperature, and 
somewhat less above. 

The dotted line marked KJ, represents the extrajxilated value 
of the specific heat at zero pressure given by Knoblauch and Jakob 
in their first paper. This showed a variation of iS, with temperature 
ranging from 0-447 at 100° C. to 0-509 at 400° C. which was 
' supported by llolborn and Henning's* original value 0-449 at 
190° C. But the range of variation, amounting to nearly 14 per 
cent., appeared inadmissible in the light of subsequent reductions 
{Brit. Assoc. Rej)., 1908, p. 339). The obsc-rvatiqns of Knoblauch 
and Jakob in 1900, did not extend beyond 350°. The high values 
obtained at this point wore inconsistent with the lower values 
subse<|licntly obtainetl by Knoblauch and Mollier at higher tem¬ 
peratures. In Jakob’s latest reduction, tlx- upper end of the 
Sq curve has accordingly been lowensl to 0-489 at -400° C., 
and the lower end raisrf to 0-4C1 at 100° C,, reducing the 
variation to about 6 per cent., which is a more reasonable value. 
Knoblaueh and Mollier reduce the variation still further, to about 
4 per ccDjt., as would seem to follow from their observations at 
a pressure of 2 kg. Since the points marked R and HS at 1 atmo¬ 
sphere should, if anything, be further raised, it ii^rpcars probable 
that the 2 kg. points of Knoblauch and Mollier are still too low. 
This would require a similar adjustment of the -4 kg. curves, and 
would bring their results into better agreement with the author’s. 

52. Values of S at Saturation. It is difficult to measure 
the specific heat near saturation by direct experiment on account 
of the risk of water being carried with the steam, which would 
make U»e specific heat appear too high. Thus one per cent, of water 
in t^ steam would make S aborjt 50 per cent, too high if measured 
over a range of 20° C. For the lowest observations in the Munich 
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experiments, the steam was Srst raised to s temperature about 
10° or 20° Ca above saturation in a superheater, from which it 
pissed to the calorimeter, where the watts reqtu'red to raise it 
another 80° or 40°JC. were observed. In the first series, only two 
experiments gave values of S appreciably exceeding 0-50, namely 
0-S57 ^t 8 kg. and O-S.*)! at (i kg., both poitits being exceptionally 
close to the saturation line. It is possible that these may have been« 
affected a little by entrained moisture, since the observations 
between 200° and 250° C. are abnormally low in comparison. In 
any case it is obvious that the extrapolation of the curves to 
the saturation line must be of a very speculative character 
owing to the distance to be covered and the paucity of observa¬ 
tions. 

In the earlier paper, the curves of Knoblauch and Jakob appear 
to have been produced to the saturation line by purely graphic 
estimation. The poittts on the saturation line thus found at 2, 4, 6, 
and 8 kg., were connected by an empirical formula ° 

S, = 041 1- 2-52 X 10»/(3’. - r.)*,.(2) 

where T„ is the critical temperature and 3', the saturation tem¬ 
perature at the point considered. With starting points given by 
this formula at saturation, a series of parallel curves were drawn 
showing values of S up to pressures of 20 kg./cm.“; but very little 
weight could be attached to a graphic extrapolation of this kind 
without any theoretical basis. 

Jakob, in his later reduction (1911), employed a different em¬ 
pirical formula for the saturation values, namely, 

S, = 0155 + 2 X 10-®>2’,»/(2; - 3’,).(8) 

This is the formula reiwesented by the dotted line marked Jakob 
(sat.) in Fig. 12. It gives a smaller range of variation than (2) 
at high temperatures, and raises all the saturation values by about 
0-020 over the experimental range from 2 to 8kg./cm.*, which 
brings them into better agreement with the author’s, but the 
formula has no theoretical foundation. 

53. Calculation of S- So from the Characteristic 
Equation. The only satisfactory method of extrapolating experi¬ 
mental results for S to the saturation line is by Ae aid of some 
form of characteristic equation which is known to represent the 
other properties of steam in the eeighbourhood of saturation} The 
variation of S with pressure at constant temperature for any 
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substance is given by the well known differential equation 
(Appendix I (48)) 

. (d9/dJ*), ^-aT (dWIdT^),, . (4) 

• • 

which i§ easily solved if V is known as a function of T and P. The 
Author’s equation gives in this way the general expression fpr S, 

S^^S„ + an{n+ l)cP/r .(5) 

where n = 10/8, a = 10,000/427 (K.M.C.),'and c = 0 0203 (STS/f)" 
(K.M.C.). A similar result is easily obtained from Linde’s equation, 

« = So + an (n + 1) cP (1 + OOlPyT .(0) 

where a = 10,000/427 (K.M.C.), n = 3, and c ^ 0 031 (378/2’)». 
This expression is exactly similar to the author’s, but with different 
v'alues of c and n, and with the addition of the small correetion 
term.0'01P depending on P, w'hich makes ft give higher results 
•at high pressures. • , 

The corresponding expressions for the product SC arc 


Author SC = a (n+ l)c - ab, .(7) 

Linde, SC = a {« + 1) c (1 + 0 02P) - 0 00o2a.(8) 


The constants have the values given above on the (K.M.C.) 
system? It will be seen that the correetion term 0'02P in expression 
(8) for SC is twice as great as in the corrcsixmding expression for S. 

The following table shows a comparison of Jakob’s extrapolated 
values with the variation of S at saturation deduced from the two 
equations. 


Table 11. Values of S at Saturation. 


Pressure j 

Author 

Linde 

Thomas 

Knoblauch 

Jakob 

kg./om.* 1 

1902 

1905 

1907 

and Jakob * 

1911 

0 

0-461 

0-461 

0-461 

0-447 

0-461 

2 

0-499 

0-500 

0-500 

0-480 

0-409 

4 ' 

0-522 

0-525 

0-624 

0613 

0-533 

8 .. i 

0-539 

0-545 

0-540 

0-548 

0-686 

8 

0-554 

0-585 

0-652 

0-683 

0-600 


Jakob’s values have been taken from his 1911 paper without 
modification, but the others have been reduced to Jakob’s later 
values of S, (which range from 0-461 at 2 kg. to 0-468 at 8 kg.) 
for purposes of comparison, sin&e the characteristic equations do 
not give Sg but only S — S,. The extrapolated values assumed for 
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Sg at 100° C. and zero pressure, are pven in the first line. They are 
taken as 0-4rfl, except for Knoblauch and Jakob, where the curve 
(ftjj) gives the value 0-447. It will bf seen that both,the character- 
istfc equations giveidifferences of S diminishing with rise of pressure; 
whereas the Knoblauch and Jakob columns show nearly egual 
differences, which is the natural tendency of all graphic methoos 
in which the proper run of the curves is estimated by eye. Thus- 
aecording to the author’s (spiation the sueecssive differences of S 
are 88, 23, 17, 15, diminishing with rise of temperature; but 
according.to Knoblauch and Jakob, 83, 83, 35, 35, and according 
to Jakob (1911), 38, 34, 88, 34. Linde’s equation shows a range of 
variation of 0-005 from 2 to 8 kg. which is somewhat greater than 
the author’s 0-'o55, but much less than Jakob’s 0-101. In an extra¬ 
polation of this kind it is reasonable to attach greater weight to 
values deduced from an equation which is known to represent the 
volume correctly, than to a graphic or empirical method, because 
the variation of S With pressure dciK-nds directly on the variatioif 
of the volume. If the starting points selected by Jakob at 2, 4, 
6, 8 kg. on the saturation curve arc so uncertain, the uncertainty 
of the cmpiriealrt'xtrajxilation to 20 kg. is many times greater. 

54. Experiments of Thomas. The experiments of Thomas 
{Trans. Amir. Soc. Mech. Eng., 29, pp. 1021-1007, 1907) are of 
spcciid interest and importance in this connection because he used 
the saturation limit itself as the starting point of his measurements, 
and directly observed the watts required (1) to dry a given current 
of steam, and (2) to superheat it through ranges of 10°, 20°, 40°, 
60°, 80°, 100°, and 150° C. The pressure was varied from 7 to 
500 lbs./sq. in., and special attention was devoted to« measuring 
and eliminating the heat-loss. By surrounding the calorimeter 
with an electrically heated and highly polished jacket, he was 
able to reduce the external loss pnujtically to zero, but he also 
tried other methods in which the conditions as to heat-loss were 
widely varied. Ills calorimeter had a very small thermal capacity 
as compared with the massive oil-bath of Knoblauch and Jakob. 
This is quite an important point in a steady-flow method. The 
temperatures were taken with thermo-couples, and the watts with 
a direct reading instrument, which preduded a high order of 
accuracy in the observation of small differences, but was well 
suited for the measurement of the total heat. The watts required 
to dry the steam were obtained by observing the point at which 
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the temperature first began to rise above that of saturation when 
the watts were increased. It would appear from Thoinas’s observa¬ 
tions that the water preifenUin the original steam supply often 
amounted to 8 or 4 per cent. Owing to the time^aken to evaporate 
^all dr«ps of water in a rapid current of steam w'hen the superheat 
is very small, it is practically certain that a small proportion of 
water was stilt present in the steam when the temperature first 
began to rise above the saturation point. It appears in fact fropa 
an analysis of the observations that the proportion of water present 
at this stage was nearly the same in all cases, and antounted to 
about one-fifth of 1 per cent., being equivalent to nearly 1 calorie C. 
This would raise all the values of the specific heat obtained over 
the first interv.ol near saturation by an ccjual amount, but would 
not materially affect the accuracy of the results for the variation 
of the specific heat along the saturation curve, 

^ It "is noteworthy that if Thomas’s curve for S at saturation is 
reduced to the same value as the author’s at 2 kg., it practically 
coincides with the author’s frtun 2 to 8 kg., so that if could not be 
shown separately on the scale of the ligmx-. Heyond this ]K>int it 
begins to diverge slightly from the author’s, lyi8g a little below 
it as indicated by the broken line marked Thomas. But the devia¬ 
tion appears to be within the limits of possible error in such difficult 
experiments, considering the small mirnlier of [joints actually 
obfained at the higher pressures. No doubt it is true that the 
author’s theoretical results at saturation ap|>eur excessively low as 
compared with Jakob’s extra|)olated values. But they err a little 
in the opposite direction when compared with Thoinas’s experi¬ 
mental values, and there should be little lufsitation in such a case 
in saving greater weight to the results of actual experiments at 
high pressures tlian to a purely speculative extrapolation. 

Thomas’s observations at 300 and 500 lbs. are shown in Fig. 12 
by the marks T in relation to the author’s theoretical curves at 
these pressures. The two highest values of the specific heat actually 
observed by Thomas, as given in his tables, at a pressure of 
500 Ibs./sq. in* were 0-086 between 242° C. (sat.), and 262° C., and 
0-617 between {162° and 282° C. The author’s formula gives 0-668 
and 0-689 respectively over these ranges, which show reasonably 
good agreement considering that it was difficult to keep the quality 
of the steam quite constant at this high pressure. Thomas’s points at 
292° ^id 882° fail exactly on the author’s curve at 500 lbs. Linde’s 
formula, taking 0-461 (Jakob), gives 0-744 and 0-704 for the 
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first two points, values which appear to be too high owing to the 
cgrrection term (1 + O-OlP), which raises the value of S by about 
O-IOO. On the other hand, Jakob’s first formula for S at saturation 
gives S = 1-511 at^42° C., and his second formula gives S = 1-260. 
The highest value actually observed by Knoblauch and J&kob was 
only 0-557. It appears inconceivable, in the light of Thomas’s 
experiments, that the specific heat at 500 lbs. could possibly be as” 
Ipgh as 1-260, even at saturation, where the author’s formula 
gives 0-684, or a linear extrapolation of Thomas’s values 0-646. 

t 

55.. Variation of S with Pressure at 260° C. The actual 
observations of‘Knobla\ich and Jakob, and Knoblauch and Mollier 
agree very well with Linde’s equation for the variation of S in the 
neighbourhood of 200° C., where the observations at different 
pressures are well separated. They agree equally well with , the 
author’s equation at 2f0° C. But at higher temperatures th^ 
observations at different pressures begin to overlap, owing to 
experimental errors, and the pressure variation of S cannot be 
determined with any certainty from the observations themselves, 
because the vafiation is of the same order as the experimental 
errors. The smoothed curves and tables given by Jakob appear to 
make the variation a little too small as compared with the cljaracter- 
istic equation, or with Thomas’s experiments. Tliis is shown by the 
following table of values at 260° C. 

• 'fable III. 

Values of S — iS„ at 200° C., from 2 to 16 kg./sq. cm. 


PreMote kg./om.' 

2 

4 

6 

8 

10 

12 

14 

16 

Jakob, table 

rf007 

0-015 

0-023 

0-032 

0-042 

0-052 

0-062 

0-074 

Thonuus, oun-es 

0-011 

0-021 

0-032 

0043 

0-053 

0-063 

0-073 

0-081 

Author, calo. 

00102 

0-0201 

0-0305 

0-0407 

00609 

0-0611 

0-0713 

0-0814 

linde, calo. 

0-0114 

0-0233 

00356 

00484 

0-0616 

0-0753 

0-0894 

0-104( 


•« 

There is strong theoretical evidence that the lines should be 
equally spaced for moderate pressures at any given temperature. 
The equal spacing of Knoblaucli and Jakob’s curves (1907) at 
low pressures was reduced by Jakob (1911) on account of the 
raising of the 2 kg. curve in the later experiments by Knoblauch 
and Mollier. Otherwise they agree very well with the aifthor’s 
difference of 0-0102 for 2 kg. at moderate pressures, but show a 
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more rapid increase with pressure as saturation is approached at 
constant temperatw%. Thomas’s curves on the othe* hand, show 
practically the^ same spacing as the author’s up to 16 kg. but \ 
smaller rate of increase with pressure at higlier pressures. Tlhe 
d^erencg is of no great practical importance, and the experimental 
evidence does not appear to justify the adoption of a more com¬ 
plicated formula than the author’s. Linde’s equation gives some¬ 
what larger differences increasing with pressure, and does not seem 
to agree so well with observation over the experimental range. * 


56. Rate of Variation of H with T for Saturated 
Steam. The variation of II with temperature for satiiratcd’steam 
ean be deduced from the values of S and C at satfiration by the 
general formula (7) of Chapter III (see also Ajipendix I (15)), 

(d/Z/dT), = A - SC (dpjdt), .(9) 

• 

Rut as neither S nor C can actually be me&sured at saturation, the 
most appropriate use of this formula is to deduce the values of 
(d/i/dT), corresponding to any particular type of characteristic 
equation assumed. The characteristic c(piation gives S - S„ and 
SC directly, and the value of (dHjdT), is then miulc to dcijend on 
those of iS'o and dpjdt which arc known withafairdcgrccof certainty. 
Similarly if (dlljdT), were given, the formula might be employed 
to deduce consistent values of C from those of S, or vice versa. 
If thermodynamically consistent formulae are employed for all 
the projjcrtics, such tests are superfluous, because all such calcula¬ 
tions must lead to identical results; but if empirical formulae 
derived from experiment arc employed, the cipiation affords a 
useful andjiecessary test of consistency. 

The following table shows a coinparisoiv of values of (dll/dT), 
obtained by different methods. The first column giVes the values 
taken from Henning’s table of //, or L (Chapter II), which showed 
such remarkable agreement with those previously calculated by 
Linde from his characteristic equation by the aid of Clapeyron’s 
formula. Thetibrresponding values of Linde are given in the second 
column headed Linde-Clapeyron. The values in the third column, 
headed Linde, S and C, have been calculated by (9) from Linde’s 
equation using his owm values of dpjdt, and choosing S„ to give 
the same change of H as the previous column between 100® and 
180® U Values deduced in this way are likely to be more correct 
in the neighbourhood of 100° C. than those deduced from Clape 3 rron’s 
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relation, which throws too much weight on possible errors of 
dpidl. They also show a diminution with rise of temperature, as 
rS]uircd by theory, instead of ten<|ing to a constant value 0-81 
as in Henning’s table. But the diminution shown is much too rapid 
near 200° C., and would make H reach a maximum in tlje neigh¬ 
bourhood of 210° C. for saturated steam, which is most improbable, 
and tends to show that the correction term 0'02P in Linde’st 
equation is erroneous. 

“ Table IV. 

Values of d/f/dT for Saturated Steam by different formulae. 


T*mp. 

HenninsJ 

Linde* 

Litidor 

Davis, 

Davis, 

1 Davis-Thiesen 

[ 

AuthoPi 

Cent. 

Table 

Clapoyron 

(S' and C 

Parabola 

S and C 

(,365 

(,374 

equatioi 

100° 

0-36 

0-34 

0-308 

0-374 

_ ' 

0-367 

0-388 

0-404 

120° 

0-32 

0-34 

• 0-301 

0-3.35 

0-331 

0-340 

0-363. 

0-373 

140° 

0-31 

0-31 

0-313 

0-205 

0-306 

0-.309 

0-334 

0-^7 

180° 

0-31 

0-31 

0-2.52 

0-2.56 

0-280 

0-275 

0-3a5 

0-209 

180° 

0-32 

0-31 

0-177 

0-216 

0-2,50 

0-237 

0-272 

0-259 

200° 

— 

— 

0-080 

0-176 

0-209 

0-102 

0-233 

0-222 


The values iiftlic column headed Davis, parabola, are calculated 
from the parabolic formula of Davis {Trans. Amer. Soc. Mech. Eng., 
XXX, p. 741,1900) which gives 

(dlljtlT), = 0'8745 - 0-00198 (t - 100).(10) 

This is a purtdy empirical formula calculated from the throttling 
experiments of Grindlcy, Gfiessmann and Peake, and is not suitable 
for extraixdation below 100° C. because it deviates widely from 
experiment in this region, and would make S = 0-578 at 0° C. 
Between 120° luid 180° C. the formula represents the observations 
on which it was founded satisfactorily, but it appears probable that 
the experiments themselves were affected by systematic errors due 
to heat-loss, which tend to make the rate of increase of H too small. 
It is obvious that a linear formula for (dHjdT), (corresponding with 
a parabola for H,) cannot easily be reconciled with other properties 
of steam, or with any reasonable form of charoctertitic equation, 
such as that of Linde, which Davis adopts for the volume. It is 
also inconsistent with the values of (dtf/dJ'), calculaW by formula 
(9) from the values selected by Davis for S and C, as shown in the 
next cohunn. Davis in a later paper {Proe. Amer. Acad., xlv, 
p. 284, 1910), recommends a formula of the Thiesen tyjtr (see 
Ch^ter II) for extrapolation, which gives the values of {dH/dT), 
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in the column headed 856°. The agreement of this fomula with 
observations below 100° C. is greatly improved if the dorrect valuer 
I, = 874r°, is substituted-for,the critical temperature, which ia 
the chief justification for the employment of the formula Tor 

? trapo]ation. The effect of this correction is to raise the values of 
by about 3 calories in the neighbourhood of 200°, where they 
are brought into exact agreement with the autlior’s equation for H. 

It will be observed that Davis’s parabolic formula would make 
H, a maximum, or (dlljdT), = 0, when t = 280° C., whereas the 
Davis-Thiesen fomnila with 4 805° would make H a jnoximum 

at t =-- 259° C., and with = 374° would give a maximum for // at 
t ~ 277° C. In the discussion on Davis’s paper, Rrof. Marks (loc. 
cU., p. 765) gave it as his opinion that “the true curve should lie 
somewhat higher at high pressures than the Davis curve, and that 
an equation giving a maximum value of the total heat at a tem¬ 
perature considerably nearer the critical iMunt would represent 
the facts better than the equation propos'ed.” Without laying too 
much stress on the position of the maximum, which is a somewhat 
speculative question, one may at least assert that an equation of 
the Thiesen type, with = 374°, which gives tk- correct rcsidt 
for L at the critical tenij)crature, and a maximum at a forcer jiolnt 
than Davis’s curve, is not likely to give results which are much 
too high in the ncighbourhwxl of 200° C. Moreover it gives very 
fair agreement with experiment even at tcmi)eraturcs below 100° C., 
and also agrees with Henning’s observations at 180° C., which 
are most likely to err, if anything, in defect, like all other 
observations on the latent heat. On the other hand the Davis 
parabola gives a value 3 calories C. lower than Henning's experi¬ 
ments at V10° C., and lower than some of Hegnault’s observations 
at 190° C., which are likely to be .at least 8 calories t(H> low, since it 
is very improbable that he could have succeeded in eliminating the 
wet-steam error more completely at 190° than at 100° C. On these 
grounds it would appear probable that the author’s theoretical 
formula, deduced from throttling experiments by the differential 
method, maf he more nearly correct than the Davis formula in 
the neighbourhood of 200° C., as it gives much better agreement 
with observation below 100° C,, and is also in practically perfect 
agreement with the Thiesen formula at temperatures up to 240° C. 

Sf. Calculation of S, at 3aturation from (dHldJ), or 

dLjdT. In consequence of the difilculty of measu^g S near 
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saturation, many attempts have been made to calculate appropriate 
values from farious formulae assumed for {dHjdT), by means of 
the general relation (9) given in the preceding sectiop. In order to 
do this it has been usual to substitute for SC from the relation 

SC = aT (dVjdT), -aV .:...(11) 

and for dpjdt from Clapeyron’s equation, which gives the expression, 
for S, 

* S = {dllldT), + L (dridT)J{V -v)- LVjT (V - v), ...(12) 

but these Substitutions are purely a matter of form if it is under¬ 
stood that SC is calculated from some form of characteristic 
equation for JC, and that tlie values of V satisfy Clapeyron’s 
equation, as is generally the ca.se. 

If a formula for L is given in place of Jl, the value of {dHIdT), 
is taken as dLjdT +dhldT. The formula in this shape was given 
by Planck {Thermodi/namics, Eng. Trans. 1903, p. 147) as a “ rigorous,, 
test of the second law ” of thermodynamics, and is often known as 
“Planck’s formula.” lie obtained the formida in a different way, 
and made the additional substitution 

s — {aT (dvjdl)^ - av) {dpjdt) 

for dhjdt. But this is undesirable, because dlijdt is the quantity 
most easily measured for the liquid at temperatures above'lOO" C. 
It is simpler to keep the formula in the shape (9), as being 
the direct expression of the relation between S, and {dHjdT),, 
because the effect of diffetent assumptions is then immediately 
obvious. 

The formula has already been applied (Table III of Chapter IV) 
as in (S. S., 1900), to determine the variation of S, wiien given 
values are assumed forA’C and {dlljdT),. It is not so well adapted 
to give S, in terms of {dlljdT), if C, is given, because a small error 
in C or dHjdT involves a relatively large error in S at high tem¬ 
peratures when Cdpjdt is nearly equal to 1, and because the value 
of S becomes indeterminate, or infinite, when Cdpjdi reaches unity. 

Thiesen (Ann. Phys,, 9, p. 80, 1902) employed *a formula of 
this type to calculate S, for steam, assuming his original formula 
for L, with the index and 365° C. for the critical temperature. 
He took the expression KjT* lot SC from the original Joule-Thomson 
equation, and calculated K from Ciapeyron’s equation at 100° C. 
He thus foimd values of S at saturation ranging from 0*466 at 
0° C., to a minimum 0*415 at 80° C., and rising again to 0*51 at 
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180’ C. There is no experimental evidence for such a minimtpn, 
but the method gives more reasonable results if Thi&en’s original 
formula is coijrected to agree; with observed values of the latent 
heat as previously explained, provided that (i suitable type’of 
^utracteristic equation is used. Having found values of S, by 
this method, Thiesen pnK-ceded to deduce consistent values of Sg 
from the expression for S — Sg given by the characteristic equation 
assumed for SC. This is evidently an essential ])art of the process, 
because the values of S, deduced by this method cannot be har¬ 
monised with any arbitrary values of Sg determined by uxperiment 
or selected by an independent method. 

58. Erroneous Application of Planck’s Equation. 

Davis {Tram. Atner.Soc. Mech. Eng., xxx, p. 750, 1909) employed 
the same method in order to corroborate the higli values given by 
Knoblauch and Jakob (Munich) at saturation. lie quotes Planck’s 
formula in the shape (12) given above, except that he neglected v 
in the last term, which then reduces to LjT. The effect of this is 
to increase the value of S by O-OlO at 200° C. He assumed dlljdT 
and L/T from his own |)arabolic formula for II,; [dVIdT)^ from 
Linde’s equation, and LI(V — v) from Henning’s values of dpjdt. 
Since Linde’s values of V satisfy Clajicyron’s (spiation with 
Henninff s values of L and dpjdt, the result is practically the same 
(except for the neglect of v) as if the last two terms in Davis’s 
equation (12) were replaced by SCdp/dl. The results found in this 
way agreed with Knoblauch and Jakob’s cxtrajKilation in giving 
the exceptionally high value, S, = 0-793 at 205° C., and were 
generally regarded at the time (in America) as a conclusive con¬ 
firmation oithe Munich extraix>lation. The comparison was repeated 
by Davis in a later paper {Proc. Atner. Acad., xlv, p. 297,1910) and 
made more convincing by showing that Thomas’s values of H led 
to slightly higher results for S than the paralwlic formula for H. 
The reason of this is that Thomas’s values of (dlljdT),, as reduced 
by Davis, are slightly higher than the values given by Davis’s 
formula for H,Vand agree more nearly with the author’s. The author’s 
values of (dHjdJ'),, if added to Linde’s values of SCdpjdt, would 
give still higher values of S,. 

Davis does not appear to have made any experiments himself 
in support of his formula, but his conclusions were accepted in 
Amersua without serious criticism ‘as the most valuable contribu¬ 
tion to the science and practice of steam-engineering since the 
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dejennination of the mechanical equivalent of heat by Howland.” 
!||^e parabolib formula for H, in spite of its obvious defects, was 
accepted by Peabody as the basis pf his new tables, and Jakob 
revised his extrapolation of 8 at saturation to conform as closely 
as possible with the values calculated by Davis from “Planck’s^’ 
equation (12). 

Davis’s calculation of 8, from “Planck’s equation” (12) watf 
■^ery effective at the time in discrediting the experiments of Thomas 
and supporting the empirical extrapolation of Knoblauch and 
Jakob; bi^ it rests on a fundamental fallacy, and cannot be seriously 
maintained. The thermodynamical equation (9) is no doubt exact, 
but it merely ^ves the values of 8 at saturation which are required 
to harmonise the Davis formula for II with Linde’s values of 8C 
at the saturation point, and leads to excessive discrepancies at all 
other points. The method fixes the values of 8 along the saturation 
line by an arbitrary conjunction of two inconsistent formulae 
which cannot be refconciled on any reasonable hypothesis. The effect 
of this is most easily seen by calculating the values of 8^ at zero 
pressure from Linde’s equation corresponding to those of 8 at 
saturation givan in the table calculated by Davis. The values are 
collected for comparison in the following table. 

Table V. 

Comparison of Davis’s values of 8, with Jakob and Linde. 



Values of 8 at saturation I 

1 Values of 8^ 1 

i mdT) 

Temp. 



( 


1 

-1' 



Cent. 

Knoblauch 

Davis* 

Jakob 

Linde- 

I Davis- 

Jakob 

Davis 

Linde* 


and Jakob 

Planck 

1911 

Jakob 

! Linde 

1911 1 

parabola 

Jakob 

100'6“ 

0-470 

0-484 

0484 

0-486 

0-469 

0-461 i 

0-3TO 

0376 

126-3" 

0-492 

0-600 

O-olHt 

0504 

0-463 

0-461 ; 

0-322 

0320 

1831'’ 

0-63t 

0-660 

0-558 

0-538 

0-484 

0-462 i 

0-270 

0248 

ITO-l” 

0-584 

0-616 

0-608 

0-565 

0-513 

0-463 i 

0-236 

0-186 

193-2« 

0-899 

0722 

0715 

0-613 

0-673 

0-464 

0190 

0081 

20S'l'’ 

0796 

0-794 

0-796 

0-644 

0616 

0-465 

0-166 

0016 

OIS-S” 

0-019 

0-876 

0-892 

0676 

0666 

0466 

0-146 

- 0064 

2251'’ 

1-068 

0966 

0-997 

0708 

0-716 

0-467 

0-127 

- 0121 

235-8'’ 

1-318 

1-067 

1-160 

0749 

0-786 

0468 

'’0-106 

- 0212 

248-2'’ 

1-634 

1-179 

1-323 

0-790 

0-868 

0-469 

0087 

- 0302 

253-5'’ 

2-041 

1-293 

1-614 

0830 

0 933 

0-470 

, 0-071 

- 0392 


The first empirical formula (No. (2) p. 104) of Knoblauch and 
Jakob (1007) gave the values of 8, quoted by Davis and shown in 
the first column. These did not agree very well with those cal^ated 
by Davis firom Planck’s equation and given in the second column. 
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except that the curves intersected at 205° C., and were of a similar 
type; but Jakob in his second empirical formula (foil), quot«i 
as No. (8) in this chapteV, succeeded in bringing his results into 
very fair agreement with those calculated Uy Davis over the 
Sicperimental range. The values of S, in the fourth column are 
calculated from Linde’s equation for S — S^hy employing Jakob’s 
latest values of iSq (1911) given in the sixth column. They are seen 
to be quite inconsistent with the values calculated by Davis, showii>g 
less than half the range of variation. The same result is shown in 
the next column by calculating the variation of A'q with temperature 
required by the Davis values of S at saturation. These shqw that 
if the Davis formula and Linde’s equation are bolh assumed to 
be correct at saturation, the value of Sq must increase rapidly with 
temperature, reaching a value 0-93;j at 253'5° C., nearly double that 
given by Jakob. 

^ The values of (dHjdT),, calculated fi;om Linde’s equation by 
assuming Jakob’s values of S„, are shown in the last column, for 
comparison with those given by the Davis parabola. The Linde 
values give a maximum for //, at 207-6° C., and a high negative 
value of (dHjdt), at 233-5° C., which is obviously Vinpossible. The 
reason is simply that the values of the term SCdp/dt given by Linde’s 
equation are far too large, owing to the P correction factor (1+0-02P), 
which reaches the value 1-86 at 253-5° C., and rej)rescnts chiefly 
errors of reduction and surface-condensation in the Munich experi¬ 
ments on F. The high values of S, obtained by Davis from Planck’s 
relation are due almost entirely to Linde’s SCdp/dt, which reaches 
the value 1-222 at 253-5° C. 

But if the values of SC given by Linde’s equation are much too 
high, it foBows that those of iS — S^ must also be too large, since 
they depend on the same constants, and one cani)f>t be reduced 
without reducing the other. If the values of SC are reduced in 
comparison with those of S — S„ , so as to obtain reasonably good 
agreement with values of {dUjdT), given by experiment, we find 
that the vari|dion of S,, shown in the fourth column under the 
heading Linde-Jakob, which is already less than half that given by 
the Davis-Flanck calculation, is thereby further reduced to give 
very fair agreement with the variation shown by the author’s 
equation or by Thomas’s experiments. 

It might conceivably be argued that it is justifiable to use 
lindef values of SC or (dF/d7’),‘$n the neighbourhood of satura¬ 
tion, without assuming that his equation applies at other points. 
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But it is just at this point that the errors of his formula, as shorn 
the variation of ff, arc most conspicuous. It would of course 
be absurd to calculate // or with values of S taken from Linde’s 
equation with thcDavis-Planck values at saturation; but even if 
Linde’s equation is used only for the volume and Jakotfs valu« 
exclusively for S, the two assumptions, being thermodynamically 
inconsistent, will inevitably give rise to material discrepancies.* 
(iSee Appendix I, § 180.) 


59. Calculation of S from C. One of the most appropriate 
uses of the observations on the cooling-cfleet C, is for deducing the 
variation of S, "with pressure, as already explained, from the ex¬ 
pression for 6' - A, given by the charaeteristie equation. Since the 
variation S - Sq is generally a small part of the whole specifie heat, 
there is little chancp of serious error in this method even if c is 
not very accurately kno\fn. Thus to take an extreme case, an error 
of 4 per cent, in c at 200° C. would produce an error of only 1 per cent, 
in S at saturation pressure, and a much less error at lower pressures. 

If on the other hand we attempt to ealciilatc S, from equation 
(0) or (12) in thb form 

A, = {dHldT),l(l - Cdpjdt), 

by assuming a formula for II or L, and employing experimental 
values of C, any error in C is multiplied many times at temperatures 
above 200° C., when Cdp/dt approaches unity. Thus if we take 
(dHjdT), = 0'1755 from Davis’s formula at 200° C., and 
C‘= 0-155° C./lb, 

firom Davis’s curve, we find S, - 0-650, which agrees fairly with the 
Linde-Jakob column in Table V, but is much smaller th^ the value 
0-744 given by interpolation in the column headed Davis-Planck. 
Davis does not give results obtained by this method, though it 
might easily be employed to supj)ort Jakob’s extrapolation. If we 
wished to get the value 0-744 for S, at 200° C. with 
(dlljdT), - 0-1755, 

•O 

it would suffice to take C = 0-162, which is within the limits of 
uncertainty of the experiments on which Davis’s^ curve for C is 
founded. But if we take C, = 0-192° C./lb., the value given by 
Linde’s equation, we find S, = 1-81 at 200°, which is absurd. It 
would obviously be inconsistent to use Davis’s value of {dHjdT), 
in place of Linde’s in such a c8se, though this is ptedsel^' what 
Davis did in applying Planck’s relation. Linde’s equation gives 
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iralues of C at 200° C. increasing from O-lSl” b./Ib. at zero pressuro 
to 0-192 at saturation pressure, instead of diminishinj^T wi^ increikse 
of pressure, a^d the values at high pressures appear to be irrecon¬ 
cilable with experiment. 

^ Jakob, in his later reduction (1911), beyond .stating mat me 
values for S, calculated by Davis from Planck’s relation ^ow a 
remarkable coincidence with his later empirical formula (which is 
not to be wondered at), makes no use of Linde’s equation to 
support his own values of iS at other points, since it would evidently 
be impossible to secure any reasonable agreement. 

Special Case, C = F (T). The relation betiveen t he-sjicciflc 
heat and the cooling-effect takes a simple form, as already ex¬ 
plained in Chapter IV, when C is a function of the temperature 
only. The equation of a line of constant II on the PT diagram is 
immediately obtained in analytical form by integrating, dP — dTjC, 
If 1/C is any intcgrable function of T, The integral may be put in 
the form P + P„ = F (7'), where P„ is the constant of integration. 
This one solution includes all the lines of constant total heat, 
since they must all have the same slope at the sapic temperature. 
The value of P,,, corresponding to any partii-nlar line which may 
be required, is obtained by substituting the values of P and T for 
any gi\*n point on the line. 

If C is not given as a function of 2' explicitly, but merely as an 
arbitrary curve derived from experiment, tht; solution is readily 
obtained in the form of a table of corresponding values of P + Pg, 
or F (T), and T, by the arithmetic process of summing values of 
1/C tabulated for each degree of temperature. The part of the 
table corrgsponding to any particidar line, extending from P = 0 
to P = p at saturation temperature is easily found by taking the 
value ot P + Pg from the table at t, , and subtractinftp, which gives 
Pg for the particular line reejuired. The coordinates P and T of any 
point on the line will ser\'e equally to determine Pg for that line. 

To find the value of S at any point of a line of constant II, in 
terms of the^ alue Sg at any standard pressure, such as P = 0, or 
P = 1 atmo.sphere, on the same line we have the result, already 
proved (equation (7) of Chapter FV), that SC is constant along a 
line of constant U, if C is a function of T only. In other words we 
have S/Sg = Cg/C, where Cb is the value of C at the given standard 
pre^vre on the same line, which -s known from the table of C and 
T, and P + P,. 
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If an expression for C as a function of T is given, the expression 
for S maf bs put in the corresponding analytical form by the 
method previously explained in Chapter IV. Thu% if C - KjT*, 
we»obtain, from (IJ) of Chapter IV, 

SjS^ = C„/C - (T/To)" = (1 - (n + 1)• 
whereis the value of S when P = 0, on the line of constant H 
through the point PT. 

• The method is mathematically complete, but is liable in practice 
to two objections for calculating S. (1) Any error in C gives an 
equal proportionate error in S, instead of affecting the variation 
of S oqly. (2) The assumption that C is a function of T only, is 
not necessarily true, and may introduce additional errors in S. 

Davis {Proc. Avm. Acad. Sci., 45, p. 291, 1910) devised an 
ingenious methixl based on the general relation 

(dSldP)a--S(dCldT% .(14) 

which may also be writteh in the form* '' 

log,(>S/5„) = — [ {dCjdT)^dP (Zfconstant), ...(15) 

J p, 

where the integfation is to be performed along a line of constant //, 
and the ratio SIS„ refers to any two [xtiiits on the same line at 
pressures P and The method of applying this forpiula is 
described by Davis as follows; 

“The use of the new ctpiation at ordinary temperatures is a 
matter requiring patience and much labour. First one computes 
and plots against t the derivative of the C = f(i) curve. Next one 
computes from the curve of C itself the progress of .some line of 
constant // across the pt plane; this is necessary in order to be 
able to express dC/dT ns a function of p in the integral; Then the 
integral has to^bc evaluated, cither by replotting dCjdT against p 
for the particidar H curve in question and usiiq; an integraph, or 
by a step by step numerical process. The results are the Napierian 
logs of the de.sired ratios.” 

Davis worked out the ratios in this way alongjfour lines of 

* Davis leaves theequation in the eiponontial form,where znpreaents 
the integnl. Jakob also quotes it in this form. But if (7 is a fuSotion of I only, as 
assumed by Davis, it is easy to see that {dCldT)pip at constant H, becomes 
dO(iplit)u, or dC/C, the integral of which between limits, taken with the negative 
sign, it simply log, {CJO), giving the solution 8/S,=CJO, already proved in a 
different way. Since it is unneoessary to^make any use of the “derivative of the 
inacourately known function (7," namely (dC/dT)p, the objection urged by Davit 
agafaut hit own method does not apply to Uw author'a 
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constant H (1) from 121* to 187® C„ (2) Aom 148® to 180® C., 
(8) from 205® to 258® C., and (4) from 288® to 819°.C.- Curve*(1) 
did not agree ^t all with Enoblaueh and Jakob’s results. Curve']%) 
gave fair agreement only at *180° C. near sati^ratinn. Curves«(8) 
|nd (4) ^ave fair agreement at high superheats; but the data for 
C in this region were based chiefly on the law of corresponding.states, 
•which introduces an additional element of uncertainty. Jakob 
made some use of the points on (3) and (4) in extrapolating his 
curves to 20 kg., which otherwise were devoid of any theoretical 
basis. 

Davis also made some approximate calculations at '485°, 600°, 
925°, and 1480° C. taking dCjdT and T constant at constant //, and 
assuming the law of corresponding states. The variation of S found 
at 486° C. was only about half that given by Knoblauch and 
Mollier’s experiments, and was not accepteil by Jakob. 

The weakest point of the method, as cx]ilained by Davis, is 
"that “the formula has the disadvantage of involving the derivative 
of the inaccurately known function C, which prohibits its use at 
low temperatures where C itself is scarcely known at all.” But there 
is no reason why the method should not give fairly reliable values 
over the experimental range if the values of C employed for 
deducing U are correct. Unfortunately Davis gives only three lines 
of constant 7/ between 121° and 253° C., which Jo not extend to 
saturation, or overlap, so that his solution is very incomplete. It 
is easy however to complete the solution by the author’s method. 
The values of 1/C taken from Davis’s curve give by simple sum¬ 
mation a table of corresponding values of P + P^ and t, which 
includes aU the lines of constant //, and gives ratios of SjS^^ CJC 
at any de,s/red points. 

The following table shows volues of S at saturation calculated 
in this way from Davis’s curve for C, for comparison with the 
empirical formulae of Knoblauch and Jakob. 


Table VI. 

Values of S at Saturation from Davis’s Curve for C. 


P, kg./oin.» 

2 i 

D 

8 

10 16 

20 

26 

31-7 

37-S 

42-9 

l,?C. 

119 6; 142-9 

158-1 

160*6 


211-4 

225-1 

235-8 

246-2 

263-6 

8, Davis 

0-64310-676 






0-838 



8,K.andii 

0-480 0-613 

0-548 




1-068 

1-318 

1-634 


S, Jakob 

0-499 10-633 

0-566 




ilijjjy 

IBg] 

1-323 

1*514 
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The values in the line S, Davis, are obtained from the ratios 
S/Sf by assigning Jakob’s values of Sq, which range from 0-461 
t6 0-468 at the required zero points on the lines of constant H, 
and cannot intnx^uce any material uncertainty. The difference 
/S - Si, at 2 kg., deduced from the Davis curve for C, is more thajj 
twice ,as great as that assumed by Jakob, or given by Linde’s 
formula. The reason is that Davis’s curve for C {Fig. 10) runs much< 
too high at 120° C., as already remarked, and gives values of 
iKjdT about twice as great as Grindley’s curve, or as the differential 
method. The curve for S at saturation deduced from Davis’s curve 
for C intersects the Jakob eurve for S, in Fig. 12 near 10 kg., which 
is the only Davis point plotted by Jakob near saturation. On the 
other hand the-diffcrencc S - S„ given by Davis’s curve at 250° C. 
is much less than half that given by Jakob’s extrapolation, or less 
than a third of that given by Knoblauch and Jakob’s original 
formula. This is further pr<K>f, from Davis’s own curve, that Jakob’s 
empirical extrapolation g^ves impossible results. •' 

6 o. Comparison of Values of H deduced from S. It 

has been necessary to discuss the speculations of Jakob and Davis 
with regard to the values of S at saturation in considerable detail, 
because so much use has been made of these and similar arguments 
to the discredit of the author’s equation for the variatic.i of S, 
which docs not otherwise differ materially from the Munich obser¬ 
vations. It appears that Jakob’s excessively high values of S, 
have no real foundation in theory or experiment, and are merely 
due to empirical extrapolation; but since they are confined to the 
immediate neighlHiurhood of the saturation line, they produce 
much less effect than might be cxpcetid on the calculated values 
of H, and are therefore of little im|K)rtancc in practice, except for 
special problems involving small differences. This is most easily 
seen by comparing the values of H - 11^ reckoned from the satura¬ 
tion point at constant pressure up to various degrees of superheat. 
The whole effect on II amounts to 0-5 only of a calorie, even at a 
pressure of 10 kg./cm.*, which is beyond the range 6f Knoblauch 
and Jakob’s experiments, and near the limit of Linde’s. 

The author’s values are seen to be intermediate'between those 
of Linde and Jakob, agreeing with the former near saturation, and 
with the latter at 250° and 450° C. The rapid increase of Linde’s 
values at high temperatures is chiefly due to the high value »f the 
constant 0-0052, which is equal to c at 400° C., and is 5 times as 
great as the author’s b. 
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The values in the last line are calculated bytheaidrtf theftmnula 
H- Htao “-So(/-100) - 0(1 + O-OIP)(4c - 0 0032) P 4^^2-9, ...(16), 

which is not giVen by Linde, bht is easily dedueed from his equation. 
Hjoo is the value of H at 100° C. and atmospheric pressure. is 
the mean value of iS at zero pressure between t and 100° C., and 
is taken from Jakob’s tables. The symbols a and c have the some 
values as in Linde’s equation (0) on the K.M.C. system. The con¬ 
stant 2-9 is the value of the preceding term at 100° C. and I atiii-j- 
sphere. 

Table VII. Values of // — //, for Superheated Sfeam 
at 10 kg./eni.“ or 142 Ibs./in.*. 


Temp. Cent, j 

200° 

jJ60° 

, 300° 

! 350° 

400® 1 

1 

1 450® 

H-H., Jakob j 

12-5 

3n-3 

■ 64-7 

80-8 

11.51 1 

140-5 

„ Author j 

120 

39-3 

66-4 

■ 90-8 - 

115-8 

140-5 

Linde | 

120 

395 

65-8 

91 •« 

• 

117-3 

142-9 


The systematic difference between Jakob's values of II — H, 
and those given by either of the eharacteristie e<juations, incidentally 
illustrates the fact that tin; Munich experiments, on S cannot be 
reconciled with any reasotvible form of eharacteristie equation 
unless a special expression for .S'o is employed giving a minimum 
value !»omewhcre in the neighbourhood of 200° C. There is no 
experimental evidence for such a minimum, and no theoretical 
explanation has been suggested. It is most likely that there is a 
systematic error in the experiments, since all the 2 kg. points 
are too low, as already remarked, in the region 130° to 250°, as 
compared with the observations of Kegnault (K), and of Ilolborn 
and Ilenping (HS, corrected) at 1 atmosphere, which also probably 
err in defect. 

In any case the differences in the values of II ^ ll, for super¬ 
heated steam at constant pressure are of minor importance as 
compared with the discrepancies in II, according to different 
formulae. These are illustrated by the following table of values of 
U, — Hjgg, III which the various formidac are extrapolated to 
280° C. in order to illustrate more clearly the characteristic 
differences between them. 

The values calculated from Linde’s equation show a maximum 
near 207° C. and fall off much too rapidly at high pressures, owing 
to tki high value of the expression for SC given by his equation, 
as previously explained. It follows that the Linde values of H 
must also be appreciably too low even at 120° and 140°. But his 
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equation gives higher values at 120° and 140° than Davis’s parabola, 
which must also be too low in this region, though it is distinctly 
pFeferable to Linde’s at temperatures above 200° C.^The values in 
the. line headed 'jjhiesen, are those given by the Davis-Jakob 
formula, with the value of the critical temperature corrected fronj 
866° tp 874° C., which gives improved agreement with values of 
H, below 100° C. It must be remembered in comparing these* 
figures that a difference of half a calorie is less thab 1 in 1000 of 
tBe value of H, and is of the same order as the uncertainty of the 
absolute value of //, but is not without significance in comparing 
relative vafues over smail ranges of temperature. 


Table VIII. Values of II, - //,o„ according to different formulae. 


Temp. Cent. 

ItO” 

140° 

100° 

^ 180° 

200° 

220° 

240° 

260° 

280° 

H$ ~ Umi Lindo 

7-2 i 

r 13-6 

18-9 

230 

25-2 

25-3 

22-2 

16-6,. 

3-6 

„ Davis 

7-1 , 


18-9 

23-6 

27-6 

30-7 

330 

34’6 

36-3, 

„ Thiesen 

7-6 

14'6 1 

20-9 

26-7 

31-7 1 

360 

39-2 

41-5 

42-2 

„ Author i 

7-8 ^ 

14'9 

21'3 

26-8 

31'7 

36-8 

39-2 

41-7 

430 


6i. The Mean Specific Heat reckoned from Saturation.^ 

According to Rcgnault’s definition of il, the mean specific heat 
reckoned from saturation is the factor required for calculating the 
total heat of su|icrlieated steam at any pressure when the degree 
of superheat is given. The mean specific heat is often tabulated for 
this purjiose, since it affords the only method available if an em¬ 
pirical fonnula is assumed fpr II at saturation. But the method of 
expression in terms of the degree of superheat is really a survival 
from the time when the only formula employed was that of Reg- 
nault, namely, '' 

,II = 606 5 + 0-80Sf, + 0-48 (t - t,) .(17) 

where t, denotes the saturation temperature on the Centigrade 
scale corresponding to the given pressure. This fonnula was very 
simple and convenient for practical purposes, but became in¬ 
admissible when it was shown to be inconsistent with iKeasurements 
of H, at low temperatures, and with experiments by the Joule- 
Thomson method above 100° C. 

The method becomes very inconvenient when a complicated 
empirical formula is employed for H,, together with a variable 
value, requiring elaborate tabulation, for the mean specific 4ieat. 
Marks and Davis use three different methods for tabulating H,. 
(1) Between 0° and 100° C., a graphic method representing Smith’s 
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reduction of the observations on L (II, § 17).* (2) Davis’s parabolic 
formula between 100° and 200° C. (8) Above 200° C a formuI& of 
the Thiesen Jype with t, — 805° C. It would evidently be vdfy 
difficult to secure a satisfactory degree of cont|puity in the rate of 
^ariatiop of H, by such a method. Jakob simplifies the procedure 
by employing the same Thiesen formula for L over the whol^ range, 
in conjunction with Dieterici’s formula for h, but omits the necessary 
correction (II, § 13) for ape. 

The values of H for superheated steam were obtained by Marks 
and Davis by a step by step numerical integration of a set of curves 
representing Knoblauch and Jakob’s original experiments with 
slight modifications. It would be dilllcult to carryout a pvocess of 
this kind satisfactorily owing to the excessively rapid variation 
of S in the neighbourhood of saturation according to Knoblauch 
and Jakob. The results were smoothed by a graphic process, but 
cannot be utilised for small differences, or rcprl'sentcd by any simple 
formula, owing to the complexity of the process by which they 
are deduced, and the impossibility of securing a high order of 
accuracy of tabulation by such a method. 

Knoblauch and Mollier (1911) gave tables ani^ curves of mean 
and true specific heat, similar to those of Jakob founded on their 
observations. Their tables differ, however, in two particulars. 
(1) Their values at saturation from 2 to 8 kg./cm.“ are from O-OOT 
to 0-008 higher, owing to the uncertainty of cxtrajiolation, since 
the lowest observation at 2 kg. was at 160° C. (2) They do not 
give the extrapolation beyond 8 kg., which, as remarked by Thomas 
and by Stodola, leads to such curious results on the entropy diagram. 

The following table shows a comparison of the values given by 
Knoblau(j)i and Mollier with those given by the author’s formula. 


Table IX. Mean S for Siipcrheatctl Steam froni t, to t, C. 


p= 1 

2 kg./cm.* 

4 kg./cm.* 

6 kg./cm.* 

8 kg./om.' 

1 

110-8° 

142-9° ; 

158-0° 

189-6° 

1 

K.uidM.{ 

Author jK.sndH. 1 

Author 1 

K.andH.: 

Author 

K.uidM. 

Author 

160° 

0-496 

QrOlS 

0-528 

0-633 

— 

_ 

i __ 

1 

200° 

0-488 

0-505 I 

0-509 

0-523 

0-537 

0-538 

0-668 

0-668 

.260° 

0-484 

0-500 1 

0-499 

0-614 

0-619 

0-628 

0-636 

0-643 

300° 

0-482 

0-496 1 

0-495 

0-608 

0-610 

0-619 1 

0-621 

0-631 

360° 

0-483 

0-493 I 

0-494 

0-503 

0-606 

0-513 

0-514 

0-522 

400° 

0-484 

0-491 1 

1 0-493 

0-600 

0-603 

0-608 

0-511 

0-617 

460° 

0-486 

0-489 ! 

0-494 

0-498 

0-603 

0-806 

0-610 I 

0-512 

600° 

0-489 

0-487 

1 0-496 

0-496 

0-604 

0-502 

0-610 1 

0-608 
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The differences in the values of H — H, deduced from those of 
5^’in the above table are unimportant as compared with the 
uncertainties of the experimental measurements. 'j[he maximum 
diflcrence occurs a|^ 250° C. and 2 kjjf., where it amounts to about 
1 in 800 of H. According to the author’s view, as previously ex- 
plained, his own values of S„ are probably correct in this neigh¬ 
bourhood, but those of Knoblauch and Mollier are systematicallyo 
too low, as compared with those of Holborn and Henning and of 
"rtiomas, in consequence of the defective method employed for 
the estimation of the heat-loss in their experiments. The author’s 
values are probably a little too high at lower temperatures, and 
too small at higher temperatures owing to the neglect of the un¬ 
certain variatidn of S„ with temperature, but the error from this 
cause is so small and uncertain that it is better to neglect it for 
the sake of exact consistency with the simple form of adiabatic, 
as previously explain’ed. 


62. General Expression for H, Since the general expres¬ 
sion for the variation of the total heat of any substance in terms of 


T and P is 


dll = SdT - SCdP, 


.(18) 


it follows that the simplest |iossiblc type of expression for the total 
“ // = - SCP + B .'..(19) 

where Sq is taken ns constant, and SC is a function of T only. 
While it is permissible to speculate with regard to the effect of 
other assumptions for the variation of and SC, it cannot be said 
that the experimental evidence at present available in the case 
of steam justifies the adoption of aiu' more elaborate formula as 
a standard of reference or for purimscs of tabulation. ' 

The thermodynamical formula is just as easy to use for practical 
purposes as that of Ilegnanlt, but has the advantage of greater 
generality and significance, in addition to giving much better 
agreement with experiment. Since the pressure and the tempera¬ 
ture are the observed conditions defining the state ina’iiy practical 
problem, it appears undesirable to adhere to the artificial method 
of expression in terms of the degree of superheat, which dates from 
a time before the first law of thermodynamics was properly under¬ 
stood, and which introduces an unnecessary complication in the 
ctdculation. By the aid of the ^thermodynamical formula ^it is 
much easier to obtain accurate values of // directly from a table 
of H of moderate dimensions, than to calculate such vidues fimn 
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a table of mean specific heat by reference to the degree of superheat. 
It is difficult by the latter method to secure the dcgfcc of accui^ 
and consistency desirable foj comparative purposes without ela¬ 
borate tabulation. 

# WhAi the value of H itself is required at any particular point, 
it is generally better to obtain it from the table of H by interpola¬ 
tion, rather than to calculate it from a table of SC, as is sometimes 
recommended. But the Table of SC (Table IX, Appendix III) wll 
be found useful in some special problems, such as ealculating S„ 
from the formula 

= ‘S'o + {S'C - S"C")I(T"- T') ...(20) 

at any pressure P over the range T' to T"; or in deducing the 
drop of temperature in a throttling process, or for similax'purposes 
involving SC. 




CHAPTER VII 


ENTROPY AND SATURATION PRESSURE 

63. Available Work, and Carnot’s Function. Many 
years before the final establishment of the conservation of energy as 
applied to hcaft Carnot, in his famous essay, Reflections on the 
Motive ^oieer of Heat (Paris, 1824), had already enunciated an 
equally fundamental principle, peculiar to thermodynamics, which 
he stated as follows;. 

“ The motive power of [leat is independent of the agents set at wor\ 
to realise it; its quantity is fixed solely by the temperatures between 
which in the limit the transfer of heal takes place" 

He established this principle by theoretical reasoning which 
could not be wnproved materially at the present day. He showed 
that the action of a heat-engine in obtaining work from heat, could 
be regarded for theoretical purposes as being equivalent to the 
repetition of a cycle of operations in which the working fluid 
(e.g. steam] was alternately heated and cooled, serving as the 
vehicle by which heat was permitted to flow from a high tempera¬ 
ture, that of the boiler, to a low temperature, that of the condenser; 
that work could not be obtained from heat in such a process without 
difference of temperature; and that conversely, wherever a differ¬ 
ence of temperature existed, it might be utilised theoretically for 
the production ,Df motive imwer. It followed that, when heat was 
allowed to pass directly from one body to another at a lower 
temperature, by the ordinary processes of conduction, convection, 
or radiation, without the pcrfonnance of work, the motive power, 
which might have been obtained from the same flow o'^ieat through 
a suitable engine, was wasted. Thus in order to obtain the maximiun 
power from a given flow of heat, it was essential that, in the opera¬ 
tion of the ideal entire, “there should not be any direct interchange 
of heat between bodies at sensibly different temperatures." It would 
not be possible to construct an actual engine satisfying this^ con¬ 
dition otherwise than approximalely. But as Carnot points out, 
the details of the mechanism are immaterial for theoretical purposes. 
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In considering the limU of possible performance, it is easy to 
imagine that the theoretical conditions are perfectly*satisfied. 

The simple Carnot cycle f^^r steam is as follows. The existence 
of a source of heat, corresponding to the boiler, at a temperature I", 
and of a sink of heat, cprresponding to the condenser, at a lower 
temperature T", is postulated. (1) A mixture of water and* steam 
at T" is compressed in a eylinder, without allowing any heat to 
escape, until the contents are raised to the temperature T'. (2) Soi\ip 
of the water is evaporated at T' by supplying heat from the source 
which is at the same temperature. (3) The mixture is then expanded 
without further gain or loss of heat till the temperature fjJIs to T”. 
(4) Heat is abstracted by the sink at T” until suiricient‘steam is 
condensed to restore the mixture to its original volume, in which 
state it must contain the same quantity of heat as it contained 
originally. 

At each repetition of the cycle, a certain quantity of heat Q is 
Weived from the source, a certain qnanfity is rejected to the sink, 
and a certain balance of motive power If ' is obtained, 'fliese quanti¬ 
ties could be calculated with great accuracy jxir unit mass of steam 
evaporated at T' from a knowledge of the propertint of steam, but 
the exact values are immaterial for the present purjiose. 'I'he ideal 
cycle satisfies the fundamental criterion that there is no inter- 
change*of heat between botlies at sensibly different temperatures, 
all mechanical and thermal losses, such us friction and interchange 
of heat between the working substance and the walls of the 
cylinder, are supposed to be absent, and the object is to show that 
the work obtained per unit of heat supplied must be the maximum 
that it is possible to obtain from heat atom, for any kind of engine, 
with any«'vorking fluid, between the given limits of tianperature. 

Since the working fluid is at the same temperature as the source 
during reception of heat, and is at the same temperature as the 
sink during rejection of heat, an infinitesimal difference of tem¬ 
perature will suffice to reverse the direction of heat-flow in either 
case. An ideal engine satisfying these conditions would be per¬ 
fectly reversJtle so far as the thermal operations were concerned, 
and would wqjrk with equal efficiency in either direction. When 
taking heat from the source at the high temperature, in the direct 
method of operation, it would give a certain quantity of motive 
power WjQ. for each unit of heat supplied by the source; when all 
its (j(>erations were reversed in order and direction, it would 
abstract heat from the condenser and return it to the source, in 
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wlych case the expenditure of the same quantity of motive power 
WIQ in drivfiig the engine backwards would suflSce for each unit 
of heat returned to the source. Cannot reasoned that the efficiency 
of such an cnginetmust be a maximum for given limits of tern-, 
peraturc, because, if it were possible to devise an engine, or tt 
discover a working fluid, giving more motive power per unit of 
heat taken from the source, part of the power might be employed* 
to drive a reversible engine backwards and restore to the source 
the quantity of heat taken from it. We should thus be able to 
obtain a pontinuous supply of motive power without any con¬ 
sumption of fuel. 

Carnot expressed his principle in the following form for practical 
application. If W is the work obtainable with a reversible heat- 
engine from a quantity of heat Q supplied to the working fluid at a 
temperature t° C., the condenser being assumed for simplicity to 
be at a constant temperature 0°C., the cfficieney IF/Q must be 
some function of the temperature only, denoted by F {t), giving 
F (t) as a simple expression of the principle. 

The simplest applications of the principle arc to cycles of 
infinitesimal «inge, for which Carnot employed the equivalent 
expression ^ . 

deduced by differentiation for a small range of tcmperacure dt. 
F' (t) is the derived function of F (<), and is generally known as 
Carnot’s function. It expresses the work obtainable in a cycle per 
degree fall per unit of heat^ supplied at a temperature t, and must 
be the same for all substances at the same temperature. Its value 
is easily calculated for any substance when the required physical 
properties have been determined from exix>rimental data. Carnot 
verified his principle by calculations of this kind as far as possible 
with the scanty physical data available at that time. Thus he 
calculated the value of F' {t) for steam at 100° C. in the following 
manner. He took the latent heat L required to evaporate 1 kilo¬ 
gram as 5S0 kilocalories, and the change of volume V — v from 
water to steam as 170 cb. m. per kg., from Watt’s'results. In a 
cycle of 1°C. range, the forward pressure duriijg evaporation 
would exceed the back-pressure during condensation by the drop 
of steam-pressure per degree fall at 100° C., denoted by dpjdt, 
which he took as teing 26 mm. of mercury, or 860 kilos per sq. 
metre, firom Dalton’s experiments. The nett work obtainable per 
kilo, as shown on the indicator diagram, would therefore be 
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(F— v)(dpldt) = 1’70 X 860 =» 611 kilogranunetres per Kg. per.l®. 
The heat supplied being 550 kilocalories, the work Obtainable p^r 
1® faU per unit of heat, or'the^value of the function F’{t) for steam 
at 100® C., is 

F'{t)^{V- v){dpldl)IL = 611/550 = 1-12 kg.m./kiIocal.....(2) 

'The value given by the most recent data for steam is 1'144 in the' 
same units. 

Carnot found similar values for air and alcohol, confirming his 
principle, and showing that the value of F' (1) was prpbably the 
same for different substances at the same temperature, hut dimin¬ 
ished somewhat for all substances with rise of temperature, though 
he was unable to find the law of variation, owing to the scarcity 
and inaccuracy of the experimental data ax'ailabic. 

The value which he found for air at O^JC., though correctly 
calcultited, was far from the truth, and veiy misleading. The heat 
Absorbed by unit mass of a gas, obeying the* law PF == RT, in 
expanding by a fraction 1/T of its volume at a constant tcmjiera- 
ture T, is equal to the difference between the s|K-cific heats 

at constant pressure and volume. Carnot took •0'267 for air 
from the experiments of Delaroche and Berard, and the ratio 
Sp/S„ — 1'43, as deduced by Poisson from the velocity of sound, 
giving #'080 for A’, — A'», in place of the correct value 0-061) ac- 
cofding to modern data. The work done in a cycle per 1° full for 
the same expansion is RjT. Carnot took T 207 at 0° C. from 
Gay Lussac’s ex]jcrimcnts, giving R ,30 kgm. per kg. of air, per 
1°, and obtained F’(i) = 80/267 x 0-080 - 1-40, whereas it should 
be 1-568 at 0° C. His formula gives the expression RjT x F' (t) 
for the ditfference of the specific heats, which he predicted* must 
be the same for e(jual volumes of all gases at the same temperature 
and pressure. He also showed that the ratio of the whole work done 
by a gas in isothermal expansion to the heat absorlnxl was T x F' (f) 
and was the samef for all. If he could have assumed either to be 
the same at different temperatures, he wo\dd have found that F' (<) 
varied as l/T, but the data were too discordant to suggest the 
true relation. TJhe missing link was supplied by Joule’s experiments 
at a later date. 

Clapeyron (1886) verified Carnot’s calculations, and put the, 
expression for F' (!) in the case of a vapour in the analytical form 
(2) gifen above, which is general!^ known as Clapeyron’s equation, 
.* Vert6«d by Doloog, 1829. f Verified by Jonle, 18«5. 
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though Camot was the first to use it for calculating F' (t). Clapeyron 
V(ps the first %o employ the indicator diagram for illustrating the 
performance of an ideal cycle, and deduce general expressions 
for*F'(<), applicabJe to all substances, in terms of the partial 
differential coefficients, which arc now generally knowK as thi 
thermodynamical relations (see Appendix I, § 188). 

Kelvin (1848) proposed to base an absolute scale of tpmperature'^ 
qn Carnot’s function, since it was the same for all substances at the 
same temperature, and endeavoured to deduce the relation between 
F' (<) and Jhe scale of the gas-thermometer by means of Regnault’s 
experiments on steam. .loulc about the same time inferred from 
the pro^rties of gases that F' (1) should be simply JjT. But this 
was first clearfy explained, in terms of the meehanical theory of 
heat, by Clausius and Rankiue (1850), who showed that F' (t) 
should be exactly JJT for a j)crfect gas, suitably defined by as¬ 
suming the work done in isothermal expansion equivalent to the 
heat absorbed, or the difference of the specific heats independenV 
of the temperature, cither of which assumptions would make 
Carnot’s exj)ression T x F' (<) constant and equal to the mechanical 
equivalent Jm But there were large discrepancies between the 
experimental values of F' (t) and JjT, and it remained uncertain 
how far these were due simply to ex|)erimeutal errors or to sys¬ 
tematic deviations of actual gases from the properties assumed in 
defining the perfect gas. This question was attacked by the porous 
plug method of Joule and Kelvin, who succeeded in showing that 
the scale of absolute temperature T, defined in terms of Carnot’s 
function by the relation F' (t) = JjT, agreed even more closely than 
could have been antici()ated with the gas-scale, especially in the 
case of the hydrogen thermometer, which has been adopted by 
general agreement as giving the practical equivalent of the absolute 
scale of temperature. In this way the relation between the available 
work and the temperature limits in the Carnot cycle is reduced to 
the simplest possible form. 

64. The Entropy Measure of Heat. It^foliows from 
Carnot’s principle, as above explained, that, wheq a quantity of 
heat energy Q is supplied to any working substance at a tempera¬ 
ture T in a heat-engine, the maximum quantity of work obtainable 
in a cycle per degree fall is represented by the product QxF' (1), 
which is equal to JQJT by the definition of absolute tempeiatuie. 
Expressed in heat units, the proportion of the heat energy con- 
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vertible into woric per degree Call is QjT, or the quantity jiQ 
convertible in a range dT is Q {dTjT), or (Q/T) dTS' By the flrjt 
law, the heat<rejeeted at jT* — dT is Q — dQ. 

In a simple Camot cycle, no heat is received except at the upper 
Mmit of temperature T', and no heat is rejected except at the lower 
lirifit T". We may therefore obtain the result for any finite range 
“T” to T" by integrating the relation dQ/Q = dTjT, between limits 
T' and T", which gives 

Q7r= Q'7r'= (Q - q")j(T’- t") = aw nr- r'),...(3) 

where Q' is the heat received at the higher tcm|)erature, Q" the 
heat rejected at tlie lower temperature, and AW the thermal 
equivalent Q'— Q" of the work obtainable in the cycle. This method 
of integration was, in fact, applied by Carnot, and explained (loe. 
fit., p. 27) as being equivalent to the emiJoyment of a scries of 
engines, each working through an infinitesimal ratige and receiving 
1^c caloric rejected by the engine next af»ove it in the series. But 
the correct expression for the work obtainable in a Caniot cycle 
of finite range, in terms of heat-energy on the mechanical theory, 
was first given by Rankine {Phil. Mag., 1851, p. 5S). 

The thermal equivalent of the work obtainable in a Camot 
cycle is seen to be equal to the product of the quantity Q'jT' 
(depemfing only on the heat received and the temperature of 
reception) and the temperature fall T' — T". For a cycle of any 
form, in which the heat is not all received at one temperature, 
Rankine showed how to deduce the qquivalent of the work ob¬ 
tainable by dividing each elementary quantity of heat dQ by the 
temperature of reception T, multiplying each by the corresponding 
range of tvniperature, and summing the results for the cycle. Ex¬ 
amples of this method for other cycles are given i«^ Chapter X. 

Since the primary object of a heat-engine is to obtain the 
maximum output of work from heat p(!r degree fall of temperature, 
it is evident that the quotient Q/T (or the integral of dQjT in the 
generalised fonn) is a quantity of great importance in the theory of 
the heat-engine. Rankine called it the Thermodynamic Function, 
which is a somewhat vague and inconvenient name. Its properties 
were more fully investigated by Clausius at a later date, who gave 
it the name of Entropy, which has been universally adopted. 

From many points of view, the entropy QIT of a quantity of 
Q in the form of heat at a temperature T, may most simply 
be regarded as being merely a difierent measure of heat, in terms 
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of froik obtainable per degree fall instead of in terms of total energy. 
Tehe two me&ures are equally logical and definite, and are very 
simply related, but the entropy of^a quantity of heat has quite 
different propertied to the energy. The essential difference between 
the entropy and energy measures of heat is most readily appreciatcfl 
by analogy with the case of a material fluid. A liquid, like water, 
is often measured by weight, that is to say, implieitly in terms of 
the work it is capable of doing iier unit fall of level. This method 
gives a direct measure of quantity, analogous to the entropy 
measure of heat in terms of work per degree fall of temperature. 
But we might also measure the total energy possessed by the water 
in virtue of its^ elevation, by allowing it to fall to a definite level, 
and observing the rise of level whieh it was capable of producing in 
a known mass by any suitable mechanism. This would be analogous 
to the measurement, of the total energy of a quantity of heat by 
observing the rise of temperature it was capable of producing in 
a calorimeter of kftown thermal capacity. Entropy is sometimes 
called “heat-weight” on the ground of the first analogy, and is the 
most appropriate measure of l\eat quantUy as distinct from heat 
energy, but there is no simple method of measuring it directly. 
Thus, when a qiiantity of heat-energy Q is allowed to pass from a 
hot body at a temperature T' to a calorimeter at a temperature T”, 
the gain of energy of the calorimeter is equal to the loss of energy 
of the hot body, by the law of conservation of energy, and is easily 
measured. B>it this is not true of the entropy. The gain of entropy 
Q/T" of the calorimeter is npcessarily greater than the loss of entropy 
Q/T' of the hot body, because T' is by hypothesis greater than T". 
If the heat-energy Q had been supplied to a Carnot engine at T', 
the entropy of the heat rejected at T" would have beea equal to 
that of the l|eat supplied, namely Q/2”; and the heat-energy 
rejected would have been reduced by the thermal equivalent of 
the work utilised, namely Q (T- T")IT'. When the heat Q is 
allowed to flow directly from T’ to T", without performance of 
work, the increase of entropy, namely Q/T" - Q/T', is the equi¬ 
valent of the available work divided by T", and is the same as if 
the work had actually been realised and then converted into heat 
by friction at the lower temperature. 

The properties postulated for caloric on the older theory were 
similar in most respects to those of entropy, but did not correspond 
with those of heat measured as eflergy in a calorimeter. This natur¬ 
ally led to grave difficulties in coimection with the theory of gases, 
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and of heat generated by friction. Fortunately it did not affect the 
validity of Carnot’s reasoning, which, though expressed in t\|e 
language of the calorie theory^ was in the main indeptmdent of any 
assumption as to the nature of heat or the manner in which it Vas 
iheasured. (Ptve. Phys. Soc. 28, p. 158, 1911.) 

Heat is always meas\ircd as energy in practice, and tho corre¬ 
sponding changes of entropy are inferred by dividing each addition 
of heat in thermal units by the tcni|)craturc at which it is received. 
The entropy of a substance in any state is reckoned i)cr unit mass 
from a standard state selected as tho zero of entropy for tl>e sub¬ 
stance. The numerical values obtained in this way as representing 
the entropy of a substance, are independent of the temperature 
scale and the unit of mass, and are the same in all rational systems 
of \mits. The unit of entropy is often called a “ Hank,” after Kankine, 
but the name is seldom required, because there is practically only 
one ihiit of zero dimensions, so that troublesome questions of 
conversion or nomenclature do not arise.* 

65. Properties of the Entropy. The most important 
properties of the entropy for the present purpose ase as follows: 

The entropy of a body remains constant when no energy in the 
form of heat is lost or gained, a condition usually implied by the 
term “Sdiabatic.” It is not altered by the performance of external 
work in adiabatic exjjansion or compression, provided that there 
is no internal friction. If there is any friction between parts of the 
substance moving with different velocities, or between the body 
considered and neighbouring bodies, the increase of entropy is the 
thermal equivalent of the work wasted in friction divided by the 
absolute te mperature. 

If there is any interchange of heat between different parts of 
the body at different temperatures, the effect is always to increase 
the entropy of the whole. For any direct transfer of heat-energy 
Q from a part at a temperature T' to a part at a lower temperature 
T", the increase of entropy is Q/T"— ^/J”, which is necessarily 
positive. 

We have already seen that, in a simple Caniot cycle, the entropy 
of the heat received Q'/T' is equal to the entropy of the heat 
rejected Q"/T". The same proposition is true for a cycle of any 
form^^ provided that it is reversible. This condition is tacitly 
assumed for any cjrde representftl on the indicator diagram, since 
the state of the working fluid is supposed to be one of equilibrium 
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at unifonn pressure and temperature throughout its substanee, and 
t];e absence 4f internal friction is assumed. Such a cycle may be 
regarded as being built up of elemenipry Carnot cycles by supposing 
the' area divided up into strips by a family of adiabatic curves. For 
each of the elementary cycles the entropy of the heat received iS 
equal to that of the heat rejected. The whole entropy received 
in the cycle is therefore equal to the entropy rejected., 

^ It follows that the increase of entropy of a substance per unit 
mass in any given change of state must be independent of the 
manner ii\ which the change is effected. For suppose the change 
from the state A to the state B effected in any manner, and the 
reverse change^ from B to Aina, different manner. The two paths 
on the indicator diagram represent a closed cycle, such that the 
entropy received along one is equal to that rejected along the other. 
This does not apply {o heat measured as energy. The energy of the 
heat received along AB would differ by the equivalent 6f the 
enclosed area from that rejected along BA. 

66. Entropy of Water and Steam at Saturation. The 

■mitropy of day saturated steam, denoted by d>,, exceeds that of 
water, denoted by at the same temperature and pressure, by 
the entropy of vaporisation LjT, which is obtained by simply 
dividing the latent heat of vaporisation by the absolute tempera¬ 
ture, since all the heat is added at one and the same temperature. 
The entropy of vaporisation may also be expressed as the 
equivalent of the work ob,tainable per degree fall per unit mass 
vaporised, namely a{r,- v)dpjdl. Combining the two methods of 
expression, we obtain the equation 

<i>,-4,^^L!T^.a(V,-v)dpldl .(4) 

which is the modem form of Clapeyron’s equation, and represents 
the direct application of Carnot’s principle as previously explained. 

In the past, this equation has generally been employed for 
deducing the volume of dry saturated steam from ^ the observed 
values of L and of dpjdl. But if the variation of V with temperature 
and pressure can be deduced from other experiment!, such as those 
on the cooling-effect, Clapeyron’s equation may be employed for 
calculating the values of the saturation pressure p, as explained 
later in J 68. , 

If the steam is wet, consisting'of a fraction q (called the quality, 
or the (hyness-fraction) of dry steam per unit mass with a fractiem 
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1 — g (caUed the wetness-fraction) of fine particles of water in 
suspension, the entropy <J>, of the wet mixture is 

• ^ + =<!),-(l-g)i/r. .(5) 

^ The corresponding expressions for the totdl heat and volume 
are 

tf, - ft + gl = //. - (1 - g) L ..-..(6) 

F. = (1 - g) n + gF. = F, - (1 - g) (F. - v) .(7) 

where ff, and F, are the total heat and volume of dry saturated 
steam at the same pressure. But, unless g is given, it is generally 
preferable to eiilculate 0, and F, diri'ctly from //, (which is the 
q\iantity given by exjjerimcnt) by means of the relations 

0), - <J), = (II, - II,)/T .(8) 

V,-V,= V.(II.-II,)j(II,-sl) .(9) 

whicH arc exact, and save reference to g, /(, i), ij>, and L. 

If the total heat of water h at satu'ralioir pressure and tem¬ 
perature is represented by the expression already given, equation 
(6) in Chapter II, namely, 

h = ()-99C60< + vL!(V - r) - ()-003, r. .(10) 

the corresponding expression for the entropy of water <f) under 
saturafion pressure reckoned from 0° C., is 

^ - 2-2949 log,o r/273-1 + vLjT (F - e) - 0-00001....(11) 

The first term is obtained by integrating O-OOOOO/T from 278-1 to T. 
The second term is the entropy of vaporisation of the steam mole¬ 
cules in the water. The small constant 0-00001 is the value of this 
term at (J" C. 

It should be remarked that the corresimndence of these two 
formulae for h and ^ is thermodynamically exael, and that the 
entropy of water at saturation cannot be deduced from the total 
heat h at saturation correctly by differentiating the formula for h, 
dividing by T, and integrating the expression for (dhidi)jT, as is 
usually don?, because (dkjdt), is not equal to T (djtjdt),, as com¬ 
monly assumed, but is greater by the term av (dpjdt). The difference 
is most readily appreciated by comparing the corresponding for¬ 
mulae for the vapour (see Appendix I, §| 181-2). The value of 
(dHIdT), for steam is relatively small and positive, but that of 
r(ifl»/di’),, the “saturation specific heat,” is large and negaUve, 
bdng less than (dHjdT), by Idle expression aF (dpldt), as in the 
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case of thfe liquid. Th*e error due to neglecting this term in the ease 
of'the liqui^ is relatively small, but the corresponding term 
clbT(dpjdt) in is from 10 to 20 times larger thajj the term qp» 
representing the feed-pump work in fhe Rankine cycle, upon which 
so much stress is usually laid. The distinction between (dk/dt), an(| 
T(d^/d(), is of essential importance in the author’s deSnition of 
h, {E. B., 1902), because the corresponding expression for <j>, will , 
not integrate exactly if Gray’s definition (Chapter II, § 12) is 
Alopted, or if the term an (dp/dt) is neglected. On subtracting 
av(dp/dt) from (dhldt), and dividing by T, the expression for 
(d<j>j(U), beftomes an exact differential, and gives between limits, 

• # log, (I’/To) + av (dpjdl) - nUo (dpjdl )^, .. .(12) 

which is exactly equivalent to the above numerical formula. Since 
h and <j> for the liquid are required only at saturation, the suffix s 
can usually be dropped. 

The entropy of water at 100° C. by (11) is = 0-31180. 

The entropy of vaporisation at 100° C. is Lj/2'i ~ 1'44546. 

67. Expression for the Entropy of Dry Steam, Super¬ 
heated or Supersaturated. The general expression for the 
entropy of dry steam at any temperature T and pressure P is 
readily deduced from that of dry saturated steam in any given 
standard state (preferably at T, =■ 373'1° C. and standard atmo- 
spherie pressure I\, at which point O, — 1'73782, by (4)), by the 
aid of the characteristic equation, and the general expression for 
the specific heat S. The entropy added in superheating the steam 
at constant atmospheric pressure from T, to T, is the integral 
of SidTjT, where 5, has the value S„ +an(n+ l)cPdT. The 
entropy subtracted in compressing the steam at constant tem¬ 
perature T from Pj to the final pressure P, is the integral of the 
expression (RjP + ancjT) dP, or a {dPldt)„ dP. Performing these 
simple integrations we obtain 

$ - <D, = Solog, TIT^ - Rlog.P/P, - ancPiT+anc^PJTi. ...(18) 

The variation of the entropy of steam is the same .as that of a 
perfect gas with the addition of the small term depending on the 
coaggregation c. Putting in the known values of the constants, 
and reducing the logarithms to the base 10, we obtain 
0 - 1-09876 log,, TITi - -25856 log,, P/P, - aneP/T + 1-76800. 

.(li) 

It is better to keep the formula for O in terms of the ratios T/T, and 
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PjPi toi cahndation, because log T/T, is smail'compared with log T, 
and some trouble is saved in interpolating the logarithms. Thbre 
is no physical meaning iA referring the entropy to an arbitraiy 
standard state such as T = l'*abs. and P = 1 ^./sq. in., or 1 mm. 
•f mercury, as is commonly done. With the above formula, the 
constant 1'76800 is the entropy at 100° C. in the state of idqpl gas, 
fand exceeds the entropy of drj' saturated steam at 100° C. by the 
value of the small term n«c,7',/7’, which is -00508. 

Since c varies as 1 IT”, the small term varies as /*/?'" and sinefe 
{n + 1)77, the expression for the entropy may be put in the 

form 2(,lX - anc^PtXjT^Xt + 1-70800, ...(15) 

where X - PjT”*^, and -Y, -- P^jTi”+', which sliows that the 
entropy is constant when PIT”+' is constant. Eliminating P or T 
by the aid of the characteristic e<piatiun, the Cipiation of the adia¬ 
batic may also be put in any of the following* forms, 

' (V — b)T” -• constantj . 

or P (V — b)jT = eonstanti , .(16) 

or P”(V - 6)"+* = constant) 

which are exact, and are often more convenient than vTie expression 
for <I>, when the initial state is given by P and T, or P and V, or 
V and J’, and it is required to fmd the linal stat<-. given 7’, or T, 
or V, after expansion. 

68 . Equation of Saturation Pressure. The general 
expression above found for the entropy of dry steam in any state 
must agree with the expression (j) 4- LjT, previously given for dry 
saturated steam in terms of the latent heat, not only at 100° C. 
(where th« agreement is assumed in finding the value of the con¬ 
stant 1-70.3), but also at every point of the saturation curve, when 
the correct values of p and T arc inserted in the expression. The 
condition obtained by equating the two expressions for the entropy 
represents, in fact, the equation of saturation pressure, or the 
relation between p and T in the saturated state, from which the 
saturation pressurep is easily calculated for any given value of T. 

Thus if we substitute O ~ ^ + L/2’inthegeneralexpression(l8), 
in which represents ^ + LilT^, we obtain 

<l,-4^ + LIT-L,IT, 

r/r, - R Iog,p/pj - anepIT -(- ane^pilT^, ...(17) 
where the values at 100° C. are denoted by the sufiix 1. 
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The Ahie ofp might be calculated by trial from this equation, 
bitt it wouiq be inconvenient because if) and L both involve p 
implicitly, in addition to the terms Rlog,pfpi and ancpIT. We 
aceordingly substitute for <f> from* (12), with L = H,-h, from 
equations II (5) and III (24). With these substitutions, m$>st of tht 
small .terms eliminate, and the remainder collect in a convenient 
manner, giving the required equation in the form 

. Biog,p/pi=L'(<-ioo)/rr,+(So-s)[iog.r/r,-(<-ioo)/r] 

+ [a(c-6)p/2’]'ioo,.(18) 

where the* last term is to be taken between limits 100 and t. The 
constant L' represents the ideal value 542-37 of the latent heat 
at 100° C., whibh is equal to the actual value L, = S89-80, together 
with the latent heat of the steam molecules in the water, namely 
vL/iV - u) = 0-837, and the water molecules in the steam, namely 
SCp = 2-738, both reckoned at 100° C. and saturation. 

It will be observed thVit this form of the theoretical equation dl 
saturation pressure is the simplest possible, since it differs from 
that of an ideal lupiid and vapour as given by Rankine {Phil. 
Mag; ISOe^only by the addition of the term a(c — b)pjT, It 
remains true if c is any function whatever of the temperature 
only, and is not restricted to the special case c = kT~”. If c is a 
function of P ns well as T, it is merely necessary to replace the 
last term by the integral of o (c - h) dPjT at constant T, taken 
between limits. 

The object of putting the equation of saturation pressure in 
this form is twofold. In th‘e first place the terms dciiendiiig on the 
fundamental constants (the specific and latent heats, and the 
coaggregation), ai-c separated, .so that the effect of experimental 
errors on the determination of each can be more easily investigated. 
In the second 'place, it is more convenient for calculation, because 
all the terms except the first are small, and can be worked out with 
a Fuller slide-rule, or with five-figure logarithms. Reducing to 
common logarithms by the modulus m = -4342945, and inserting 
the nmncrical values of the constants, the equation*’ becomes 

logpipi ■= 18-2009m (< — 100)jT 

- 4-7178 [log T/r, -tn{t- lOOyT] + [-4057 (c - b) p/r]‘^...(l») . 

In working out the value of p for any given t, the term 
m{t— 100)/r is calculated by logarithms. The first term*(l) in 
the equation is found by adding log 18-2009 ( » 1-1206048) to the 
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log of m(t — 100)/T already found and taking the smtilog. The 
second term (2) by multiplying the small difference .• 

log T/T, y TO (< - 100)/T 

jjy 4-7178 with a Fuller slide-rule. The last term (3), which is of 
the same order of magnitude as the second, is also worked on the 
slide-rule, assuming an approximate value of p, and taking (c — ft) 
from a table. The constant value of this term at 100° C. is -006474 
(4), which is subtracted from the value found. The value of log 
is added, takingpj in mm. of mercury, or Ibs./sq. in. orkilos./sq. cm., 
according to the units in which p is required. The work may con¬ 
veniently be arranged as follows: 

Pressure at t = 2.50° C., T = 523-1° abs., c - 6 =- 0-12054 eii. ft., 
Trial value p 560 Ibs./sq. in. Result p = 504-91. 


logp* = 

T-637784.3 

logT = 

2-7185847 

• logp, - 

1-16699 

log 160 = 

2-1760913 

log 2',= 

2-571825% 

. (1) = 

1-64397 

logT = 

- 2-7185847 

Dili. = 

0-1467695 

(3) = 

0-05236 

Sum = 

1-0952909 

= log 

0-1245348 

(4) = 

- 0-00647 

Add 

1-1206043 

Dilf. - 

0-0222247 x 

4-7173 = (2) = 

- 0-10484 

Sum = 

-2158952 

= log 

1-64397 (1) 

log* = 

2-76200 


Taking p = 570 as trial, alters term (8) to -05329, whence 
log p "=\-75294, or p = 566-10. A difference of 10 lbs. in the trial 
value makes a difference of 1-22 lbs. in the result. Let the correct 
answer be 500 + x. Then we have 560 x — 504-94 -I- 0-122j;, or 
0-878 X = 4-94, x ■= 5-68. Whence finally, p = 

For temperatures near 100° C. the small terms are much 
smaller, and the approximation is more rapid. 

The mmerical formula for the saturation pressure in lbs. per 
sq. in. (London) may easily be transformed into^thc apparently 
simpler shape 

logp - 21-07449 - 2908-89/r - 4-71784 log T + -4057 (c - h)pjT, 

.( 20 ) 

but the temS are much larger, and, since the residt depends on 
small difieren^, the formula must be worked to the linut of 
accuracy with seven-figure logarithms. The term involving log T 
* is more than 100 times larger than in the formula previously given, 
even at 250° C„ so that most careful interpolation is required to 
get Ae value of logp correct t* five places of decimals, or p to 
1 in 40,000. 
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An instructive method of deducing the formula is by the direct 
integration qf Clapcyron’s equation ( 4 ). This equation may be 
written in the form 

aT(r,-v)(dpldT)^L ..( 21 ) 

Since L = II ^k, and h = st-\-v (dpIdT) - -003, the ‘equation 
beconfes 

aTV, (dp/dT) = //, - */ + -OOS...(22) 

Substituting for V, and H, from equations (21) and (24) of Chapter 
III, and dividing by T\ the equation is found to be the exact 
differential of that already given, with a slight difference in the 
arrangement of the terms. 

69. Gibbs’ Function or Thermodynamic Potential G. 

It will be observed that the above substitution in Clapeyron’s 
equation gives an expression for the total heat H, of saturated steam 
identical in form with that already assumed for the total heat h of, 
water at saturation. The only difference is that v is replaced by 
V,, thus 

II, ^ St + aTV, {dp/dT) - 0 003.(23) 

It follows, by exactly similar reasoning, that the entropy <I>, of 
saturated steam can be represented by an expression corresponding 
to that for <j>, namely, « 

H), = * log, T/7\ + aV, (dpldT) - 0 000010.(24) 

The value of the fimetion G, = TO, - II, = T<f,-h, is the same 
for water and steam at sabiration, since O, — ^ ^ LjT. With the 
assumption already made for the variation of the specific heat of 
water, the function G, has the comparatively simple expression 
G.= TO,- ii,^T^-h = .9(Tiog, r/r„- 1 ) - ommirl ...( 25 ) 

This is a funclion of the temperature only, and is very easily 
tabulated. It is particularly useful in the adiabatic expansion of 
wet steam (see p. 218). 

The name “ Potential ” is here given to the function G = TO — H 
because equality of potential G may be regarded as'the condition 
of equilibrium between liquid and vapour at any teipperature. The 
properties of this function, as the criterion of equilibrium in physical 
and chemical changes, were first fully investigated by Willari Gibbs 
(Trans. Acad. Conn., vol. 8, p. 108, 1875-1878). It b often called 
the Gibbs’ function, and b denoted by various Greek or /ancy- 
script symbob in different works. The symbol 6 b here adopted 
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as being the initial of the name Gibbs, on which ground it was 
recommended to the Physical Society of London, and by the^i 
adopted in their list of symbols for thermal properties. 

In many books the total heat H is also callad “the potential,” 
Ai the analogy of potential energy in statics, because the drop of 
total heat represents the work done in steady flow at constant 
Wropy. The objection to this analogy is that the i)otential energy 
of the fluid dejjends on the conditions imposed, and that many 
different functions possess an equal right to the title of potent! J 
functions on this ground. Thus the increase of the function G, as 
here defined, represents the work obtainable in steady Ilow when 
the temperature is kept constant. The work so pbtainKi is the 
maximum obtainable from unit mass of compressed gas at atmo¬ 
spheric temperature without expenditure of fuel, and might most 
appropriately be regarded as equivalent to the drop of potential 
energy on expansion. Mathematicians often define G as // — 7'0, 
with the opi>osite sign, as representing a'drop ef energy. But the 
sign is purely a matter of convention, and it is just as logical to 
regard the increase of G = T0 — II in an irreversible process as 
corresponding to the increase of 0. It woidd also b;^very incon¬ 
venient in practice to have the sign of G always negative. 

The expression for the potential G of dry steam, superheated or 
supersafurated, is readily obtained from those already given for 
II &nd <1>, thus 

G - S^Tlog,(TIT,) - RT log. (PIP,) + a(c-h)P+ (0„-S^)T-B, 

.(26) 

where =>■■ 1-76800, and B - 46-i-OO, the constants in the expres¬ 
sions for 0 and U. 

If the above expression for G is equated to the expression 
already given for G, in the case of water, we obtain immediately 
the equation of saturation pressure, which is rcadil} reduced to the 
form previously given. 

The potential G of superheated steam is always greater than 
that of water.* When it becomes equal to that of water at the same 
temperature, ^e steam will begin to condense, if any suitable 
surfaces or nuclei are present to start the condensation. It is well 
known, however, that steam may be obtained by rapid expansion 
in the supersaturated condition, at a temperature much lower than 
the saturation temperature corresponding to the pressure, provided 
that no nuclei are present. Its potential in this condition is given 
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by the stme expression as that for superheated steam, but is lower 
thin that of water at the same pressure. The state of supersaturated 
steam is unstable, and is quickly reduced to that of wet saturated 
steam as soon aa. condensation sits in. The transformation of 
supersaturated steam into wet steam is an irreversible* proces#, 
involving an increase of entropy, wluch must always occur in rapid 
expansion because the condensation cannot keep pace-exactly with* 
the adiabatic fall of temperature. Some evidence of the actual 
existence of this supersaturated state in the eyh'nder of a stearti- 
engine was obtained by Callender and Nicolson (Proc. Inst. C. E., 
1898) by measuring the temperature with a platinum thermometer 
during rapid expansion. The phenomenon is of practical interest 
as explaining |5art at least of the “missing quantity,” and some Of 
the advantage gained by superheating. When the steam is initially 
superheated, the state of supersaturation is postponed to a later 
point in the stroke, and the increase of entropy is reduced.' Since 
the state of supersaturation undoubtedly exists, the tables have 
been extended a little below the saturation line. The values for 
supersaturated steam are of practical significance, us showing .the 
nature of tljg change which occurs in rapid ex|)ansion when the 
steam has insuffleient time to condense, and as affording a means of 
estimating the losses thereby oecasioned. The best illustration of 
the effects of supersaturation is afforded by the How dx‘ steam 
through a nozzle, where the expansion is extremely rapid fsee 
Chapter X). 

70. Experimental Values of the Saturation Pressure p. 

Since all the required ijuantitics in the equation of saturation 
pressure have been determined imicpendently of any mearureraents 
of the saturation pressure itself (except that the saturation pressure 
is 700 mm. by definition at 100° C.), the comparison of the values 
of p calculated by equation (19) with those directly observed, 
affords an additional test of the accuracy of the theory. A com¬ 
parison of this kind was made in the author’s original paper 
(JR. S,, 1900) with the observations of Regnault, which were the 
best then available, and the agreement was shoi^n to be satis¬ 
factory. Since that time additional determinations have been 
made, with modern appliances, at Munich (1905) by Knoblauch, 
Linde and Klebe {Forsek. Ver. DetU. Ing., 21), and at the Reichs- 
anstalt, Berlin (1908) by Holbora and Heiming (Ann. Phys,, 28, 
pp. 888-888). The results of these observations, as expressed in 
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nun. of mercury (Lat. 45 °), me compared with the author’s equation 
in the fdUowing table. 

Table I. Comparison of (19) \4ith Observations^of the Satiiratipn 
Pressure. 


Temp. 

Regnault 

Author’s 

Miinioh 

Berlin 

Cent 

Formula (ff) 

equation 

(1905) 

(1908) 

0° 

4-48 

4-62 

__ 

(4-58) 

20° 

17-30 

17-59 

— 

(17-51) 

40° 

54-91 

55-38 

— 

(55-13) 

00° 

148-83 

149-38 

— 

149-19 

80° 

354-6 

365-1 

— 

356-1 

110° 

1076-4 

1075-0 

1074-3 

I074-6 

120° 

1491-3 

1490-5 

1489 

1488-9 

130° 

2030-3 

2028-8 

2025 

2026-6 

140° 

2717-6 

2715-3 

2710 

2709-5 

1S0° 

3581-2 

3577-7 

3567 . 

3.568-7 

160° 

4662 

4846 

4634 

4033 

170° 

6962 

59.53 

5639 ' 

6937 

180° 

7546 

7532 

7514 

7514 

190° 

9443 

9420 

— 

9404 

200° 

11689 

11653 

— 

11647 


The afrreement between tlie observed and ealculated values 
shown in the above table is seen to be extremely elose, and affords 
in fact ^ne of the most exacting practical tests of the second law 
of thermodynamics, on which the calculation is based. The dis¬ 
crepancies rarely amount to as much as a tenth of 1 ° C., or 1 in 2000 
of the temperature interval, except in the case of Kegnault’s 
observations at low temperatures, whicli are known to be inexact. 
The agreement with the Berlin observ’ations Ix'Iow 100° C. is much 
closer thar. with Regnault’s formula. The values at 0°, 20°, and 
40° C., enclosed in brackets, are those given by Thieaen and Scheel 
(Wiss. Abh, d. Reichs., 8, p. 71,1900), which have been adopted by 
Holbom and Henning in their table. 

Above 100° C., the author’s results arc intermediate between 
those of Regnault and those of the later observers, agreeing better 
with Regnault from 100° to 180° C., but approaching the later 
observers at ^0° C. 'The close agreement between the values 
tabulated by the Munich observers (1905) and those subsequently 
determined by Holbom and Henning, Berlin (1908), is one of tlw 
most jpemarkable coincidences in experimental physics. The con¬ 
clusion has not unnaturally been drawn that both of the later series 
ot observations must be very exact, and that the systematic 
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discrepancy &om the author’s equation, equivalent to about'a 
^nth of 1° Cl from ISO" to 180° C., is to be explained by some error 
in the theory. It happens, however, that Henning (dm. Phys,, 22, 
p. ^25, 1907) has «iade an independent „ o o 

reduction of the Munich observations, o ’o 6 ' 6 V 
and has found a different set of values 
forp (Munich) which are in exact agree- 
jnent with the author’s equation from 
120° to 160° C. The discrepancy is of 
little practical importance, but is of 
theoretical interest as throwing further 
light oft the curious discontinuity at 
100° C. in Henning’s curve of H ,, already 
illustrated in Fig. 4, which appeared to 
be so well supi)ortcd by the Munich 
observations as reduced by Linde. In 
order to be able to form'a fair estimate 
of the value of the exfwrimental 
evidence, it is desirable to plot the 
separate observations of p in relation to 
the curves representing the formulae, as 
shown in the annexed Fig. 13. 

In place of plotting the differences of 
pressure as shown in the table, it is 
better to plot the corresponding differ¬ 
ences of temperature, because the errors 
above 100° C. are mainly due to thermo¬ 
metry, and becatise a more convenient 
scale is thereby obtained. Thus if p„ is 
the observed pressure, and Pa the 
pressure given by the author’s equation | | | 

at the same temperature, the small 
difference po - p„ is divided by the 
appropriate value of dpfdt, giving the 
corresponding difference of temperature, 
which is plotted with its proper sign 
against the temperature of observation. 

The zero line 00 in the figure repre- 0*—200*. 

sents the author’s equation. The curve , 

SR represents Regnault’s formftla H. The wavy line, mark^ HH 
represents Holborn and Henning’s table. The wave at the lower 
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extremity represents the observations of Thiesen and Scheel. ^ It 
would be of no use to plot Regnault’s observations on this scmt, 
since the poiqts would give a diffuse band, 0-8° to 0-4° wide, 
nearly filling the figure. The niajority of his observations lie bdow 
Mie line. RR between 100° and 200°, and above the line RR 
between 0° and 100°, showing on the whole better agreement 
with the author’s equation than with his own formula. 

The dots plotted above 100° C. represent the Milnich observai*. 
tions, whieh evidently give better agreement with the author’s 
equation than with the line Hll, except for the last four, which 
were too near the limit of satisfactory |)crformance of the apparatus, 
and also gave unreliable results for the volume. The discreiwincies 
indicated by the scattering of the dots were no doubt largely due 
to the employment of mercury thermometers, which showed ir- 
rcgtdarities of the order of 1 or 2 tenths of a degree, as is usual at 
such temperatures with mercurial thermonjeters. 

' * The observations of Holborn and Ilchning on the other hand, 
appear to have been extremely concordant. They employed platinum 
thermometers for mcasviring the temperature, and an electric 
heating coil for vaporisation. Their apparatus could acarcely fail 
to give consistent icsults in capable hands, but was of a type 
pecidiarly liable to sy.stcmatic errors from radiation and conduction, 
so that*it is questionable whether the temperature which they 
measured was the actual temperature of the steam. The proximity 
of the electric heater to the tube containing the thermometer, 
might easily give rise to small systematic errors of the order of a 
tenth of 1° C. It is most likely that the observed temperatures 
would be systematically too high (or the corresironding pressures 
too low) sgice temperature-errors in defect woidd be prevented by 
the condensation of the steam. A systematic error of precisely this 
type is indicated by the somewhat abrupt fall of the curve HH 
starting from the 100° point. The abnipt change of curvature at 
100“ C. is better shown in the difference curve representing Holbom 
and Henning’s observations in their original paper, where the 
temperature differences are plotted on a four times larger scale. 
It is obviously ^ue to a systematic error of observation of the kind 
described, since no possible reason for an abrupt change at 100° C. 
• can be found in theory. The existence of a systematic error in the 
values of dpjdl is further corroborated by the fact previously alluded 
to (Chapter V, § 46), that the valiles of L calculated by Linde from 
the Munich values of V and dpjdl agreed so remarkably with those 

10 
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subsequently given in Henning’s table, and gave a similar abrupi 
qpH impossihJe bend in the curve of H, at 100° C. as shown in 
Fig. 4. The values of dpfdt employed by Linde were practically 
idehtical with those subsequently found by Holbom and Henning. 
Whereas if Henning’s reduction of the Mtinich observations on p 
is accepted, the abrupt bends in the H, and p curves disappear, 
and both are brought into very close agreement witlj the author’s* 
^and with the theoretical expression for H derived from Linde’s 
equation. The systematic error of Holborn and Henning’s table of 
p (H. and IL), though small, is of theoretical importance on account 
of its effect on the calculation of L from V ; because, when taken in 
conjunction with Henning’s low values of L between 120° and 
160° C., it has’led nearly all recent computers to depress the H, 
curve unduly in this region, and to employ the erroneous value 
tf = 805° for extrapolation in the Thiesen formula. 

The broken'line marked S in the figure below 100° C. indicates 
the effect of assunting thb variable value, = 0'460 + O-OOOlf, m 
place of the constant value, iSg == 0-4772, in calculating the satura¬ 
tion pressure. This assumption makes so little difference to the 
curve between 100° and 200° that it could hardly be shown on 
the scale of the figure. At low temperatures, it appreeiably im¬ 
proves the agreement with experiment, but the pressure differences 
are here so small that it is of no practical importance. It must 
also be remembered that the adoption of the variable value <3f 8 
impairs the agreement with Griffiths’ and Dieterici’s values of L, 
and complicates all the equations unnecessarily for practical 
purposes. ' 

The experimental values of p, and a fortiori those of dpjdt, are 
probably less accurate than the calculated values between 100° 
and 180° C., where the data for the calculation are satisfactory. 
The uncertainly of both increases rapidly at higher temperatures, 
but it appears probable that the calculated values are sufficiently 
accurate for most practical purposes up to 250° C., where the error 
of the formula (19) cannot exceed 1° C., and is probably much less. 

71. Methods of Interpolation for tabplating p. In 
constructing consistent tables of the properties of saturated steam, 
the first essential is to calculate the values of the saturation' 
pressure for different temperatures by means of the theoretical 
equation (19), already given. Tl% other properties are theii easily 
determined by inserting corresponding values of the pressure and 
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^temperature in the equations for dry steam. It is rammonly 
^objected to the author’s theoretical equation for the saturation 
pressure that it is too complicated for practical use, and cannot 
easily be inverted so as to gi\^e the tempcratitfc in terms of *he 
ptessure;- Many attempts have been made to devise empirical 
formulae with this object, but without much success. .When 
nowever it is a question of interpolation over a restricted range, 
such as 10°, a formula of interpolation may readily be deduced 
fitom the original equation. A formula of tliis kind is useful, 
because the ordinary method of inter|>olation by simple proportion 
is unsatisfactory in dealing with the saturation pressure or volume, 
unless the differences involved are very small. I(iterpol..tion by 
taking the logarithm of the pressure in place of the pressure itself 
is often recommended, and gives results almut live times as 
accurate as the method of simple proportion over a range of 10°. 
But the following rule, deduced from the pressure formula itself, 
ii^ very little more trouble than logarithmic interpolation, and is 
about ten times more accurate. 

Rule. Given the pressures p' and p" corresponding to tem¬ 
peratures t' and (" in the tables, to find the value of t cqfresponding 
to any intermediate pressure p, find t — t' by logarithmic inter¬ 
polation, reduce it in the ratio TIT", and add the result to 

The Ordinary rule of linear interpolation by simple proportion 
gives 

t _ t'- (<"- f') (p - p')/(p''- p').(27) 

Logarithmic interpolation gives 

t - (t"- t') (logp - logp')/(logp"- logp'). ...(28) 

This is woiked on the slide-rule, and redueed in the ratio TIT". 

The explanation of this rule for inverse interpolation follows 
immediately from the form of the equation of saturation pressure, 
namely, 

log p/p'= 13'2m (f - t')IT + small terms, .(29) 

since the secqpd term log TIT— m(t - t')IT in the equation is 
small when t is nearly equal to t'. We have similaiiy for p' and p" 

logp"/p'= I8-2»n(l"- t')IT"+ small terms.(80) 

' Taking the ratio of these two equations, the small terms ore 
approximately eliminated, the constant goes out, and we obtain 
the rule already given. Since the' logarithms of the tabular pres¬ 
sures p' and p" are directly obtained in working the pressures. 
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there is only one logarithm to look up for each required value of 
The appronimate value of T required for the final reduction is 
obtained from that of t given by logarithmic interpolation in the 
course of the work, by formula (28). The method is accurate to 
about'a hundredth of a degree over a range of 10° C., and is much ■ 
less t]»ub!e in practice than any of the empirical formulae com¬ 
monly recommended. 

In constructing the Steam Tables, the values of p were first 
calculated for each 10° C. from the exact equation (19). Values 
of t or p, at intermediate pressures or temperatures, were then 
deduced by interpolation. The formula of interpolation employed 
was somewhat ^pore accurate than the modified rule of logarithmic 
interpolation previously given, since it was desirable to work the 
interpolated values to the same order of aceuracy as those ori¬ 
ginally calculated for each 10°. It was devised to take account of 
the effect of the small terms, and was as follows. 

Given p', p" atf, l",*to find p for any intermediate t, 
log (p/p')= log (p7p')(t - n (1 + (<"- t)l0-8ST)l(t"- t'). ...(81) 

The corresponding formula to find t for any intermediate p, is : 
t - t'- (t-'t t') log iplp') (1 - (<"- 0/0-88r')/log(p"/p'). ...(82) 
These formulae are almost as easy to work in practice as the rule 
previously given, but have the advantage of being accuraj^e to the 
required limit over a much greater range. The following example 
will serve as an illustration of the method of calculation, and a test 
of the accuracy of the formulae. 

Given t'= 90° C., logy= 1-00602; f'- 110°, logp"= 1-81750, 
find p at 100° C.; or conversely, find t when p = 14-689, or 
logp •= 1-16699. We have 

log (p"lp') = -81067. (i - - t') = 10/20. 

Half log (p"/p') =-156885 

Also 0-88T = 828. 

Add 10/828 of -155885 (worked on a slide-rule) => -00474 

sum = -16007 

The sum of these two terms gives log (p/p') correct to the last 
figure. The correction term -00474 represents the'error of simple 
logarithmic interpolation, which in this case amoimts to about - 
1-1 per cent, on the value of p, whereas the rule given is about 
500 times as accurate over a range of 20°. 

To find t for any given p is not quite so easy because this 
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invdves the ratio 1^ (p/p')/log (p'7p') (or -lecoT/'aM^ in the 
present example) which when multiplied jjy {t"— t')g^ve8 IO-OoSSm 
the first appreximation to ((— (') by logarithmic interpolation. 
This must be reduced by {t"~t)l-S8T'\ or 10/fiS7, of itself, which 
^ves — -BOS”, so that the correct answer is (t — t') =■ 10-o6o®, or 
( 100° C. In practice the first approximation to (t - t') can be 

used in finding (<"- t) for the small correction, which is then 
effected by setting the cursor at T on the slide, and setting the, 
slide back to T"+ a tenth of (<"- t), without writing down any 
figures except the differences of the logs of the pressures. 

With a table of pressures for each 10° of temperature, the 
temperature corresponding to any given pressure can be ilound by 
this formula correct to -01° with the aid of a small slide-rule, or to 
•001° by the aid of a P’uller spiral slide-rule. The chief trouble 
involved is that of looking up the required logarithms, P'or this 
reason*the tables of p and V for each degree have been constnicted, 
^fom which any required values can be dbtained correct to '01° C. 
by simple proportion, without the aid of logarithms. It must be 
remembered, however, that a change of 1° in the temperature at 
100° C. makes a difference of nearly 4 per cent, in the pressure, 
so that results obtained in this way will not be quite so accurate 
as the tabijlated values. It should also be observed that the pres¬ 
sure itsdlf cannot be tabulated with a uniform degree of proportion¬ 
ate*'accuracy. This property is possessed by the logarithm of the 
pressure, which more nearly represents the actual results of the 
calculations, and is more often required in numerical work than 
the pressure itself. For this reason a' table of logarithms of the , 
pressure is also given for each degree, whieh will give more exact 
results b)fe interpolation, and is also more useful in finding the 
entropy or working out expansion curves. 

The corresponding table of volumes of saturated steam for 
each degree, has been calculated directly from the logarithms of 
the pressures by means of the characteristic equation 
V “ RTjap + b — c. 

In using this table for adiabatic expansion, it must be remembered 
that the quantity which occurs in the adiabatic equation 
P* (F — 6)"+* =■ constant, 

is not^F but V — b, which makes an appreciable difference when 
the pressure is high and the vcKume small. For most practical 
purposes, the quantity b might have been omitted altogether from 
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the eqiiitioiis, but it has been tetained on Iccouht of its theoretical 
aigniflcanee, and cannot be neglected hi the calculations without 
introducing small numerical inconsistencies. 

72 . Empirical Formula for the Saturation Volum#. 

A formula for the saturation volume of the typepF” «■ constant, 
was given by Rankine with the value m = 17/16 for the index 
Reduced by means of Clapeyron’s equation from Regnault’s 
formulae for the total heats H and h and the saturation pressure. 
With the new values of the total heat, deduced from the throttling 
experiments and the specific heat, a formula of the same type still 
holds vety closely, but the value of the index must be changed to 
m - 16/15, as deduced by Mollicr from the author’s equations. The 
value of the constant is 490, when the pressure is in pounds per 
sq, in, and the volume in cu. ft. per lb., or 1-786 for kg. per sq. cm. 
and cu. m. per kg. But in practice it is generally necessary to 
employ the equation in the logarithmic form 

•”Kio F, = 2-5222 - 15 (log,op)/16 (F.P.C. or F.). ...(88) 

The onlcr of agreement between this empirical formula and 
the values deduced from the characteristic equation, is shown in 
the following table. 


Table II. 


Temp, 

Volume of saturated steam in cubic feet per pound 

Cent. 

Dy empirical formula 

By charaoteristio equation 

0 ° 

3270 

3270 

50° 

192-0 

192-7 

100° 

26-79 

20-70 

160° • 

0-270 

6-290 

200° 

2-072 I 

2-074 

250° 

0-874 

0-870 


The excellence of the agreement over so wide a ^ange is due to 
the fact that, although the index m is really a variable, it passes 
through a maximum slightly greater than 16/15 in the neighbour¬ 
hood of 120° C. The mean value of m over any desired range such 
as p' to p" is given by the formula 

m^log{p'lpl')l]og{V’‘IV') ..*(84) 

Where V\ V" are the dry-saturated volumes at p', p". The value 
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of m at any particular point 
of the saturation curve may be 
deduced from |he expression 

m~-r(dpldV)lp 
* (1 - I))/(l -Spx 

(dTldp)lS,T), ...(85) 

whete D is the deviation ratio 
a(c — b)plRT. The limiting 
value at low pressures when 
Z> = 0, and S = S„, is the 
reciprocal of 1 — p (dTjdp)jT, 
which has the value l-OSS at 
0° C., and evidently cannot be ^ 
constant. The value of m 
reaches a ma.\imum of about 
t‘069, and falls again at high 
pressures owing to the increase 
of D. 

73. Empirical Formula 
for p from 200° to 374° C, 

It has •bd’eome the cus^toni of 
recent years to endeavour to 
represent the saturation pres¬ 
sure all the way from 0° C. up 
to the critical point by elabor¬ 
ate empirical formulae extend¬ 
ing to high powers of the tem¬ 
perature. There is no particular 
dilTiculty in representing any 
selected set of observations as 
closely as may be desired by a 
formula of this type. But the 
result is of no theoretical value, 
and of little practical utility, 
because pressiCres exceeding 250 
Ibs./sq. in. are seldom used ex¬ 
cept in small automobile engines, 
whetit accurate tests are im¬ 
practicable, and other considera¬ 
tions an more importsmt than 
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effideneyi Owini; M the uncertainty of the experimental results, 
it js desirable to employ the simplest possible type of formula 
ftr purely sp^ulative purposes in the neighbourhood of the critical 
point. There is a considerable amaunt of evidence, derived from 
the'behaviour of bther vapours, that a formula of the simpla 
type log (p/pi) = K/Tg - KjT, though certainly inadequate at 
low pftssures, represents the saturation curve with remarkable" 
fidelity at high pressures over a considerable range. A suitable 
formula of this type in the case of steam is as follows: 

logp = 2-86285 + 4-284 (t - 200)/?' (F.P.C.), ....(86) 

in which tfie constants are chosen to give the same values as the 
theoretical equation for both p and dpjdt at 200° C., so that the 
curve joins continuously with the theoretical curve at this point. 
The formula has the advantage of giving the simple expression 
4648/?' for the ratio (^Ip) (dpjdl), and agrees sufficiently well with 
experiment for practical purposes, as indicated by the annexed* 
figure. * * 

The zero line in the figure represents the empirical formula (86). 
The curves represent the smoothed results of various scries of 
experiment8«,The difference of each experimental result from the 
formula is expressed in degrees of temperature as previously ex¬ 
plained. The curve CC represents the observations of Caitletet and 
Colardeau (Jmirn. Phys., 1891); the curve BB those of &attqiii 
{Ann. Chim, Phys., 1892-94); the curve KK those of Knipp (Phys. 
Ret)., 1900). All of these give much higher results forp than formula 
(86). But the curve HB, re|)resenting the latest results of Holbom 
and Baumann (Ann. Phys., 1910), which are probably the most 
accurate, gives slightly lower results than the formula between 
280° and 360° C. It is verj' likely that the values of p ^iven by 
the formula ma^ be too high in this region, but the difference 
shown does not greatly, if at all, exceed the probable errors of 
experiment. 



CHAPTER VIII 


THE CRITICAL STATE 

74 * Properties of C02. It would be beyond the scope 
of the present work to attempt a review of all the various specula¬ 
tions current with regard to the critical state, or to cbnstruct a 
system of equations capable of representing the properties>of steam 
consistently in this region, but some reference is nedessary in order 
to prevent misapprehensions, and a general account of the pheno¬ 
mena may be of interest as illustrating the dilflculties to be en¬ 
countered in framing a complete theory. The*critical temperature 
ahd pressure in the case of steam are so liigh that there are grave 
experimental difficulties in the measurement of any of the other 
physical properties of the fluid in this region, and there is little 
prospect of being able to utilise them efficiently in j^ny kind of 
engine. On the other hand, the substance COj, commonly known 
as carbonic acid, is often employed for refrigerating puiqioses in 
the neighbourhood of its critical point, and its properties in this 
region have been most carefully investigated by many skilful 
experimentalists. For this reason, illustrations of critical pheno¬ 
mena will be taken chiefly from the properties of COj, for which 
so many experimental data are available that it is possible to test 
any theory or formula with reasonable certainty. 

The epical Temperature of any substance is readily observed 
by heating a suitable quantity of the liquid in a sealed tube and 
observing the temperature at which the meniscus' or surface of 
separation between the liquid and vapour, disappears. Experiments 
of this kind were first described by Cagniard de la Tour (Ann, 
Chim. Phys., 1822-28), who measured the critical temperatures of 
several liquids in this way. As the temperature is raised, the 
surface tension^of the liquid diminishes, the meniscus flattens out, 
and finally vanishes when the critical point is reached. The liquid 
and vapour then mix, and the tube becomes filled with a homo¬ 
geneous substance. Above the critical point, the liquid cannot 
be distinguished from the vapour, and no separation into two 
states can be effected by any increase of pressure. Faraday (PhU. 
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Trtuu., 182s and Isls), in his experiments on the liquefaction of 
(pies, came {o the conclusion that there was a similar limit of 
temperature for each gas, above which it could npt be liquefied 
by pressure, but tip importance of fhis point in the liquefaction of 
gases tvas not fully realised till a much later date. * 

Th( Critical Pressure. Cagniard de la Tour made some rough 
measurements of the pressures at which the meniscus disappeared,' 
but he had no independent means of varying the volume, so that 
Tiis experiments were necessarily incomplete. The first satisfactory 
measurements of pressure, temperature, and volume, over a fairly 
wide rangfl in the neighbourhood of the critical point, were made 
by Andrews (Phil. Trans., 1869) in the case of COj. The gas was 
confined in a ti^ibrated capillary tube over mercury, so that the 
volume could be varied by means of a screw plunger, and the 
pressures were simultaneously indicated by a similar capillary 
containing air. At’temperatures below the critical point, the 
saturation volumes of the liquid and vapour could be estimateb 
from the observed volumes at the beginning and end of condensa¬ 
tion, but the pressure in Andrews’ experiments did not remain 
quite constant during condensation at constant temperature 
owing to a residual impurity, about 1 in 1000, of air. The saturation 
pressure appeared to vary in a regular manner with temperature 
following a continuous curve up to the critical point. Above the 
critical point, no condensation or separation of liquid could* be 
observed, but there were large changes of volume for small changes 
of pressure, giving rise to well marked points of inflection in the 
isothermal, which persisted for several degrees above the critical 
point. The critical terapcrat\ire was estimated as 81° C., and the 
corresponding pressure as 7S atmospheres, but the air-ij^anometer 
was not corrected for the deviations from Boyle’s law, and the 
etfects of any’residual impurity, such as air, on the saturation 
pressure, tend to increase as the critical point is approached. At a 
later date, Amagat (Ann. Chim. Phys., 29, p. 186,1898), employing 
a similar method with the utmost refinements of accuracy, and 
paying special attention to the purity of the gas, felmd the value 
72-9 atmospheres for the critical pressure of CO, at a temperature 
of 81-85° C., but owing to the effects of supersaturation and tire 
instability of equilibrium at the critical point, the critical pressure 
itself is more difficult to determine accurately than the saturation 
pressure at lower temperatures. » 

For this reason among others it is advantageous to have an 
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empirical fonnula lepresenting all the obserfations of tSie satuia- 
tion pressure as dosdy as possible. The following formula, wUt^ 
is of the simpkst p<»sible type, the same as that employed in the 
last chapter lor steam from C. to the critical point, appears 
to represent all the best observations for CO, within the liAiits of 
experimental error: 

logioP “ 1-S8fl8 + 8157t/r. . (1) 

The value of the constant 1-5868 in the above formula gives thvf 
saturation pressures in atmospheres of 760 mm. (lat. 45°), in terms 
of which most of the observers have expressed their results. If the 
pressure is required in lbs. per sq. in. (London), the value of the 
constant is 2-7088. The temperature < is to be reckoned from the 
freezing point of water. The corresponding formula for the ratio 
L/op {V -v), or {Tlp)dpldi, is 1985/r Cent., or 8578/2’ Fahr. 

Tljc following table shows a comparison.of this formula with 
•the results of observation which appear^to be most reliable: 


Table I. 

Saturation pressures of liquid CO, in atmospheres of 760 mm. 


Temp. Cent. 

-60° 

-40° 

-30° 1 

-20° 

-10° 

0° 

+ 10° 

+ 20° 

+30° 

msgat, 189ii * 

_ 


— 1 

_ 

_ 

34-3 1 

44-2 

66-3 

70-7 

. and.R.. 1902 

6-60 

9-82 

140 

19-3 

260 

34-34 

I - 

— 

— 

andS., 1906 

6-72 

9-88 

14-1 i 

19-5 

26-8 

— 

! — 

— 

— 

and P., 1914 

6-66 

9-86 

14-0 

19-3 

26-0 

34-6 

44-7 

1 56-8 

— 

ormula (1) 

1 6-74 

9-88 

14-02 

19-30 

26-08 

i 34-38 

44-43 

1 66-45 

70-80 


Btferencea: Amsgat, Annales de Chimie tt Phyttqut^ Vol. 29, p. 136, 1693. 

K. and R. Kuenon and Robson, PhU. Afop., Vol. 3, p. 164, 1902. 

Z. and S. Zeleny and Smith, Phyt. Zeil., Vol. 7, p. 667, 1906. 

9. and P. Jenkin and Pyo, Phil, Tram. A, VoL 213, p. 67,1914. 

The observations of Regnault (utilised by Itlollier) are not 
included in the table, as they are much higher than any of the 
others, and he did not consider them satisfactory himself. The 
values which he gives at temperatures above the critical point 
cannot represent true equilibrium. Jenkin and Pye consider that 
their values a^ probably a little too high owing to a small impurity 
of air. The liquid curve can be followed 5° or 10° below the breezing 
point, which is at - 56-2° C. and 5.2 atmospheres. 

• 5^ CritiaU Volume. Accurate measurements of the saturation 
vcJwes of liquid and vapour ih the nei^bourhood of the critical 
point become very difficult owing to the rapid changes with pressure 
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and temiiferatuK. T& critical volume itself cannot be measured 
(^itectly, bec|mse the isotheiroal compressibility (l/o) ((fo/dp), 
becomes infimte of the second order at the critical ppint. The usual 
method in such a jiase is to measifre corresponding values of F 
and »‘under saturation pressure at a series of temperatures ep* 
ptoachjng the critical point as closely as possible, and to estimate 
the critical volume itself from the limiting value of tharaean of F' 
and V. Cailletet and Mathias {Jmm. de Phys., II, Vo!. 6, p. 549, 
T[886), found that better results could be obtained by taking the 
mean of the densities 1/F and I/b, which gave a more symmetrical 
curve tharf the volumes. The diameter of the curve obtained by 
plotting Uje mean of the densities of the liquid and vapour, as in 
the following figure, turns out to be nearly rectilinear in the case 
of CO, over a wide range of temperature, and can be produced 
to the critical point with some degree of confidence, assuming that 
it presents no singillarities beyond the limits of experimental 
measurement of F.and «. Cailletet and Mathias measured th6’ 
saturation volume of the vapour V at each temperature by ob¬ 
serving the disappearance of the last drop of liquid in a capillary 
tube when the volume was gradually increased at constant tem¬ 
perature. This tends to give too small a result for F, or too large 
a result for 1/F, owing to surface condensation, because the ratio 
of surface to volume is rather high in a capillary tubs. They 
measured the difference of the densities of the liquid and vapour by 
a hydrostatic method in terms of the density of mercury, and 
deduced the density of the liquid by adding that of the vapour 
previously measured. For some reason, the values they obtained 
for the density of the liquid are appreciably lower than those 
subsequently observed by Amagat, employing the mqre direct 
method of measuring the volume in a calibrated tube. The coeffi¬ 
cient of expansion of liquid CO, is very high, being equal to that 
of a gas at — 25° C., where the cooling-effect vanishes, and in¬ 
creasing more and more rapidly up to the critical point, where it 
b^mes infinite. 

The smooth curve in Fig. 15 represents Ama^t’s table of 
results (loc. eU., p. 186), obtained by-producing the observed iso- 
thermals for liquid and vapour on the PV, P diagram to the satura¬ 
tion pressure at each temperature. This method has the advantage 
of eliminating much of the error due to surface condensation, since 
riie result does not depend exclusk'ely on the observations al the 
saturation point. But the isothermals are so steep near the critical 
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point that it is difficult to perform the extra^lation satAfactorily, 
and the behaviour of other substances would appt^p to indichje 
that the curve* of liquid and vapour are not so exactly symmetrical 
as is shown by Amagat’s table for CO,. The observations of CailVitet 
kid Mathias, indicated by the ( x ) crosses, differ systemdticaliy 
from those of Amagat, but give nearly the same diameter. Their 
'observations of the density of the liquid do not extend beyond 
22*2“ C. Those of Behn (Ann. Phys., 3, p. 788, 1900), indicated by 
the ( + ) crosses, were made by a delicate hydrometer method, and 
are very consistent. They extend down to — 60° C., but do not go. 
above 24-8‘’ C. They overlap Amagat’s observations from 0° to 



25* C. When combined with Amagat’s vapour-densities, they give 
a diameter OC, which is an exact straight line within the limits of 
experimental error, giving for the mean of the densities in gms./c.c., 
the simple equation 

(1/F + l/c)/2 - 0-6125 - 0-001481.(2) 

The extrapolation of this diameter to the critical point gives the 
critical density'0-465 gm./c.c. In the case of many other substances 
the diameter of the curve representing the saturation densities of 
liquid and vapour is appredablyacurved, and there is no theoretical 
reason why it should not present singularities near the critical point. 
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But thereHs no expe^ental evidence that the diameter is other- 
flj<e than str^ght in the case of CO,, and the simple equation (2), 
when taken in conjunction with a formula for the,iatent heat L, 
giving the differencje V -v from ClUpeyron’s equation, afiotds an 
indepehdent method of deducing consistent values of the saturat’oif 
volumes of both liquid and vapour in the region near the critical 
point where the direct experimental evidence is somewhat deficient' 
and uncertain. Values of V and v obtained from L in this way are 
^ close agreement with Amagat’s when the same value of L at 
0° C. is assumed. 

The LOent Heai. The values of p, IfF, and l/o, in Amagat’s 
table, all the necessary data for calculating the values of L 
from 0° to 80° C., by means of Clapeyron’s equation, but it is best 
to utilise formula (1), which gives lOSSp/T for the faetor Tdpfdt. 
Below 0° C., the direct observations of L by Jenkin and Pye {loc, 
eit.) are the only expirimental data available, and are represented 
very closely from - 50° to + 20° C., by a formula of the Thieserf' 
type, as follows: 

log,„i = iai64 + 0-4116 logio (81-5 - /).(8) 

in which th?critical temperature is taken as 81-6° C. 

The following table shows a comparison of the experimental 
values with those given by the above formula. 


Table II. 

Latent heat of vaporisation of liquid CO, in cals. C. 


Iraap, Cent. 

-50'^ 

-40° 

Bi 

1 - 

; -20® 

) 

B9 




wm 

31° 

Amagat 

— 

1 _ 

_ 

! _ 

_ 

661 

47-7 

36-6 1 

14-8 

7-80 

J.andP. 


■r<iM 

71-3 


(iO'8 

54-1 

46-2 

36-65' 


— 

Formula (3) 

;i|i| 

[ 75-8 

712 


60-6 

641 

46-2 

36-7 

15-4 

8-97 


There is a discrepancy of nearly 2 cals. C. between the values 
of L deduced from V and those given by Jenkin and Pye at 0“ 
and 10° C. Almost any equation that can be employed to give 
values of V consistent with Amagat’s value at 0° C.,*and with the 
curve of saturation pressure, will give values of L jjigher than (8) 
by a nearly constant difference of 2 cals. C. from 0° to - 50° C. 
i This is not without significance, because the values of F are more 
likely to be correct at low pressures than those of L, whiqji ace 
extremely difficult to measure, and are generally liable to err in 
d^ect The observed values of F at high pressures are also liable 
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to enr in defect, so that it would not be suj^ming if th^ahiea of 
L given by (8) should prove eventually to be systematically too low^. 
It is probable |hat a formula of this type would give more satis¬ 
factory values of L near the optical point than could be dedi(ped 
Itom observations of V and v, if the critical temperature were 
known with certainty. The difference between the valu^ 81'5” 
^sumed in (8) and Amagat’s value 81-85° C. is almost sufilcient to 
account for the differences shown in the table at 80° and 81° C., 
but it is just as likely that there are systematic errors in V. 

The continuous curve in Fig. IG represents the empirical 
formula (8) for the latent heat. The dots represent the observations 
of Jenkin and Pye extending from — 53° to + 20° C. Tlje broken 



ciurve from 0° C. to the critical point represents values of L cal¬ 
culated from Amagat’s table of p, V, and v. The continuation of 
this curve down to — 00° C. represents the values of L obtained 
by combining equation (89) for V with the observed values of v, 
and deducing the equation of saturation-volume (48) from the 
values of h represented by equation (4) of the next section, as 
explained laten 

• The broken curve in F^. 16, can be equally well fitted with a 
fbnnuto of the Thiesen type, namely, 

log„ L - 1-1408 + 0-4018 logi, (81-6 - t).(8 b) 
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which would agree‘very closely with Amagat’s table up to the 
^tical poin^ if the critical temperature were taken as 81-BS® C. 
But any small disagreement near the critical po^pt would be of 
littje significance, because the actiihl values of V and v cannot be 
observed satisfactorily in this region. The critical temperature 
taken.as 81-5° C, in both formulae for the sake of uniformity. The 
exact value is necessarily a little uncertain owing to the effect of 
impurities, which were not completely eliminated even in the 
‘observations of Amagat, and which tend to depress the observed 
value of the critical temperature and to raise that of the critical 
pressure in this particular case. 

The Xstfd Heal. The total heat is the most important quantity 
for thermodynamical purposes. In order to complete the solution 
for saturated COj, and to obtain consistent values of H in the 
neighbourhood of the critical point, it is necessary to assume a 
formula either for H or A, consistent with the critical conditions 
and with the experimental values at lower temperatures. Thb 
simplest way to do this is to adopt a formula of the same type 
as that already applied in the case of water, Chapter 11 (5), namely, 

H - aVTdfIdt - A - avTdpIcU = TdGldT - G = 0-42< - 6-58, (4) 

which has the advantage of giving simple and exact expressions for 
the entropy of the liquid and vapour, and of being consistent with 
the condition that both dHjdT and dhfdt become infinite, but with 
opposite signs, at the critical point. The value of the constant 0*42, 
like the corresponding constant in the case of water, is a little 
greater than twice the value of the specific heat of the vapour at 
lero pressure, which is 0'208 in the case of CO, at its critical 
temperature. The formula is equivalent to assumin;^ that the 
coefficient Td’GjdT^ remains finite and equal to 0-42. There is no 
thermodynainital reason why this coefficient should necessarily be 
amstant, but the constant value selected appears to satisfy the 
experimental data within the limits of probable error, as is shown 
in the following table. 

Table III. Total heat A of liquid CO, in eals. C. 


f 


Temp. Cent. 

-fiO” 

-40" 

1 -»>“ 1 

-20" , 

-10" 

B 

-elO" 


3. and P. (1814) 
Ponn«la(4) 

- 27-3 
-2827 

- 221 
- 21-61 

- 16-1 
- 16-66 

- 11-4 

1 - 11-37 

-6-8 

-6-88 

i 

-t- 6-S6 
-t-6-46 

m. 
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There appeared at first to be a systematic divergence below 
— 90° C. between the values calculated by (4) and th )se tabulated 
by Jenkin andtPye in their first paper (1914). The observations 
subsequently given in their later paper (PhU. Trms., A, 915, g. 800, 
fdlS) appear to differ from (4) by a few tenths of a calorie only in 
the opposite direction, but it is not possible to give exact figures 
as they do not give a corrected table of h. The discrepancy in their 
experimental value at + 20° C. rests on a single observation of the 
mean specific heat of the liquid at 900 lbs. from — 12° to + 10-2° C., 
and the observed increase of h from 10° to 20° according to their 
table is less than that from 0° to 10°, which is clearly impossible, 
since the rate of increase of h becomes infinite at tlic criti..'al point. 
They found in fact that “the liquid limit curve between 10° and 
28° did not fit quite satisfactorily” in their diagram. The values 
of h and shown on their diagram at the critical point itself agree, 
,as nearly as they can be estimated, with those given by equation (4), 
with Amagat’s value of v at the critical point. The constant 6'68 
in equation (4) is the value of the term avTdpjdl at 0° C., so that 
A = 0 at 0° C., according to the usual convention. Jenkin and Pye 
take A = apv — + 0-91 cal. at 0° C. in their table. The constant O-O 
has accordingly been subtracted from their values of A, as given 
in Table III above, for comparison with the formula (4). 

EmpilwxlTable for the Properties ofCO^atSaturation. The values 
given in the following table have been calculated from equations 
(1), (2), (8), and (4), without direct reference to Amagat’s table, 
for the sake of uniformity and consistency, because Amagat’s 
table does not extend below 0° C. It is quite likely that Amagat’s 
value, 0-I66 for V, at 0° C., in F.P.C. units, is more nearly correct 
than the value 0-X605 given in the table, as deduced from equation 
|8) for L. This could easily be represented, if desired,^l)y taking the 
second formula (8 b) with L = 56 at 0° C., and 82 at — 50° C. 

It is theoretically probable that the values of p given by (1) 
ate a little too high below — 80° C., and that the corresponding 
values of dpjdt and V are uncertain in this region. Such points 
■cqjild not be sAtled satisfactorily without more exact knowledge 
than we at presept possess of the theory of the critical state and the 
of the chai^teristic equation, without which it is impossible 
' 0 > construct a completely consistent system of equations, including 
t^ Add of the liquid and the superheated vapour in addition to 
ffe saturated state. This extension' is full of difficulties, which wiU 
M illustrated in later sections. In the meantime it is better to have 


aa. 
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an exact system of equations summarising the experimental data 
for the satuiated state, than a set of tables by different experi¬ 
mentalists which are necessarily more or less dissontinuous and 
inconsistent. • 

Table IV, 


“Properties of saturated carbonic acid in F.P.C. units. 


t 

P 

100* 

lOOFi 

i 

A 

H 


« 

- 60“ 

99-0 

1-386 

89-67 

80-00 

- 26-27 


63-73 

- 0 -1032 

0-2664 

- 45“ 

120-4 

1-409 

73-73 

77-91 

- 23-91 

+ 

54-00 

- 0-0929 

0-2487 

- 40° 

H6-1 

1-433 

61-06 

76-77 

- 21-51 

+ 

64-26 

- 0-0826 

0-2424 

- 36“ 

173-6 

1-469 

60-89 

73-64 

- 19-06 


64-48 

- 0-0724 

0-2366 

- 30“ 

“S06-0 

J-488 

42-66 

71-20 

- 16-55 

•h 

64-66 

- 0-0622 

0-2307 

- 25“ 

242-8 

1-619 

35-94 

68-77 

- 13-99 

+ 

64-78 

- 0-0621 

0-2261 

- 20° 

284-4 

1-662 

30-42 

66-21 

- 11-37 

+ 

54-84 

- 0-0418 

0-2198 

- 16° 

331-0 

1-589 

25-84 

63-47 

- 8-67 

+ 

64-80 

- 0-0316 

0-2144 

- 10° 

383-1 

1-631, 

22-00 

60-66 

- 6-88 

+ 

64-67 

- 0-0212 

0-2090 

- 6“ 

441-0 

1-678 

18-79 

67-45 

- 3-00 

+ 

64-46 

- 0-0107, 

0-2036 

0“ 

606-0 

1-731 

16-03 

64-06 

0 

+ 

64-06 

0 

0-19ft) 

+ 6“ 

676-6 

1-795 

13-72 

60.36 

+ 3-15 

+ 

63-51 

+ 0-0110 

0-1921 

10“ 

662-8 

1-866 

11-68 

46-21 

6-46 


62-66 

0-0222 

0-1854 

16“ 

737-4 

1-957 

9-889 

41-44 

9-99 


61-43 

0-0340 

0-1778 

20“ 

^9-3 

2-076 

8-268 

38-71 

13-86 


49-66 

0-0467 

0-1688 

26° 

929-2 

2-260 

6-688 

28-24 

18-29 


46-63 

0-0609 

0-1666 

30“ 

1037 

2-641 

4-864 

16-46 

24-52 


39-97 

0-0807 

0-1317 

31-6“ 

1071 

3-438 

3-438 

0 

31-38 


31.38 

01030 

0-1030 


Formuloo for tbo above quantities; > 

Saturation pressure, log,gp = 2-7033 + 3-167 t/T. .(p) 

ReetUlnear diameter, Ijv + l/V = H - 0-185t.(») 

Clapeyron’s equation, ap (V r t>) - LpjT (dpjit) = LTI19S5. .(F) 

Latent heat (Thiesen), iog,, L - 1-1164 + 0-4115 log,, (31-5 - I) .(£) 

Total heat o{ liquid, A = 0-42t + vLK V - v) - 8-63.(A) 

Total heat of vapour, H = 0-42i -t VLKV - v) - 6-63.,.(if) 


Entropy of liquid, (/> = 0-42 log. r/273 + vLjT {V - v) - 6-63/273. ...(^) 

Entropy of vapdUr, 4. = 0-42 log. r/273 -t VLIT(r - v) - 6-63/273....(*') 

These equations are of the same type as those employed for 
steam in the similar Table X at the end of this chapter. 

The Specific Heal of CO,, The properties of the lic^uid and vapour 
in the saturated state are the most important for refrigeration 
purposes, and it is therefore most appropriate, to employ the 
saturation table as the starting point in constructing a diagram. 
The most useful coefficients in determining the variation of R outside' 
the saturated region, are the specific heats and the cooling-q^Oet, 

The specific heat of the vapour at atmospheric ptessiue is the 
easiest to measure, but shows a considerable variation with ♦»»»- 
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perature, which is illustrated by the valu^ at 0* and lioo* C..in 
the following table. 


Table V.* Specific heat of CO, at atmospheric pressure. 


Obnerven 

Regnault (1862) I 

B. Wiedeniaim(i808j 

Swann (1010) 

at 0°C. 

0-1870 ' 

0-1952 

0-1973 

at 100° C. 

0-2145 

0-2169 

0-2213 

Increase 

0-0275 

1 0-0217 

0-0240 


Swann {Phil. Trans. A, Vol. 210, pp. 199-288, 1910) employed 
the continuous electric method, which avoids many sources of error, 
and is best suited for measuring the variation of tLe specific heat. 
His results when corrected to zero pressure with the aid of the 
cooling-effect, give the formulae 

0 1950 + 0-00025«, S„ = 0 01950' -I 0 000127<, ...(5) 

where So is the specific heat at zero presslirc att” C., and S„ is the 
mean value of from 0° to t° C., in mean calorics C. These values 
at zero pressure are useful as a starting point, giving fl = Sjt + B 
at zero pressure. • 

Joly {Phil. Trans. A, Vol. 182, p. 78, 1891) measured the mean 
specific l^t of CO, at constant volume over varioiis ranges of 
temperanire from 10° to 100° C., at high densities, approaching 
liquefaction. Taking L = 536-7 for steam at 100° C. (Regnault), 
he gives for the mean specific heat of CO, over the whole range 10° 
to 100° C. at constant volume V, the formula 

S, = 0-1660 -f- 0-2185/F -I- 0-840/F*.„..(6). 

where F is in c.c./gm. The extrapolation of Joly’s values to zero 
density is a little uncertain, but if we add the constaift B = 0-0450 
to Joly’s valvie 0-1650, we obtain A'o = 0-2108 * (corrected to 
L = 589-8), which is in fair agreement with Swann’s value iSj>= 0-2090 
at 55° C., the mean of Joly’s range. 

The Cooling-effect C. Joule and Thomson {PhU. Trans., 1854) 
measured the cooling-effect for CO, at moderate pressures, chiefly 
in the neighbourhood of 0° and 1 00° C, Their mean corrected results 
in F.P.C. imits*may be fairly represented by a curve of the type 
. C — KT~”, passing through the points 

,C » 0-0944°/lb. at 0° C. and C =• 0-0421°/lb. at 100° C„ 
but if a formula of this t 3 q>e is employed, the required vdue of the 
index n is not 2, as generally quoted, but more nearly 2-06 or 8/8. 

U-« 
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Jenkin and Pye {loc. cd., 1915) made some throttling experiments 
cn CO, fromowhich it is possible to deduce values of C between 
— 80° and + 80° C. These appear to agree very closely with the 
Joide-Thorason cusve, though mad^ at somewhat higher pressures., 
They tend to confirm the result of Joule and Thomson that C 8 
nearly^independent of the pressure within moderate limits. 

It will be observed on reference to Table IV that the value of 
.H reaches a maximum for the saturated vapour at a temperature 
close to - 20° C. The product Cdpldt must equal unity at this 
point by equation III (7). The value of dpjdi at — 20° C. is 
1985p/r* = 8-8lbs./deg., by equation (1), the reciprocal of which 
is 0'114°;4b., agreeing almoiit exactly with the value of C at the 
same point from the Joule-Thomson curve. 

Assuming that C is a function of T only, consistent values of H 
and S at any temperature and pressure within certain limits, are 
readily obtained from those of C by the method of Chapter IV, 

§ 89. It is very easy to construct a PT diagram in this way, sinil^ 
all the lines of constant H are exactly similar, having the same 
slope at the same temperature. The vahies of // and of SC for 
each line aje given by the conditions H = S„t„ + B, and SC ■= S^C„, 
where C,, arc the values of C and t at the point where the line 
of constant // meets that of zero pressure. Vahies of H and S 
found in this way agree very closely with the observations of S 
by Jenkin and Pye, and with vahies of H obtained by combining 
Joly’s values of S^ with Amagat’s values of PV. But the method 
appears to fail somewhat in the neighbourhood of the critical point, 
where the approach of thd liquid state requires a diminution of C 
with increase of density. At the critical point, Cdpjdt = 1, giving 
C “ 0'044i°/lb., which is smaller than the value 0-070 giyen by the 
Joule-Thomson curve at this temperature. 

75- Rankine’s Equation for CO,. In correlating the 
values of H, S, and C, in the neighbourhood of saturation, where 
they are difficult to measure experimentally, it is desirable to 
employ expressions consistent svith a suitable fonfi of character¬ 
istic equation. The majority of equations which have been proposed 
for representing the deviations of actual gases from the ideal state 
are founded on that given by Rankine (PkU. Tram., 1854, p. 887), • 
deduced from Regnault’s experiments on the compressibili^ «nd 
the pressure-coefficient of CO„ namely, 

Pr/171l6 - (1 -I- 274)/274 - ATt/V (t + 274). ...i..(7) 
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The constant 17116 represents the ideal value of tire piMuct W 
in foot-pounds at 0°C., where the temperature is ^taken as !f7ji 
on the absolute scale. F, is the ideal value of the volume at 0“ C. 
and 1 atmosphere. A' is a Specific constant^ luiving the vflue 
f'9° C. for CQ,. The drop of temperature in expai\sion tlfrough 

a porous plus was given by Rankine in the form 

JS(t^-t,)^9{P,V^-P^V,) .( 8 ) 

where Fj is the volume at the higher pressure F, at a temperature 
before passing the plug, and F, is the volume at the lower pressure 
P, when the gas has been restored to its original temperature 
by supplying heat JS (fj — <,) at constant pressure P, after passing 
the plug. The product P,F, represents the work dohe by the pump 
on the gas per unit moss in forcing it up to the plug. The product 
PgFj represents the work done per unit mass by the gas escaping 
at the same temperature. By the first law, the heat which must be 
‘supplied to restore the temperature to equivalent to the nett 
work, represented by the difference PgF, — P,F(. together with 
the increase of intrinsic energy E, — E^ in expansion from Fj to F, 
at constant temperature fj. Aceording to equation (7) the increase 
of E is exactly bcice the increase of PF at constant tclhperature, 
giving the numerical factor 8 in equation (8). 

Sincf^lankine’s constant 

P^JJT„ - 17116/UOO X 274 = 0 044C cals./dcg. 
represents B, his equation may be put in the more convenient form 

aP/RT = l/V - .(9) 

where c is the coaggregation volume Cj {TJT)^, and the value of 
the constayt e,, according to Rankine, is A'VJTo, or 0'00698 of F#, 
giving 8-58 c.c. per gm., or 0-0565 cb. ft./lb. The donstant a in 
the first term of (9) is the usual factor for reducing PF to cals., 
according to the system of units employed. 

Rankine obtained the expression for the increase of £ in ex¬ 
pansion at constant temperature by applying to equation (7) 
(preferably in the form (9)) the thermodynamical relation given by 
Kelvin (PAtf. A{ag., 1852, Vol. iv, p. 170), deduced from the second 


law of thennodynamics, 

{dEldV), = aT (dPJdT)y -aP-^ 2cRTIV* .(10) 

wldah*gives the expression for thg intrinsic energy 

E-»^t + B'-2cRTIV .(11) 
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where R’*i8 a const'ant, and the mean value of the limiting 
heat |o at zero density from 0° to t° C. The corresponding 
expression for the specific heat s at any constai^f: volume V is 


obtained by differc^ntiation, thus * 

* = (df/dT), = *0 + 2cK/f'.(12) 

Thb expressions for II, S, and SC, are obtained as follows: 

• H^E+aPV^Sj + B"-ScRTIV . (18) 

SC (d///dF),/(dP/dr), = 8flc/(l - 2c/F), .(14) 


S = (d///dr), + SC (dPldT)„ ■= S„ + 8 cK/F + (1 + cjV) RSCjaV, 

• .(15) 

which sbau' tiijit SC and S become infinite when V = 2 c. Th 
value of C at any point defined by V and T, is easily found fror 
(14) and (15), thus 

C = sets = (?flc/[.9,(l - 2 c/F) + (2 - c/F)3c/?/F]. ...(16) 

But the integrated throttle-drop tj - tj for a finite range, namely^ 

S - <’) =, ( 1 /F, - 1 /F,), .(17) 

which is Rankine’s cqiiatinn ( 8 ) expressed in tenns of c, is trouble¬ 
some to Hiprk, when only F, and Fj are given. The value of S 
required is that at Fj from /, to 4 , whieh is difiicult to calculate 
unless t, is known. Itankine takes S - 0-2148, Regnjmlt’s mean 
value at atmospheric pressure from 0 “ to 200 ° C., whidfris often 
quite unsuitable. ° 

The value of c„ deduced from Rankinc’s A' gives fairly good 
results for C on the average at moderate pressures, but errs greatly 
in excess at high pressuresf near saturation. The limit of C at zero 
pressure is SacjS„, and the other limit, when F = 2c, is iacj&B, 
which is nearly double. The valtie at 0 ° C. and F = 0 isd)'090, but 
that near saturation at 0 ° C. is 0-128, which is too large, although 
Rankine’s value of c is too small according to other experimental 
data which have to be considered. There are more serious objections 
to Rankine’s equation on other grounds at high pressures. It is of 
interest chiefly as a simple example of a common type. 

The order of agreement obtained under working conditions is 
illustrated by the following numerical example, ^^nkin and Pye 
(PhU. Trans., 1916, p, 880, Table E, Throttling experiment T) 
observed a drop of temperature from -f 18-5 to 15-05° C, on 
throttling from 500 lbs. to 200 lbs. abs. Dividing the d{Dp> of 
temperature by the drop of pi%ssure, we And the mean value 
C •• 0-0958°/lb. at 850 Ite. and — 0-8° C., in practically perfect 
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agieement with the Joiile-Thomson curve. •On referrytg to the 
diagram, Fig. 19, we find that the initial and iinal states lie on the 
same horizontal line at H = 59. To compare^ thS result with 
Rankine’s equation (8) or (lit), we have to find the appropriate 
value of S, which cannot be done satisfactorily citcept by calculating 
H from (18) at both temperature limits at 200 lbs., and dividing 
•the difference by the difference of temperature. The equation then 
reduces identically to H’= //", showing that the calculation of H 
at 18-5° C. and 200 lbs. was su()erfluous, and that it would save* 
trouble to write the equation directly in the form 

S„ (f - t") = Bc'RT'jV - Sc"RT"jV", .(18) 

where S„ is knoinn, being the mean value of frest 1' to t", 
namely 0-19-19 in the present case, giving t'— t”= SS-O®, or 
<"= — 20'4“ C., showing that Rankinc’s equation gives too large 
a value of C near saturation. ^ 

■ Thh most direct method of performing the verification, is to 
calculate the values of II — B from (18) at each limit, and find 
t" by intcr})olation, thus: 

At P = COO, < ^ + is r.'’: S„, = 01967, c == 0 051.% V 0 1796, II - B = - 8-430. 
At/> = 200,<= - 1.5-1“:S.„: 0-1931,c = 0-(M)33, I'= 0-4930,//- 7-388, 
Ati>= 200 ,l= -20“ 0-1925, e= 0-06.58, K = 0-4800, ff-J»= - 8-544. 

By -f^crpolation at 200 lbs., //"— W, when t”— — 19-5“ C. 
The most diincult part of the calculation with an equation of this 
type, giving H in terms of V instead of P, is to find V in each case 
f^m (9). 

Rankine’s equation (12) makes s a Knear function of the density 
at constant temperature. Joly found this to be the case provided 
that the temperature range did not extend below the critical point, 
below which a quadratic function of the density Was required as 
shown in equation (6). Joly’s observatiotLs afford*an independent 
method of calculating c in Rankinc’s equation. Since Joly’s 
represents the mean rate of increase of E per degree over a con¬ 
siderable range of i, the comparison is best effected by reference 
to equation ^1) for E, which gives, on substituting c == c^^TJT)*, 
a simple equation for c, 

5,-(E'-E")/(i'-r)=.«„ + 2/fc,2’,*/Frr'. ...(i9) 

'taking Joly’s first formula, — 0-1657 + 0-2064/F, applying to 
moderate densities, we find- 8-25c.c./gm., slightly less than 
Rankine’s value. But if we take his later formula (8), applying to a 




me^ vol|>jfte 7-62 c.a/gni. we find an average value c, =« 4'06 o.c./gm.. 
Oft 0'0650 cb. ft./lb., which is considerably larger. The method is 
Hot very satSfactory for finding c, because the change of iS, with 
density over the experimental range b relatively small, being only 
about 12 per cent, bf the whole quantity measured, and because tht 
quadratic formula (6) does not exactly correspond with Rankine’s 
equation (11) for E. 

Joly also endeavoured to obtain evidence of the variation of S, 
with temperature by making experiments over different ranges of 
temperature, but was unable to detect any change with certainty. 
This has b^n quoted as casting doubt on Swann’s equation (6) 
for‘the variation of with temperature, which ought to be the 
same as tTiat of.So. The apparent discrepancy is explained by refer¬ 
ence to equation (19). The value of will increase as the range of 
temperature is raised, but that of the second term will diminish 
with increase of the limits T' and T". If Swann’s value is tajeen for 
the rate of increase of s„,^it hap[)ens that, for the densities chiefly * 
employed by Joly m this investigation, the rates of change of the 
two terms are nearly equal and of opposite sign for a mean tem¬ 
perature in the neighbourhood of 50° C. 

A similRr effect occurs in the variation of the specific heat at 
constant pressure with temperature according to equation (15), 
but at much lower pressures, because the variation with 
pressure is much greater than that of s. When the increase ofnSj 
with rise of temperature is compensated by the diminution of 
c and 1/F, there will be a minimum value of iS at each constant 
pressure, accompanied by ^slow rate of variation over a consider¬ 
able range of temperature. According to (16) the minimum for S 
at 150 lbs. should occur in the neighbourhood of 0° C., which 
explains the fact that Jenkin and Pye were unable to detect with 
certainty any variation in the value of S at this pressure, from 
- 80° to + 80° C. 

As explained by the author (Phil, Mag., Jan. 1908), the agree¬ 
ment of Rankine’s equation with observations of the specific heat, 
cooUn^-elfect, and compressibility, is greatly improved, even at 
moderate pressures, by the introduction of the covol'ume h, as 
proposed by Natterer (IFiener Ber., 1850-54), and further developed 
by Him (TMorie Mk. de la Chakwr, vol. 2, p. 211), to represent 
the limit of compressibility at high pressures. Some modification 
of this kind b obviously necessary^ because Rankine’s equation, in 
its origindi form (7) or (9), gives maximum values of P when 
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F — 2c, and imaginaiy values of F when P ixceeas nm^ wc. The 
simplest way of lenjoving these dilHculties is to put F - i for*F 
in the first tenp of (9), which then becomes *' 

aPi'RT = ij(r -b)- c/F».^.(2Q) 

ihis simple addition makes no change in the expressions for E 
^d if h is regarded as constant, but the equations foir H, S, 
and SC, become 

H = S„t + B- ScRTjV + bRTI(r - b), .(21) 

5C = fl [8c - bVW-b)^WW- *)" - 2C/FJ, ...(22) 

5 - So + BcRir + bR/iV- b) + (RI(V- b) + cRIV^) SCfa... .(28) 

If the critical pressure is taken as P, = 1071 lbs. .at /.,. ■« 81'5°C., 
with R = 0-0451 cals. deg. C., we find 

Co = 0 0655, b = 0 0156 cb. ft./lb. 

Witii these expressions, the anomalies ii? tlie values of C at 
“high pressures disappear. Thus the volue^of C, nt 30° and 1087 lbs. 
is hs8 than at 30° and zero pressure, instead of greater, but 
C at 500 lbs. is nearly equal to C„ , confirming tlic ex[)erimcntal 
results at these pressures. Values of S calculated from (28) give 
good agreement with the observations of Jenkin and Pjlb over the 
whole experimental range as shown in the following table. 

^ Table VI. 

S Observed by J. and P., compared with S Calculated by (28). 



Non. To save space, the decimal point is omitted before cacli value of 8. 


The value# of S tabulated by Jenkin and Pye were required 
in the construction of their H<t> diagram by a step-by-step process, 
and were obtained by drawing tangents to the curves representing 
their observations on the variation of H. Formula (28), though 
detlpced from totally independent data, fits the observations as 
closely as if it had b^n specialljihcalculated from the observations 
them^ves, and affords strong confirmation of the accuracy and 
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eonsistenfy of the eScperiments. The small discrepancies shown in 
the table would have very little effect on the values of H, and may 
fairly be attilbuted to accidental errors. It is hardly possible, for 
instance, that the value of S at Se° C. should be kss at 200 lbs, 
tlum at 150 lbs., a/shown by the observed values 0'221 and 0'281A 
The agreement of the values of C deduced from (22) and (28) 
with tliose found by Joule and Thomson and by Jenkin and Pye,* 
is equally good over the experimental range, but is less important, 
beeause the range of variation of C is mueh less than that of S, 
It follows that the expression (21) must represent the variation of 
H correctljr according to the some experiments, provided that the 
appropriate value of F is calculated from (20) for the given values 
of P and jTat akch required point. The expressions for S and C are 
not required in calculating II, but are useful as an auxiliary means 
of verifying experimental data. The values of II at saturation can 
be fitted very approximately with those already given in Tfible IV 
by using the appropriate value of the constant B in (21), but it by 
no means follows tW the values of F given by (20) with those of 
p taken from (1) will fit with the values of F, in Table IV calculated 
from L and dpidt by Cla]K!yron’s equation. As a matter of fact the 
values ofT from (1) and (20) differ from those given in Table IV 
in the same direction as Amagat’s, but slightly more, indicating 
that the values of L given by (8) arc systematically low, or 
that there is a systematic error in the formula for p. An exact 
fit could be obtained only by finding the equation of saturation 
pressure consistent with (20). This is a highly debatable problem, 
which has given rise to cqdlcss discussion. It will be instructive 
to consider some of the difficulties, though no completely satis¬ 
factory solution has yet been obtained owing to the complexity 
of the conditions to be satisfied. 

76. The Continuity of State. In the ordinary process 
of evaporation or ebullition at constant temperature and pressure, 
the change of state from liquid to vapour takes place only at the 
surface of separation, and is a discontinuous proceSs in the sense 
'that all parts of the substance arc not simultaneously affected. The 
state of the substance at any stage of the transformation is not 
homogeneous, but consists of two separate parts liquid and vapour, 
in equilibriiun at the same temperature and pressure. The ^ange 
is represented on the indicator diagram in the annexed figure (17), 
which is drawn nearly to scale for COj, by the horizontal line 
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at 45 atm<>sphere8. which is the saturatiod pressure «at 10‘C. 
Any point of the line, such as £, represents a mixture of liquid an^ 
vapour in the lytio of EF to DE by weight. The poini F represents 
the state of dry saturated vapofir, D that of complete condensation 
fb liquid. The curve DL represents compression of the liquid, and 
FJ expansion of the vapour at the same constant temperature. The 
complete isothermal LDEFJ is a discontinuous curve with sharp 
breaks at the beginning and end of condensation. 

Andrews showed that it was jmssible to effect the transformation 



from saturated vapour at F to saturated liquid at D, without any 
separation into two states, or breach of homogeneity, as follows. 
The substance is compressed and simultaneously heated along any 
line such as FK (which represents the adiabatic), to a temperature 
and pressure above the critical point. The state at K is evidently 
that of superheated vapour. The substance is then cooled, keeping 
the pressure constant, to its original temperature, when its state 
will Ije that represented by the point L. In passing from K to L, 

. the substance remains homogeneous throughout. No separation of 
liquid and vapour occurs, but the substance at L is certainly in 
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the liquid state. Tlfis is shown by releasing the pressure to its 
original value. The liquid expands to D, at which point the vapour 
usually make$ its appearance on further expansion. ^It is frequently 
possible, however, if the liquid is "very carefully freed from dis¬ 
solved air, to follow the expansion of the liquid several atmospheref 
below the saturation pressure, along the curve DO, which is an 
exact continuation of LD. But when the pressure is P atmospheres* 
below saturation, a very small bubble, of radius only iY/SP 
millionths of a cm. (if Y is the surface tension in mgm./cm.) will 
suffice to start the vaporisation explosively, and restore the pressure 
to the saturation value. (Ency. Brit. 1911, vol. 27, p. 898.) 

The dry saturated vapour can similarly be compressed, in the 
absence ofliquid or hygroscopic surfaces, along the curve FH, 
which is an exact continuation of JF, to pressures considerably 
exceeding the saturation pressure. A limit of eight times the normal 
saturation pressure has been reached in the case of stean; under 
suitable conditions at low, temperatures. The vapour in this statfi 
is said to be supersaturated, a condition which appears to be very 
common in rapid expansion, sueh as occurs in a turbine nozzle. 
But since under this condition a dust particle of radius iYvjBTw 
(where e* is the pressure-ratio), is capable of acting as a condensa¬ 
tion nucleus, this branch of the curve cannot be traced very far by 
static experiments. See X (28). Si 

Since the transformation from vapour to liquid, or vice vena, 
can be effected by a continuous process without any breach of 
homogeneity, it is theoretically possible to include both states, 
liquid and vapour, in a single characteristic equation connecting 
the variables P, F, and T, and representing an isothermal curve 
on the PF diagram for any given value of T. Consic^ring the 
isothermal ns an equation for finding F when P is given, experi¬ 
ment shows that for any isothermal above the critical temperature 
there can be only one real root representing the volume of 
the vapour at the given temperature and pressure. Below the 
critical temperature, James Thomson (Proc. R. S., 1871) argued 
that the equation of the isothermal must have thrCe real roots, 
such BS D, E, F (for any given value of P within certain limits), 
two of which evidently correspond with possible volumes of the 
liquid and vapour, which can be observed experimentally along the 
branches LDG and HB'J respectively. These two branches should 
be parts of a single continuous curve such as LDGEHFJ on the 
indicator diagram, representing a continuous transformation from 
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liquid to V«pour without breach of homogdheity, of which the 
middle part GEH, gjiving the third root E, is theoretically possible, 
but cannot be Realised in practice because it represeftts a series of 
unstable states in which the ^%lume increases with the pressure, 
ft is possible, however, as J. Thomson suggested, that states 
corresponding to this part of the curve may exist in the surface 
Inim, which is in a different condition to the rest of the liquid. 

77 . Van der Waals’ Equation. The simplest algebraic 
equation capable of representing the James Thomson isothermal 
is that proposed by Van der Waals in his celebrated essay on the 
“Continuity of the Liquid and Gaseous States” (Leyden, 1878) 
in the following form • 

(P + a'IV») (F - i) - RT .(24) 

Thebterm a'fV^ called the “internal” prtSisure, was identified 
.Ath the capillary pressure of Laplace. It jvas attributed by Van der 
Waals to molecular attractions, and assumed to be proportional to 
the square of the density, but independent of the temperature. The 
constant a' being the same for liquid and vapour, the surface tension 
would vanish when the volumes and capillary pressures became 
equal at the critical point. We have already seen that a term of this 
type, as^ih Rankine’s equation, represents the deviations of the 
vapour from the ideal state with a fair degree of approximation 
provided that the coefficient a' is a suitable function of the tem¬ 
perature, but according to P. G. Tait it cannot represent the pro¬ 
perties of any known liquid. • 

The covolume b expresses the effect of the size of the molecules 
in reducing the free-space. Van der Waals showed that, according 
to the kinetic theory of gases, b shoidd approximate»to a constant 
limit when F is large, but should diminish with dhninution of F. 
Boltzmann at a later date obtained a more exact expression for b 
as a function of F, but this is of no practical importance when the 
volume is large, and becomes inapplicable when the volume is 
small. For piftctical purposes b cannot represent anything except 
the minimum volume at high pressures, and cannot be regarded as 
a function of t^e volume without introducing hopeless complica¬ 
tions in the theory of the critical state where it is of paramount 
impo^^ance. 

Van der Waals treated both a* and b as constants, and calculated 
tteir values &om Regnault’s experiments on the pressure-co- 
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‘ and the codpressibUity. The values found in this way for 

*^1, taking the unit of pressure as the standard atmosphere of 
1760 mm., an(f the unit of volume as that of the gps at 0° C., and 
' 760 mm., were as follows: 

' o'= 0 00874, 6 = 0 0028, B = 100646/278. ...(25) * 


With these values of the constants, the equation represents a<, 
fair qualitative approximation to the isothermal of James Thomson 



shown in Pig. 17, in which the scales of pressure and volume are 
the same as those employed by Andrews and Van dhr Waals, and 
subsequently adopted by Amagat. The saturation pressure 
48 atmospheres at 10° C. cuts the Van der Waals isothermal ii 
three points corresponding to DEF, Fig. 17, but the least root 
representing the volume of the liquid is nearly twice too larg^ aac 
the volume of the vapour is a littlstoo smali. 

The actual isothennals represented by Van der Waals’ equatioi 
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tot COj Me diawn to scale at inteirab of Ib’C. fW>m«^ 90* )u} 
+ 50“ C. in the anqexed Fig. 18, in which the broken curve A(^ 
represents the ^turatioh volumes of liquid and vapoi!r as observed 
experimentally, the full curve dC^b those given by Van der Waals’ 
&}uation. As the temperature is raised towar(fs the critical’point 

the difference V — v diminishes, and the three roots approach 
equality. All three finally coalesce at the critical point, where the 
equation has three equal roots, and reduces to the form (K — F,)* =• 0, 
y, being the critical volume. Van der Waals deduced the values 
of the critical constants in the manner usually adopted in the 
theory of equations, namely, by writing cfjuation (2t)' in the form 
of a cubic in V with unity for the coeflicicnt of F®, mid, equating 
the coeffleients of the other powers of F to the corresponding 
coefficients in (F — F,.)®. He thus obtained the well known 
relations for the critical volume, pressure, and temperature 

F„ - 36, P„ =- - »a'l27hK .(26) 

Inserting the numerical values of the constanfs as given by (25), 
we find 

Fj = 0-0060Fo, Pc = 01'2 atmospheres, 

I'c - 305-8° abs. or = 32-2° C. 

The approximate agreement of the calculated value of f, with 
that observed by Andrews is still regnnled as a remarkable veri¬ 
fication of Van der Waals’ theory, but little weight can be attached 
to this coincidence, because the value of h could not be determined 
with any approach to the required order of accuracy from Regnault’s 
experiments. It was obvious that the Critical pressure and volume 
did not show a satisfactory agreement with cx|x;rimcnt, but, in 
order to make an adeqiuite test of the theory, it was first necessary 
to find some method of calculating values of the satufation pressure 
at each temperature consistent with the form of tfie characteristic 
equation. 

78 . Maxwell’s Theorem. The most important contribution 
to the theory* of continuity of state on the thermodynamical side 
was that made by Cierk Maxwell (Nature, March 4, 1875, vol. 11, 
p. 858; CoUecUd Papers, vol. 2, p. 484) shortly after the publication 
of Van der Waals’ equation. There was no indication in the original 
tl^o^ of James Thomson, or of Van der Waals, as to how the 
iM^xontal line representing tl^ saturation pressure should be 
drawn in rdation to the continuous curve represented by the 
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equation the corthsponding temperature. Maxwell, by apilyipg 
Carnot’s principle, that no work could be obtained from heeft 
without diffefence of temperature, showed that th^ saturation line 
on the indicator diagram DEF in*Fig. 17, must cut off loops of 
equal *area, DGE, £HF, from the continuous isothermal. The worS 
represented by the area of each loop would then be the same, Imt 
the two would be of opposite sign, so that no work could be obtained 
from any heat-engine capable of performing the cycle, given by 
combining the curve DGEHF with the straight line FED. Jn 
other words, according to Maxwell’s theorem, the work of vaporisa¬ 
tion, p{Vr- v), at saturation pressure p along the straight line 
FED must be equal to the work represented by the integral of • 
PdV from iTto V taken along the continuous isothermal DGEI^F.. 
The importance of this theorem is that it applies to any form 6t 
equation capable of expressing the continuity of state of liquid 
and vapour in a consistent manner. 

Maxwell docs qpt apppar to have applied his theorem to thil 
particular case of Van der Waals’ equation, but the application is 
iasily made by writing the equation in the form 

^ aPIRT = ll{V - 4) - clV\ .(27) 

where c is the coaggregation volume, equivalent to a'jRT in terms 
of Van der Waals’ constant o'. The equation in this form k identical 
with that obtained by introducing the covolumc b in Rankinp’s 
equation (20), except that c in (20) varies as T~\ instead of being 
proportional to l/T as in (27). 

Equating ap(V -v) to the integral of aPdV at constant T 
obtained from either equatibn (20) or (27), we find immediately 
op (F- ol/RT = log, (F- 6) - log, (d - 6 ) -i- c/F- cjv. ...‘(28) 
The form thua obtained for the cipiation of saturation pressure is 
extremely simple, but at the same time incredibly inconvenient for 
purposes of calculation. The values of F and v must satisfy the; 
original equation (27) in addition to (28) so that there are three 
equations for determining p, F, and v for any value of T, but the 
elimination of F and v cannot be effected so as to obtjfin an explicit 
relation between p and T. 

The saturation pressures shown in Fig. 18 by the horizontal 
lines at each 10° from 0° to 80° C. were calculated from Maxwell’t 
relation with Van der Waals’ values of the constants a', b, and 
The curve aC„ extending from - ap° C. to the critical point, wows 
the values of the volume v of the liquid at saturation, with the 




177 


nn] tCQS CftmCAL STATS 

tein{:tentUTes marked at intervals of 10® down to — a#®C. The 
c^e C„b, extending from the critical point to a litUj^ below 0® 6.f 
shows the corresponding values of the voltime of the vapour V at 
^turation. The dotted curve ACB, shown ii| the same flgure, 
represents the volumes of liquid and vapour actually observ-ed in 
^the case of CO, at saturation, with the saturation tcmpetaturcs 
similarly marked on the curve at the appropriate pressures. It 
Will be seen that there is a wide discrepancy between the observed 
values of the saturation pressures and those calculated from Van der 
Waals’ equation by the aid of Maxwell’s theorem, 'fhe discrepancy 
in the value of V at 0® C. and saturation is only about 16 per cent., 
but the values of v deduced from Van der Waals’ gquytiou are all 
nearly double the values actually obser%-ed. The vaRie of p is about 
right in the neighbourhood of 12° C., but the increase of p between 
0®.end 80° C. is nearly twice too small, and the value ofp at — 50® C, 
morc*than twice too large. 

Corollary. It also follows from Carnot’s principle as applied to 
the continuity of state that the latent heat L is given by the integral 
of aT {dPIdT), dv from u to F at constant T, which gives the simple 
expression L ~ HT log, (V — b)l(v — b), for A according t» Van der 
Waals’ equation if a' is constant. The value of L at 0® C. comes out 
25-6 cals. C<> which is less than half the observed value, namely 
54> cals. C., and the calculated values show a similar discrepancy 
from observation at other temperatures. Hut it is hardly to be 
expected that so simple an equation shoidd be capable of satisfying 
all the required conditions. 

It follows from the general expression for L when combined 
with Clapeyron’s equation, that the useful coefficient dpjdl is equal 
*0 the mean value of (dPjdT), taken along the isothermid from 
t) to F at equal intervals of v. The expression for L if c U’any arbitrary 
- fhnetion of the temperature, while b is constant, in an equation of 
the form (20) or (27), is easily seen to be 
L - AT log, (F - 6)/(o -b) + RT (Tdcjdl + e) (1/F - l/o),...(29) 
which by substitution of ap (V — v) from (28) reduces to the form 

L » «p (F - u) + T*(dcldt) {RjV - R/v) .(80) 

giving for dp/dt the simple and convenient expression 

, f dpjdt =-plT-T (dc/dt) RjaVv .(81) 

iA Whish it may be remarked that dr/df is usually negative. 

The equation of saturation pi^ure may also be obtained in a 
form identical with (28) by writing down the general expressions 
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for H anS 0, and equating the values of G = T® — H for liquid 
%nd vapour. The value of p at any temperature depends only on 
the values of the constants R, b, and c at that temperature. If 
thescritical temperjiture and pressu5« are known, the constants are 
readify determined from the critical relations 

KTJap, SVja = 86 = 6tcJ27.(82) 

which apply to any equation of the type (20) or (27). 

The absolute values of the constants for any particular sub¬ 
stance can be eliminated by taking the ratios of each to their 
critical values, so that it is possible to constnict a table of corre¬ 
sponding, values of the ratios pTcIp^T and eje, from which the 
value of liny tcm]M!rature is readily obtained in terras of c, 
01 vice verm. Clausius {Phil. Mag., vol. 13, p. 182,1882) constructed 
a table of this kind, which gives also the eorresponding values 
oi V — b and 0 — 6 at saturation in terms of — 6. . Similar 
tables can be cousj;ruete(yor other tyjies of equation, but are ve^ 
troublesome to calculate accurately, though useful in testing the 
applicability of any equation to a particular substance. Since it is 
always possible to choose the variation of c with temperature in 
such a way as to fit the observed variation of p, the applicability 
or otherwise of an equation cannot be determined by p alone, as 
is often assumed, and it is necessary to consider other properties 
in addition to p. 

79 . Clausius’ Equation for COj. Of all the equations 
employed for CO,, that of Clausius has been most often quoted, 
since it was realised that fhe equation of Van der Waals was very 
inaccurate. Clausius (loc. eit.) adopted Rankinc’s formula for the 
variation of but substituted V + b" for F, choosing tlte empirical 
constant 6" to|nake the volume of thi liquid agree with observation 
in the neighbourhood of 20° C. 

aPIRT - 1/(F - 6') - cj(V + 6")*. .(88) 

The effect of tliis is to reduce all the values of F and v by thd 
constant quantity 6", and to replace F - 6 in the first term by 
F — 6', where 6'= b — b". The values of c and 6,,caleul8ted from 
the critical relations (82), remain exactly the same us for (20). 

If <,~81-5°C., and p,=i 1071 lbs., as in Table IV, we have 
C,-0-08268, 00-0 0688, 6 >> 0-0186, F.P.C., as in (20), «but 
6’- 0-0064, and 6"= 0-0092, to make v - 0-02078 at 20° C. 

For any given values of P and T, the value of F from (20) is 
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the same as that of F + 6" from (88), and dl the other {Properties 
calcidated fW>m (20) .are identical with those calculated fiom {8i)f 
if Maxwell’s theorem is assumed. The following table shows the 
values of the latent heat, satutation pressure jpid liquid volume, 
ftilculatcd with the aid of Clausius’ table. The values apply equally 
(20) or (88) except for the constant difference b" in v. 

Table VII. Values of p, L, and v, calculated from Clausius’ equation. 




1 L oalti, C. 

100 voU tU/lb. 

fC. 

Obs. 

Calc. 

Obs. 

Calo. 

Obs. 

C»lo. (20) CaU (33) 

- 60° 

97-2 

64-5 

80-0 

109-6 

1-386 

1-944. „ 

.024 

- 20° 

284-0 

240-8 

66-2 

86-0 

1-552 

2-168* 

1-248 

0° 

605-1 

468-2 

54-1 

66-9 

1-731 

2-433 

1-613 

+ 20° 

829-0 

812-1 

:i6-5 

39-6 

2-075 

2-993 

2-073 

+ 30° 

1037 

1034 

(16-4) 

14-3 

— 

3-891 

• 

2-971 


Equation (20) gives 0-0468 for the critical »--»luine, the same as 
Van dcr Wnals’ equation (27), but (83) gives 0-()108 — b''— 0-0876, 
which is in rather better agreement witli Amagal’s 0-0345 F.P.C. 
Unfortunately the values of the saturation pressure cale^ilated by 
Maxwell’s theorem (28), and those of the latent heat calculated by 
(20) or (80), do not agree sullicicntly well with experiment to be 
of any practical use, at low temperatures. Clausius took 77 atmo¬ 
spheres at 31° C. for the critical pressure, in order to makcp agree 
more nearly with observation at 0° C. But this value of is 
undoubtedly too high, and docs not materially affect the values 
of L, besides leaving p much too smaH at low temperatures. It 
would be possible, lis already explained, to choose the variation 
of c to make the values of p agree as closely as desired with observa¬ 
tion, but when this is done the equation no longer represents the 
variation of //, or the observed values of S and d satisfactorily, 
and the volumes of the liquid do not agree with observation any 
better than before. 

The same difficulty is illustrated by Clausius’ equation for 
Steam (foe. cif.J, which is of the same type as (88), but with different 
values of the cqpstants, which are as follows: 

0-000754, 6"-0-001815, 

e = 45-17r-‘-“- 0-00787, in cu. m./kg. 

Hw variation of c was chosen to At with Regnault’s values of the 
saturation pressure from 0* to 220° C. The values of c calculated in 
this way do not represent the cooling-effect satisfactorily, and the 
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extrapolated values given by the equation at the critiesl point, 
tiamely, ^ 

t, = 882° C., Pc = 184 atmos|)heres, F, =eS-89 c.c.fgm. 
di^T^ widely fromihe results of experiment. The constant b" waj 
chosen by Chusius to fit the volume of the liquid at 20° C,, but 
the volumes of the liquid at other temperatures do not agree at all, 
with observation. 

Table VIII. Volumes of Water from Clausius’ equation for steam. 


^ Temp. Ceat. 

0° 

100“ 

200“ 

300“ 

332“ 

Vol. Obs. o.o./gm. 

„ Sa&ulstea 

1000 

0'971 

1-0433 
1-160 j 

1-169 

1-526 

1- 429 

2- 686 

1-620 

5-89 


It is unjustifiable to apply Maxwell’s theorem for calculating 
the saturation pressures, or deducing the values of the constants 
in any equation, unless itjs capable of representing the propertiu 
of the liquid with the same degree of proportionate accuracy as 
those of the vapour. An equation of the Van der Waals type, with 
e a suitable function of 2', is fairly accurate for representing the 
properties of the vapour through a wide range, but it is most in¬ 
convenient and unsuitable for the liquid, and it may be doubted 
whether it is possible to represent the properties of both'liquid and 
vapour by a single formula without impracticable complications 
which would render such an equation useless. 

8 o. Variation of H, S, and C near the Critical Point. 

The critical point is most conveniently defined by the general 
conditions 

. (dP/dV), = 0, and (d^PjdV*), = 0. ...':.(84) 

which imply th'at it is a point of inflexion on the indicator diagram 
with a horizontal tangent cutting the critical isothermal in three 
consecutive points. The expression for (dPjdV), on the critical 
isothermal contains (F - Fj)* as a factor, and becomes zero of the 
second order at the critical point, where F = Fj, vanishing without 
change of sign. , 

It follows from the general expressions (14) and (16) for SC 
and S, that both will become infinite of the second order at the 
critical point, but since the only term in S which becomes (pfiaite 
b that containing SC as a factor, we observe that C remains finite, 
^.ing equal to the reciprocal of (iPjdT), at the critical print, and 
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put C(dPldnr), differs fifom unity by a small quantity of the 
ibcond order only, if (dHjdT), remains finite. 

' ■ We have alqudy scon as a corollary to Maxwell’s'' theorem that 
Ip/di is a mean between the vAues of (dPjdT)^ for the liquid imd 
lapour which become equal at the critical point. 

At the critical point 

1/C = (dP/dT). = dpidt .(»o) 

This is a useful relation, which has generally been overlooked, for 
testing the applicability of an equation at the eriticnl point, 
because an expression for (dP/dr)„ is easily found from the equation, 
and compared with the observed value of dpjdi, whieb is generally 
known with a fair degree of accuracy. Thus in thft e.'&c of (20) or 
(88), we have dcjdl ~ — 2c/2’, so that dp/d/ at the critical point 
from (81) and (32) comes out exactly 7p/T. Hut the empirical 
cquatiop (1), which cannot be far out, makes it only O-Sp/T, so 
that we should ex|x'ct to find some diflieidty, as is shown to be the 
case by Table 'VII, in reconciling (20) or (83)' with the saturation 
pressures, unless the index of c were reduced. 

One of the commonest objections to an equation of the Van dcr 
Waals type is that it makes the ratio, UTJapiVf, of'the ideal 
volume to the critical volume, equal to 8/3, as shown in (82), 
whereas experiment gives higher values, averaging 8'7 for most 
substancc.s. This is not a fatal objection because Maxwell’s theorem 
says nothing about the zero from which V is reckoned, but gives 
only Vg + b", so that Vc can usually be adjusted to suit the observa¬ 
tions by the method of Clausius. 

Dieterici {Ann. Phys., vol. 5, p. 51, 1901) devised a very in¬ 
genious equation, which is often quoted, to meet this objection, 
namely, 

aP (V -h)^ RTe '^''^. ...(86) 

Applying conditions (84) we obtain for the critical relations 

F, = 26 = Ce/2, RTJap^ = e*h = 7-896 = 8-093F„ ...(87) 

giving the required value 8-7 for the critical ratio without any 
adjustment. T^is equation gives a simple expression for SC, and 
very fair agreement with observed values of C from — 80° to 
+ 80° C., if c is assumed to vary as 1/2’*'*, as proposed by Dieterici. 
Unlbtiunately the expressions for L, p, etc. cannot be integrated 
in finite terms. This would not be a serious matter if the equation 
were otherwise satisfactory. We find, however, by applying con* 





MS PROPERTIES OF STEAM Ich. 

dition (85), that the value of dpjdt at the critical point is only 
\^/r, showing that it would be impossible to reconcile the satura¬ 
tion pressures with experiment, unless the index ef c were raised 
to 8'75, in which ^e it would nof represent the other properties 
at all’satisfactorily. 

Anjjther suggestion with a similar object is to reduce the index^ 
of V in the term c/F* in Van der Waals’ equation from 2 to 6/8. 
This gives a value 8-75 for the critical ratio. But it also gives 
ipjdt = 8plT at the critical point, if the index of c is 2, and would 
require the index of c to be reduced to 11/8 to agree with the satura¬ 
tion pressnres. This would not affect the value of F^, or of c,, 
which is ,10Fj®/15, but the equation would be unsatisfactory for 
the represenration of the cooling-effect. Thus, it would make C 
at 0° C. about 30 per cent, too large at saturation, diminishing to 
negative infinity at zero pressure, and the two fractional indices 
would be very inconvenient as compared with the simple squares in 
(20) or (88). Most «f the other numerous mcKlifications which have 
been proimscd appear liable to similar objections. Attention has 
usually been restricted to the representation of some particular 
property,,such as the saturation-pressure, without observing that 
modifications introduced with this object played havoc with the 
other properties of the substance. Clausius devoted his attention 
almost c,\clusivcly to the saturation-pressures, which he did not 
succeed in representing very accurately, but he appears to have 
been quite unaware that the chief merit of the equation lay in 
representing the total heat. 

It has often been disputed, whether the vohunes of the liquid 
and vapour actually become equal at the critical point when the 
surface tension vanishes. There is strong evidence that the capillary 
elevation y of the liipiid in a tube of radius r diminishes near the 
critical point al a finite rate, and vanishes precisely at the critical 
temperature. But the surface tension, Y = gyr (F - v)j2Vv, also 
contains the factor F - p, so that dYjdT, and the surface energy 
Y — TdYjdT, should vanish simultaneously with Y when the 
volumes become equal. In the case of mixtures there are many 
possibilities, but in the case of a pure substance tl)eie is no satis¬ 
factory reason to abandon the simple relations F = o, and L — 0, 
consistent rrith an equation of the Van der Waals type, or to 
assume that any molar distinction between liquid and vapoqiir can 
persist beyond the critical point,*though both types of molecules 
may remain present in the mixture. 
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Assuming that the latent heat vanishes, and that the jatiuation 
values of the total treats of liquid and vapour become equal at tfa^ 
critical point, the rates of variation of H ajid M'must become 
infinite, but with opposite signs. This is consistently explained 
%y the usual equation III (7) for the variation hf tlic total lieal at 
saturation, when combined with (15), which gives 

(dHIdT), = (dHjdT), + SC [(dP/dT), - (dp/d<),], ...(88) 

The cocificicnt (dlljdT), remains finite, and becomes the same for 
liquid and vapour at the critical jKiint, but SC becomes infinite of 
the second order. The value of dpjdl is intermediate between those 
of (dPjdT)„ for the liipiid and vapour, so that tlie difference in 
square brackets is pfisitive for the lupiid but negatiies'firtlic vapour. 
Since this difference is a small quantity of the first order near 
the critical jioint, the product of the difference by SC becomes 
infiniti; of the first order at the critical point, but changes sign from 
"positive to negative in passing from liquid to vapour. This gives a 
perfectly consistent representation of the iiheiiomena in the neigh¬ 
bourhood of the critical point, agreeing with the values of the 
coeflicients given by an cipiatiou of the Van der Waals tyjic in 
conjimetion with Maxwell’s tlicorem, but material inconsistencies 
may result if experimental values of dpjdt arc enqiloycd which do 
not happen to agree with those of // and SC and (dPjdT), required 
by the characteristic equation or the exjiression for //. 


8 i. Equation of Saturation Volume. An equation of 
the Van dcr Waals or Clausius type represents the properties of 
the liquid so badly that it would seem almost hopeless to apply 
Maxwcir^j theorem, with any empirical atljustment of c to make 
the saturation pressures correct, because it would ocrtainly follow 
that the equation, being inconsistent for th<' liquid, would be also 
erroneous in several other respects. Van der Wools’ theory of the 
covolume and the capillary pressure is very unsatisfactory as 
applied to the liquid; but a term c/F* of the Rankinc tyjie may be 
iiitopreted ds representing the effects of coaggregation in the 
vapour, according to the law of equilibrium between molecules of 
different lypes, at moderate pressures, and the covohime b intro¬ 
duces the necessary limit at high pressures, so that the equation 
rema^ a very suitable type of empirical formula for the vapour, 
although the theory cannot be regarded as exact. Any attempt to 
modify this type to suit the liquid would probably result in such 
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intolerable complexity, that it is preferable to assume different 
^uations for the liquid and vapour. 

The simplest method of obtaining a consistent equation of 
saturation volume is that employod by the author in the case of 
steam, namely to Assume an equation of the type (4) for the totaf 
heat of the liquid, which has already been shown to give satisfactory 
agreenlhnt with experiment. This equation, when combined with 
(20) for the vapour, will necessarily give a fair approximation 
to the saturation pressures, so far as (20) correctly represents the 
total heat of the vapour. As in the case of steam, we have merely 
to integrate equation (4) with the expression for H from (20), 
which is easy, because H — aVTdpjdt when divided by T’ is 
necessarily flia txuct differential of G/T, namely 

(l/T) dGIdT - Gj'n. 

Tiie equation thus retained gives values of the latent heat and 
saturation pressure from — 50° to + 28° C., whieh arc much bettea" 
than those obtained'from Maxwell’s theorc'm, as given in Table VII. 
But it fails near the critical point to give any solution, for the 
reason already explained, namely that the saturation pressures can¬ 
not be reconciled with the value dpjdl = 7p/7' at the critical point 
reqjiircd by equation (20), or by (38), which cannot be corrected 
by changing the index of c without introducing other discrepancies. 

There is an infinite variety of ways in which the equation may 
be modified to suit the critical conditions, esjiecially if transcen¬ 
dental functions arc introduced, but the experimental evidence is 
too vague to determine the form of the equation with any certainty. 
For this reason it seems preferable to limit the field to algebraic 
equations of the cubic type, whieh arc well understood and fairly 
easy to manipulate. The following equation docs not Appear to 
have been investigated previously 

aPIRT = 1/r - c’lV^ + c'c'VF’.(89) 

in which c' and c" are any arbitrary functions of the temperature. 
This equation is based on the coaggregation theory, Jbut, since no 
such theory can claim to be exact for very high densities, it is 
better to regard the equation simply as a convenient type of 
empirical formula for the vapour. The application of the critical 
conditions (84) gives immediately 

aP.IBT, = ar. =^8c,'- 9c,".CiO)* 

which are simpler than those given by the Van det Waals ^rpe, 
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and give a somewhat better value of the critical ratio. The co- 
aggregation theory yequires that c' shall be of the form c ~ 
where e is the usual coaggregation volume and b tho^volume. If 
we restrict ourselves to square* and square-roots, which are easy 
lb work on a slide-rule, c must vary inversely ds the square sof T, 
as in Rankine’s equation, and b directly as the squan; root, and the 
Value of c" must be 56/3, in order to satisfy (40) and to m^e the 
value of dpfdt exactly 6-5plT at the critical ]x>int. We thus 
obtain 

= c - 6 = 56 - 0 0416 F.P.C.(41) 

When the constants are determined in this way at the critical 
point, the values obtained for the specific heat njul_,Jhf. cooling- 
effect are very nearly the same as those given bf equation (20), 
which have already been verified. But (39) has the advantage of 
giving very accurate values of the saturation jircssure all th'; ..«•/ 
^m -*60°, and of giving an exact solution right up to the critical 
point. The pressures are also within 2 jicr cent, of Amagat’s along 
the 40° isothermal down to a point well below the critical volume. 
The saturation volumes agree with Aningat’s at 0° and 10° C., 
and are probably within the limit of experimental errqr at 80°. 
The equation also gives a much closer approximation than (20) 
to the liquid volumes, though not good enough to permit the 
application of Maxwell’s theorem. 

Combining equation (39) with (4), the equation to be integrated 
for the saturation volumes reduces to the simple form 

L,’+ 0-2171'= aVTdpI^ + DU, .(42) 

where DH is the defect of the total heat according to (89) from the 
ideal valu% S„,t + B at zero pressure. L^, the id-eal value of tlip 
latent heat, is the critical value of aVTdpjdt + BII, which is 
exactly SRTc, according to (39). The constant 0-217 ts the difference 
of the specific heats of the liquid and vapour, as in the 
corresponding equation for steam, and t' is the temperature 
1 , — t, reckoned downwards from the critical point, which is 
one of the lidiits of integration, the other being the saturation 
volume V at t'. 

The integrat of this equation corresponds term by term with 
that similarly obtained for steam in Chapter VII, equation (18), 
exogptj that the limits are different, and that an equation of the 
form (89) necessarily gives the relation between temperature and 
saturation volume instead of saturation pressure. When the volume 
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is found, .the pressule is given by (89). The equation of saturation 
volume takes the form 

imt'IT + 5*81 [ml'IT - log TJT] 

= l«g yiVc + imc'IV - Smhe'liV^ - 8«/2, ...(48) 


in which the logarithms are to the base 10, and m is the modulus of 
commdn logarithms. The cocflicient 4 in thefirst term isL,7RTj - 1, 
and the coefficient 5-81 in the second term is 1 + 0-217/R. The 
symbol t' denotes 4 - t, and the symbol c' denotes c - 6 as in (40). 
The constant 8m/2 is the difference of the two preceding terms at 
the criticaj point. The temperature function in square brackets in 
the second term on the left is a small quantity of the second order 
near the crifteatpoint, but becomes important at low temperatures. 
It is easy to find the value of V from this equation for any given t', 
Itw^almg a trial value of V from Table IV in calculating the volume 
functioh on the right hand side of the cipiation. After two trials, 
the solution is obtained Ijy interpolation. Near the critical poinfT 
it is necessary to use seven-figure logarithms, and to take values 
of e and 6 exactly consistent with those assumed at the critical 
point, because the volume function reduces to a small difference 
between relatively large quantities, but an error in V makes very 
little difference in the pressure at this jxiint. 

The following table shows a comparison of the results calculated 
from (48) with those given by observation so far as they can'be 
verified. 


Table IX. Values calculated from (89) and (48) in F.P.C. units. 


i 

pm 

p (K. & R.) 

lOOv 

lOOf 

h 

H 

i(43) 

i(3) 

S. 

*• 


63-2 

63-2 

1-346 

137-7 

29-92 

66-64 

86-66 

_ 


— 


97-2 

91-0 

1-386 

91-26 

26-67 

66-61 



0-216 

0-46 

||Vn9 

143-8 


1-433 


20-98 

57-17 

78-16 

75-77 

0-231 

0-48 




1-488 

43-83 

16-16 

67-64 

73-70 

■fiyAH 

0-252 

0-60 


284-0 

284 

1-662 

31-34 

11-16 


68-69 

68-21 

0-282 

0-6SU 

BIS 

383-1 

383 

1-831 

22-72 

-6-77 


62-85 


0-326 

0-871 

0“ 

606-1 

606 

1-731 

16-67 



68-02 


0-398 


+ 19° 

662-9 


1-866 


- 1 - 6-33 


47-76 

46-21 

0-638 

Qgl 

16° 

737-3 

736 

1-967 



62-63 

42-81 

41-44 

0-670 



Egg 

828 


8-490 

13-69 

Kilia 

36-«l 

36-65 

0-923 

0-996 

26° 


930 

2-272 

6-916 

18-26 

47-70 

29-46 

29-18 

1-681 

■r* 

28° 

■isi 

994 

2-482 


21-76 

44-98 

23-23 

22-69 

2-993 

— 

30° 

1036-6 


2-766 



42-16 


16-92 

/i-aai 

— 


Fin 



4-719 

28-14 

39-80 

11-66 

lusll 

20-76 


31-6° 

1070-0 




36-32 

36-32 

wm 

IQH 

lof. 
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The values of the saturation pressure p given by ( 48 ) are com¬ 
pared with the observations of Kiienen and Robson below 
interpolated wl^re possible from the actual observations, since 
the values in tHeir tabic are lesA accurately stati-d. The empirical 
fermula (1) agrees better than (43) with the observations of %leny 
^nd Smith at low temperatures, but a formula of the type (1) 
necessarily .gives too high values in this region, and the oBserva- 
tions of Kuenen and Robson api>oar the most reliable from internal 
evidence. Amagat’s values arc taken above 0° C., but are uncertain 
by 2 or 8 in the last figure. 

The values of v arc taken as in Table IV, up to t- 20° C. from 
Behn’s observations. Beyond this point they arc calculated to suit 
the critical volume 0-0416 F.P.C. They differ frvml'Amagat’s by 
less than 3 jicr iient. at 31° C., where the observations would be 
extremely uncertain, and the rcctilin<-ar diameter might well 
^rescnt»singularities. ’ 

The discrepancy between Tables IV.and I5j[ in regard to the 
values of and //„ looks alarming at first sight, but is of no practical 
importance, because the values of V or II near the critical jioint 
cannot lie accurately speeilied in terms of P and T. The relation 
between H and V near the critical point remains practically the 
same in both tables. Thus the formuliu^ of Table IV would give 
II = 80-3 at F = 0-041(1 as in Table IX, and the formulae of 
Table IX give II — 31-4 at V - 0-0344, as in Table IV. The un¬ 
certainty of Table IV, from a theoretical standpoint, lies in the 
assumption of a rectilinear diameter of 1/F and l/». If we had 
assumed a rectilinear diameter of II atid h, which is intrinsically 
more probable, but unorthodox, we should have found //^ =■ 84-4 
instead oWl-4, giving = 0-0380 instead of 0-0344. 

The values of A in Table IX differ slightly from th«*ic in Table IV. 
The reason of this is that the limiting valie. of the s|K‘cific heat 
of the liquid, 0-42, was assumed to be constant in calculating 
Table IV, in the absence of evidence to the contrary, whereas in 
Table IX the difference of the specific heats of liquid and vapour 
at zero pressure was assumed to be constant, and to be equal to 
the value, 0-^ — 0-208 = 0-217, at the critical point. This is 
intrinsically more probable, and has the effect of simplifying the 
equations (42) and (48). It also gives better agreement with the 
obfeived values of p and A, and tends to reduce the discrepancy in 
the values of L. 

By far the most serious difference is that between the observed 
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and calculated valilbs of L, which has already been illustrated in 
pig- 16. The values given in Table IX under the heading L (48) 
are calculated from consistent values of V and dpf^, deduced from 
the same equation, and have grCater weight than values of L 
previously calculated by Mollier, Cailletet, and others, from in¬ 
dependent and possibly inconsistent observations, such as those^, 
ot Ref^ault for p, and Cailletet for V. The values L (48) are repre¬ 
sented by the broken curve in Fig. 16, which gives an exact 
x>ntinuation of the curve representing Amagat’s table down to 
)' C. The values L (8) are taken from equation (8) representing 
Jenkin and Pye’s observations, with the exception of the observa¬ 
tion at 20“ C. which falls on Amagat’s curve. Above this point the 
values undef^.J(43) depend on an empirical extrapolation of the 
values of v, which are more uncertain, but do not differ greatly 
fgjjjjj^taagat’s. 

The required cxjfression for H is deduced from equation (8^ 
in the same way ag in thq case of Rankinc’s equation (9). Differ¬ 
entiating (89), with regard to ?' at constant F, we find 


a {dPjdT), = HIV + (c + 86/2) ff/Fs - 56 (c + 46) Rj6V\ ...(44) 

The expression for E is deduced by integrating aT (dP/dT)^ — aP 
at constant T with respect to V, from V =-■ infinity to V, and 
aPV is added to find H. 


H-==Sj + n-{Sc-hi'i) BTIV + 56 (7c - 26) RTjUVK ...(45) 
SC and S are obtained by differentiation as in (14) and (15), 

SC - a [8c - 6/2 - 56 (7c - ?6)/0F]/[l - 2 (c - 6)/F + 56 (c - 6)/F»], 

. m 

S >= S, + 8(c + 6/4) ff/F - 56(7c + 86)7f/24F2 + SC (dPjdT ^,. (47) 

To find L and i ft saturation for any value of T, V is first calculated 
from (48). H and DII are obtained from (45). DH in (42) is 
Sj. + B — II, which gives aVTdpjdi, taking SRT = 68-68, 
whence auTdpjdt for the liquid (since v is known) and the difference 
gives L. II - L - h, which may also be obtained directly from 
the equation 

A = (S„ + 0-217) < - 6-58 + avTdpIdl .(48) 

The constant being chosen to make A -= 0 at 0“ C., gives B = 68-97 
in (45). 

The expressions for S and SO are useful for calculating con¬ 
sistent values of either near the saturation line, or in other eases 
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where they cannot be measured experimentally. The values 
of S, given in Table IX were calculated in this way from {if\ 
by using the saturation values of V, They are chiefly of academic 
interest, and illustrate the rapM variation of S near the critical 
^int. 

The values of s, given in the table are those of the specific heat 
of the liquid at constant pressure at the saturation poinf. They 
are obtained from dhjdt by the usual relation, III (7), 

s, = (d/»/dt)/{l - Cdpidt), .(49) 

in which C denotes the cooling-effect for the liquid at saturation. 
The results agree closely at low temperatures with the observations 
of Jenkin and Pye on the specific heat of the liqiiid at. constant 
pressures of 700 and 900 lbs., because the values oPCTare small and 
fairly certain. Above 0° C. the values of C become more uncertain, 
and the values of s show an increasing divergence from^t.^'t '*• 
jgrvations at lower temperatures, because both « and C increase 
rapidly in the neighbourhood of saturation. cannot be cal- 

cidated above 20° C. without assuming some arbitrary type of 
characteristic equation for the liquid. 

82. H log P Diagram for CO>. The annexerP diagram 
is given as a gra]>hic illustration of the properties of a sub¬ 
stance in the critical state. On account of the experimental 
diserepancies previously enumerated, which amount to nearly 
4 per cent, in the value of the latent heat at 0° C., the diagram 
cannot claim a very high order of quantitative accuracy, but 
there is no other substance for which njore complete and accurate 
data are available in this region, and there is little doubt that 
the diagi'^n for COj affords a very fair qualitative representation 
of the phenomena. • 

MolUer (ZeU. Ver. DevA. Ing., vol. 48, p. 272, 1994) gave an U<b 
diagram for CO, together with his well known diagram for steam. In 
constructing a diagram of the type near the critical point, it is 
necessary to use skew coordinates in place of rectangular, because 
the pressure dnd temperature lines would otherwise be excessively 
crowded. Both pressure and temperature lines are of a peculiar 
shape and difficult to locate accurately, which makes it difficult to 
construct the£f4> diagram from experimental data. Mollier also gave 
an^J* diagram, which is much easier to construct, and possesses 
some useful properties, but afiprds an inconvenient scale, when 
*extended to low pressures. The scale of temperature in the wet 
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region is five times'as open near the critical point as at - 50° C., 
md the volume lines are excessively crowded at low pressures. 
The adiabati:» are also of an inconvenient shape, being sharply 
curved near the lower extremity* These diffleulties are avoided 
by‘taking the logdrithm of the pressure as one of the coordinate^ 
which gives uniform proportionate accuracy in reading the^ 
pressufes. The adiabatics become nearly straight, and it is 
possible to insert a complete system of constant volume lines 
without confusion. 

There is little advantage in having the adiabatics exactly 
straight, in the T<l> and diagrams, because adiabatic ex¬ 
pansion or compression cannot be accurately realised in practice, 
and because'*li6 value of 0 is seldom required and can never be 
observed experimentally. The quantity most often required is H, 
and th at most easily observed is P. The processes most accurately 
mS^TSc in practico arc those of expansion through a tb^ttle at 
constant H, and hcating^or cooling at constant P. It is a greST 
convenience to havc\he lines of constant pressure straight, although 
it entails a logarithmic scale, but this cannot well be avoided in 
any case. 

MolliA' made use of llcgnault’s data for the saturation-pressures 
below 0° C., and deduced an expression for the entropy from an 
equation of the Clausius type, but assumed c in equation (88) to be 
of the form, He also assumed the specific heat at 

constant volume to be constant and ccpial to 0-182, which would 
be inconsistent with (83) and with Joly’s experiments. Some of 
his lines of constant pressure arc thermodynamically impossible, 
but the experimental data available in 1904 were very incomplete. 
Most of the deficient experimental data were supplied j>y Jenkin 
and Pye {foe. <cU.), who gave n more accurate H0 diagram, con¬ 
structed on thc*sarae lines as that of Mollier, but directly from the 
experimental data without assuming atiy particular ty jx; of equation. 
There is much to be said for this method, on account of the un¬ 
certainty of the theory, if the object is merely to construct a 
diagram for practical use. But it is convenient to "have a set of 
equations to represent the experimental data, if the object is to 
elucidate the theory, or to calculate properties wfiich cannot be 
read with suflScient accuracy from a diagram. 

The diagram here given was constructed at the same ti{a%as,, 
the steam diagram (1915) with a, view of testing, in the criticM 
> region, the equation employed for the total heat of the liquid, and 



vm] THE CmndAL STATE Ml 

the method of calculating the saturation pressure by combining 
the equation for h with a suitable type of characteristic equaticoy 
for the vapour^ Both these methods were found <io give more 
satisfactory results than any based on Maxwell’s theorem, and 
there was no great difficulty in making the equation represent the 
^variation of the total heat of the vapour satisfactorily. But it was 
found to be impossible to reconcile the values of the latcht heat 
observed by Jenkin and Pye with values calculated from Amagat’s 
observations, or from any form of characteristic equation con¬ 
sistent with the saturation-pressures and with the variation of 
H and h. This may possibly be explained by the restriction of the 
investigation to equations of the simple cubic type, but it is at 
least equally possible that there may be some constant error in the 
observations of L, if the great difficulties of the experimental 
measurements are considered. '■ i, 

In (jjnstructing the diagram. Fig. 19, Tniile IV was fiiken'as 
The basis for the saturated state, which niade it very easy to plot 
all the lines in this region, b<it implied the adaption of the experi¬ 
mental values of L represented by formula (3), in place of those 
deduced from Amagat’s table or from the characteristic equation. 
The starting points of the lines of constant temperature and volume 
thus fixed on the saturation curve were necessarily inconsistent 
with those of Amagat above 0° C. The position of the isothermal 
at ^00° C. was fixed with a fair degree of certainty by the character¬ 
istic equation, but some adjustment w'as required in spacing the 
intervening isothermals. This was found to be unsatisfactory, and 
it would be better, in drawing the diagram on a large scale foi 
practical measurements, to draw all the curves for the vapoui 
down to “ 0-04 F.P.C., including the saturation line, so as tc 
be consistent with Tabic IX instead of Table IV.-This is easily 
done with the aid of equations (39) fur f' and (19) fur //, which 
though inconvenient for calculating V and T from II and P, are 
of a suitable type for locating the lines of cuitstant tcmi)crature and 
volume on the IIP diagram by calculating values of P and II for 
given values 6f V and T. 

In the liquid region below 20° C. the lines of V and T arc fairly 
simple and are readily drawn to fit the saturation line with the aid 
of Amagat’s tables and of Jenkin and Pye’s values of the specific 
h^^d the cooling-effect. Near the critical point there is neces¬ 
sarily some uncertainty owing do the absence of observations on 
S and C, but some assistance is obtained fiom the consideration 
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that the relation bAwcen F and H remains finite and continuous 
being represented by the relation, App. I, (55), 

"{df'idH), = CjaT + VIST = (l/uT) (di/iP)*.(80) _ 

he value of which at the critical point is 0-00140 F.P.C. 

The adiabatics, of which a few arc shown dotted, present no 
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dijSculty, since they cross the saturation lin^ without change of 
direction, and the vertical scale of entrojiy is T cals./d^. in any 
part of the diagram. 

. fThe position of the critical ppint shown on the diagram is that 
Seduced from the rectilinear diameter of IjV and l/». It shoftld 
probably be higher, as already explained, but this would not affect 
the position of the F lines appreciably, and would fit better with 
the raising of the saturation Ime for the vapour as rcipiired by 
Amagat’s table and by equation (39). 

83 . Refrig^ 4 ration Cycle. The method of Jonkin, and Pyc 
for measuring the latent heat affords a good example u[ the usual 
refrigeration cycle. The gas is compressc<l by a pump an<l liquefied 
continuously in a condenser. The liquid flows tjtrwugh weighing 
flasks (required in these special experiments for measuring the 
flow) past a thermocouple, where its temperature fj is 
to a thiottle. In {mssiiig through the throttle from p, to*p,, tffc 
total heat remains constant and equal to^ts vuiqe fq un the satura¬ 
tion line at f,, but some of the liquid evaporates and its temperature 
falls to that of saturation, at p,. It then passes through a calori¬ 
meter in which it is completely evaporated at constant pressure p,, 
and is superheated to a temperature f, (which is measured), to make 
sure of complete evaporation. The heat absorbed in tliis process is 
measured by observing the electric energy retjuired to keep the 
temperature of the calorimeter constant, and is equal to the change 
of total heat from as lirpiid before passing the throttle to Zf, as 
vapour on leaving the calorimeter, applying corrections for any 
external loss or gain of heat in the pracess. The latent heat at f, 
is deduced ( 1 ) by adding the difference h, - /q between the values 
of the total heat of the liquid on the saturation line at fj and f,, 
and ( 2 ) by subtracting the difference — //, required to superheat 
the vapour from f, to f,. After leaving the calorimSter, the vapour 
is returned to the pump, and compressed to the saturation pressure 
Pi in the condenser. 

Jenkin and Pye illustrate the process in their paper by areas 
measured on t!Ke TO diagram, but it is much easier to follow on the 
H log P diagrqp. Taking one of their experiments as an example, 
the initial state as liquid before passing the throttle is represented 
by the point ( 1 ) on the saturation line at + li-7° C., where the 
totaldieat is hi 9-77 according to equation {i). It is throttled 
along the horizontal line at h 4 S. 0-77 to the point ( 2 ), where the 
pressure is given as 105 lbs,, and the temperature 1, — — 48-8* 

cut, W 
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By employing adiaibatic expansion in place of throttling, work 
^qual to the adiabatic heat-drop (5-7 as measured on the diagram) 
might be gaiiKd, with an equal increase in the refrigerating effect, 
but the theoretical gain would pirobably be counterbalanced in 
practice by mechahical losses, and the adiabatic process would iif 
any case be inapplicable for accurate measurement. 

The^flow through the calorimeter during the experiment was 
6 lbs., in 61-6 mins. The electric heat supply was 42-9 cals, per lb. 
The heat gained by the calorimeter externally was estimated as 
6-8 cals, per lb., giving 48-2 cals, per lb. as the refrigerating effect 
djie to the evaporation, and to the superheating from 
— 48-8° to — 30-6° C., including an almost negligible correction for 
change ol temperature of the calorimeter between the beginning 
and end of the experiment. 

^The quantity A, - Aj to be added, and the quantity 
t^D^Ubtracted from the observed refrigerating effect in order to 
deduce the latent heat, L = 11^- h^, were determined by speciSi 
experiments. The cHhngc of A for the liquid, at constant pressures 
of 700 and 900 lbs,, was obsen'ed over various ranges of temperature 
from — 40° to -I- 19° C. Combining these results with observations 
of the cdbling-cffcct, the variation of A along the saturation line 
could be deduced. The correction Aj - Aj is given as 35-25 by Jenkin 
and Pye for this particular experiment, agreeing as closely as 
possible with the value read on the II log P diagram, from point 
(2) down to the liquid limit curve. 

The correction II, - for the superheating of the vapour was 
estimated by measuring the specific heat of the vapour near the 
saturation line, and is given as — 8-72 cals., which also agrees as 
nearly ns possible with the distance of point (8) above tjie satura¬ 
tion line on the II log P diagram. The value of L comes out 79-75, 
as shown on tho curve in Fig. 16. 

The difficulties of manipulation increase considerably at tem¬ 
peratures above 10° C., owing to the rapid variation of the quan¬ 
tities concerned, and the corrections become less certain, especially 
that for the superheat. Thus at 20° C. the specific heat at saturation 
according to Table IX is 0-92, but varies so rapidly that the change 
of H would be difficult to determine satisfactorily without the 
aid of an expression for H such as (45). 

The standard refrigeration cycle is supposed to be completed 
by adiabatic compression to the,condenser pressure pi as Aown 
by the line (8,4) on the diagram. The work requited is represented 
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by the difference —fiy, which is found to be cads., ais measured 
on the diagram for example. The ratio (H, - hi)l{Ht -H,) - S-dlJ 
called the “co^cient of performance,” depends Shiefly on th( 
♦emperature range, as in the Cifrnot cycle. 

84. Empirical Table for Saturated Steam from 200' 

to 374° C. It is easy to c<jnstruct an empirical table f<)r slenni oi 
the same lines as Table IV for CO,, extending to the critical point 
Although the values for steam in this region cannot easily lie verifiet 
experimentally, the table may serve as a g\ii(le for future work am 
may be accepted with greater conlulenee on ueeount<of the ex 
perimcntal vcriticatiou of analogous meth<Mls in the ease.of CO,. 

All the formidac employed in coustructinjiyfTiis table have 
already been explained and verified in the case of steam ^ithin 
certain limits, except that for the dianu-ter of the densi^_ 

This formula de|M!uds chiefly on observations' of the volume of the 
liquid V under saturation jjressure, whicji is faiUy well established 
by previous cxjicrimentalists up to 820° C. llityond this point, the 
author has succeeded in following the variation of t> up to a teni- 
IKrature within 1“ C. of the critical point, by heating the liquid in a 
series of sealed tubes of quartz-glass. The diameter of the density 
curve is found to be a flat parabola, and gives v,. -- 0'.521 cb. ft./lb., 
or 3-25 c.c./gm. as the critical volume. The only prc;vious measure¬ 
ments of the critical volume appear to be those of Nadjedine, 
and Battclli, giving 2-33 c.c. and 4-8() c.c. res|)cctively, which 
happen to agree verj’ closely with the values of v and F given in 
the table at 373° C. It is noteworthy that Nadjedine’s method 
measured the volume of the liquid, and Huttelli’s that of the vapour 
near the otitical point, so that the discrepancy between them is not 
surprising, considering the rapid changes of both. Tly combining 
the parabolic diameter with Clapeyron’s eipuition, it is easy to 
calculate both F and v at any temperature. 

The value of U reaches a maximum, 681'5, at 277° C., at which 
point the factor I — Cdpjdt in equation III (7) vanishes. This 
gives C = 0-o5'82°/lb. which agrees very closely with the author’s 
curve marked f g in Fig. 10. The same factor must vanish again at 
the critical point to account for the change of sign of dhjdt. This 
gives C,»= 0-0288°/lb., which is quite a possible value, since C for 
th^fi^uid vanish^ and becomes positive at 280° C. The relations 
of these quantities to 5 in the iteigbbourhood of the critical point 
have alrrady been explained in { 80. ,. 
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have the additional evidence at low temperatuies, whidi shows that 
it must give far too slow a rate of change of the ratio (T/p) (dp/dl)^ 
in this region. The same effect is observed in the ca|e of CO, if we 
compare the vafues of this rati<4 1985/r from (1), with those given 
by the theoretical formula (43). It follows that the formii]^ Em¬ 
ployed for steam in Table X must give too high values of p and 
dpidi in the region between 200“ and 800“ C. .\n error of the same 
nature is indicated by comparison with the observations of Holbom 
and Baumann in Fig. 14. The effect of this is most imixirtant in 
deducing the values of V from those of dp/dt, which art? necessarily 
more uncertain than those of p. This error does not affect the values 
of II or L appreciably, and cannot be corrected with certainty in 
the case of steam, because there are no satisfactoryjibservations of 
the volume between 200“ and the critical point. Even if the values 
of p were known with certainty, they would not suflicc by them¬ 
selves, ps already cxjilained, to determine a satisfactory futuibf t/te 
'Aiaractcristic equation capable of bein^ extended to the critical 
point. Even in the case of COj, for which U>e"cxi)crimental dats 
are more complete than for any other substance, this problerc 
cannot be satisfactorily solved. In the case of steam, it would 
doubtless be ])ossiblc to find a more probable formula foi'p, and to 
make a better estimate of the values of dpjdl and V, but since the 
problem is of purely theoretical interest, it would seem better to 
wait for more experimental evidence before proceeding to speculate 
on the form of the characteristic equation. 

With the scanty experimental data at present available above 
200“ C., we can hardly do more than jstimate the probable limits 
of error of p and F. The valqcs of p given by the empirical formula 
in Table ^ are almost certainly too high, and those of F too low 
as already explained. The experimental values of p in the neigh¬ 
bourhood of the^critical point, are probably vit iated by the presence 
of gas, which can hardly be avoided in heating water in steel 
vessels at such temperatiues. Holbom and Baumann succeeded in 
reducing this source of error by gilding the inside of the container, 
but they do flot seem to have been able to eliminate it completely. 
Their results are likely to be too high, especially near the critical 
point, though the error from this cause would be less than that 
shown by the other curves in Fig. 14. 

• lower limit to the values of p can be estimated as follows. 
The rate of diminution of the ratio (T/p) dpjdi at 200“ C. catmot well 
be greater than that given by the theoretical formula, VII (19). 
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Assuming that the ratio diminishes to a minimum 7-5, as is probable 
the critical point, we find the following formula 

(27p) dpldt = 7-5 + 7-65 (T, - T)* x 1ft-', ‘.(51) 

€ 

agreeing with the theoretical equation, VII (19), at 200° C. The* 
corresponding formula for p, taking p - 225-2 at 200° C., and 
T, = 04f-l, is 

log,oP = 8'4866 - 89'54 log^ (TJT) 

+ 1-6615 (Te - T) (81’. - T) X 10-',.(52) 

which gives 8006 lbs. for the critical pressure, differing by 8 per 
cent, from the value 3158 in Table X. The difference is no greater 
than that *bctween the values given by Andrews and Amagat for 
the critical pressure of CO,, which would be much easier to deter¬ 
mine than that of steam. 

- 'i'ne-^alue of p at •250° C., given by (52) is 567-6, as compared 
with 565-8 by VII (19), and 575-7 in Table X. The value oT 
{Tjp)dpldi from (51)sat 250° C. is 8-676 giving V = 0-850 by Cla- 
peyron’s equation. The value of V at the same point calculated 
directly from U = 680-08 by III (23), with p = 567-6, is F = 0-886, 
as compa8?d with V = 0-8695 in Table III, App. Ill and V = 0-820 
in Table X, or V -= 0-854 from H with p = 575-7 as in Table X. 

Equation (52) for p is in some respects more probable than the 
empirical formula of Table X, but it is evident that a considerable 
margin of uncertainty must remain until further light is thrown by 
experiment on the form of the characteristic equation at high 
pressures. Since stcam-prc^surcs above 250 lbs. seldom occur in 
engineering practice, it hardly seems worth while to make any 
modiiicatioas to suit possible deviations at higher pressjires fiom 
the simple formulae employed in the Steam Tables. 

It is common practice to deduce the properties of steam, or 
other substances beyond the experimental range, from those of a 
similar substance (c.g. CO, which is also triatomic), by reference 
to the “law of corresponding states.” According to Van der Waals’ 
equation, the reduced value, p'- pjp^, of the saturdtion-pressure 
expressed as a fraction of the critical pressure, shoidd be the 
same for all substances at any given value of the reduced tempera¬ 
ture, T' = TjT,. Thus for CO, at - 50° C., the reduced tempera¬ 
ture T »■ 228-1/804-6 =» 0-7824, corresponding to a temperature 
0-7824 X 647-1 473-9 abs., or 200(9° C. for steam, at which point 

the pressure is 229-4 lbs. The corresponding pressures tot CO, 
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aoootding to equation (1), are 09-0 and 1071 lbs,, at — 80’ and 
+ 81-5® C. respectiv^y. The critical pressure for steam should 
therefore be 22^-4 x 1071/09 = 2482 lbs., which is evidently much 
^too small. The law in this form is clearly unreliable, even for the 
saturation-pressures, and is much less likely to^ive reliable sesfilts 
for other properties, such as the cooling-efteet, to which it has 
frequently been applied. According to the equation of Clausius, 
the law takes a slightly different form. Corresponding temjx^rature? 
are those for which the reduced value of c is the same. At suet 
temperatures the reduced values of pjT and ot V - b correspond 
It is always possible to satisfy the lawin this form for pby choosin{ 
the variation of c to fit with that of p, but the other properties 
such as V and L, show little or no eorreN|)unde|)ti«, us illustrutec 
by Table VII, and the law affords no assistance for estimating the 
variation of p unless the variation of e can be predicted. On 
account of these difficulties, the application of the law hos^merally 
Seen abandoned except for closely relatetl substances, but has 
recently been revived, on the basis of Clliusius’ eipiation, by 
M. Aries, in a long series of papers in the Comptes llendm, 1918-19, 
who assumes that the variation of c with T should be the same for 
molecules containing the same number of atoms, recalling Maxwell’s 
suggestion with regard to the ratio of the sjiecifie heats. The 
variation of c is undoubtedly different for different types of molecule, 
but the agreement thus obtained, except for closely related sub¬ 
stances, is not of a suIBciently high order for the present purpose, 
and M. Aries finds it necessary to arlmit that b also is a somewhat 
peculiar function of the tcmperatiire. In spite of this complication, 
there are many notable exceptions. The variation of c which appears 
suitable «i the case of CO, fails entirely for steam. According to 
the orthodox view, the discrepancy is ex|>lained iy saying that 
water is an abnormal, or highly associated liquidt We have seen, 
however, that the expressions here proposed for the total heat of 
water and liquid CO, show a remarkable correspondence, and it 
seems more likely that the difference is due to the mode of variation 
of c for the vapour in cither case, .since different indices are required 
to represent ^le other properties satisfactorily, in addition to the 
saturation-pressures. In this connection, it is perhaps noteworthy 
that, in order to make the value of c — i for steam at 874® C, equ^ 
totbe critic^ volume 0-0521 (which depends chiefly on the autluw’s 
observations of the expansionoof the Uquid up to 878° C.), taking 
the value e “ 0-4218 at 100° C., it would be sufficient to assume 
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that c varies as in extremely dose agreement with the mode 
(tf variation required from 0° to 200° C. 

It would Ao doubt be possible to devise an eqq^tion capable of 
representing the properties of steftm within the limits of experi¬ 
mental error over \he whole range 0° to 874° C., but the experi¬ 
mental data available in the critical region are so inadequate and • 
uncertain that it would be impossible to discriminate satisfactorily 
between a variety of possible types. The problem is by no means 
so easy as it looks, and the solution, when found, would necessarily 
be very cumbrous and inconvenient for practical calculations, as 
compared jvith the simple equations which suffice for the experi¬ 
mental rqnge of the steam-engine. In the case of CO,, since the 
experimental rs^e coincides with the critical region, it is impossible 
to avoid such complications, which otherwise would be regarded 
^ prohibitive. But in the case of steam, it would be unreasonable 
to insist*on the use of equations capable of representing thecritied 
phenomena which .are not required in practice. 



CHAFl’ER IX 

IDEAL CYCLES AND STANDARDS OF EFFICIENCY 


85. Application of the Laws of Thermodynamics to a 

Cycle. The ai>plication of the laws of thermodymuiiics to a cycle 
of 0 |)crations, such as arc perfonncd by a hcat-ciiKiucvor can be 
represented on the indicator diagram, is so fully <lisous>cd in all 
the textbooks that a brief summary of the prgi*rt|iBl facts and 
formulae will be suHicient to explain the notation employed and the 
use of the tables in the calculation of mmicrical results. , 

Firsi Law. The general expression of the* first law as applied 
to a cycle is that the thermal equivalent .-111' of the work repre¬ 
sented by the area of the indicator diagram, is <?qi lal to the difference 
between the heat energy Q' received by the working substance 
and the heat energy Q" rejected by it in the performance of the 
cycle, as expressed by the simple equation 

AW = q - q” .(1) 

Second Law. Since all closed cycles which can properly be 
represented on the indicator diagram, are reversible so far as the 
working substance is concerned, it follows from the second law 
that the entropy of the heat received is pqual to the entropy of the 
heat rejected in any such ideal cycle. 

Symme^rietd Cycles. There are three principal types of sym¬ 
metrical cycles employed in heat-engines, charactarised by the 
reception and rejection of heat, (1) at constant temperature, (2) at 
constant pressure, and (8) at constant volume. 

Constant T cycle. This is the Carnot cycle, consisting of four 
operations, which may be described as follows: 

(1) Receplion of heat energy Q' at constant temperature T'. 
Since T is cons^t Q' - r'(<D - <I>o), where <1» - <I»„ is the increase 
of entropy. 

(2) Adiabatic expansion at constant O to the lower tempera- 

tur%i". 

(8) Rejection of heat energy T’ (O - <I>o) the tem¬ 
perature T". 
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(4) Adiabatic (3)mpression at constant <I>, to the initial state 

r. 

These givi the following simple and obvious lelations between 
the change of entropy, the heat erftrgy received, and the equivalenj 
of the work: * 

<D _ 0 = Q'7r'= (q- - Q")i(r- t") = awht- t"). 

.(2) 

Constant P Cycle. This cycle comprises four symmetrical 
operations, similar to those of the Carnot cycle, except that heat 
is received and rejected at constant pressure instead of at constant 
temperatilre. 

(1) The Ijaat energy Q' received at constant pressure P' is 
equal to the incJbase of total heat //'- H^', where H„' is the initial 
and W the final value of H during the heating. 

• (2) •The drop qf total heat in adiabatic expansion from P' 

to P" at constant <I> is denoted by (//'- H")^, but the sufib^<^ 
may be omitted if ikis otherwise obvious that adiabatic expansion 
is intended. 

(8) The heat energy Q" abstracted at eonstant pressure P" 
is equak to the diminution of total heat //"- required to 
restore the entropy to its initial value 4>o. 

(4) The working substance is restored to its initial state by 
adiabatic compression at Oo, during which operation the increase 
of total heat is //o'- H„''. 

We thus obtain the following general expression for AIV 

Aiv^q'- Q" =. {//' - ir\ - (//o'- Ih'% .(8) 

the application of which is seen to depend on the evaluation of 
the heat-drop in adiabatic expansion at constant d». 

In the case^of the steam-engine, the initial state of the fluid as 
supplied to the boiler by the feed-pump, is generally that of water 
at condenser temperature. The initial value of the total heat 
is that of water /i', under the saturation pressure p' of the boiler 
but at temperature T". The water is heated at constant pressure, 
and converted into steam of total heat H', which is adiabatically 
expanded from p' to p", with heat-drop H'— IP' as before. But in 
the third operation the steam is completely condensed to water 
of total heat k" at the pressure p", by abstracting beat 

T" tD'- f'). 

The water is returned to the boiler at pressure p', in which operation 
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-s total heat is raised from h" to h’. Since the*changes of volume 
nd temperature in this operation arc negligible, the increastf 
h” is equal to the equivalent tw (p'- p") of the Work done by 
be feed-pump. The formula as i;q)pli^ to this case, liecomes ^ 

AW = //'- H"- (/»'- h") = //'- U "- €0) (p'- j,") 

= //'- h'-T"(<b'- 4 ,"), 

rhich is the general formula of the Rankine cycle described in 
he next section. 

Constant V Cycle. If the heat Q' is received at constant vohime 

the increase of intrinsic energy E'- E„' during lieatiiip is equal 
.0 Q'. Similarly if heat Q" is rejected at consUint volume after 
ixpansion to V", the heat rejected is equal to E”— Ho", wliere E„" 
s the final energy. If the expansion from E' to hf', and the com¬ 
pression from Eg" to Eg' are adiabatic, we have 

AW = q'- (£'- E")^ - {Eg'- Eg")g . ( 3 ) 

It is possible to calculate the values of fii-'.and Eg" from the 
condition of constant entropy, if the properties of the working 
fluid arc known. The constant volume cycle corresponds closely 
with that employed in the internal combustion engine, whtre heat 
is communicated to the working fluid by ignition of an inflammable 
mixture at constant volume in the working cylinder. This method 
is mostappropriate when air is the working fluid, but is impracticable 
in the case of steam, because the only convenient method of 
supplying heat to steam is by the use of a separate boiler at constant 
pressure. On the other hand, the constapt ))ressure cycle would be 
very inconvenient for a gas-engine or gas-turbine, owing to the 
size and inefficiency of the compression pump required, and the 
difficulty olfavoiding excessive waste of heat if external combustioii 
were employed. • 

Expression for the Efficiency. In the case of an ideal gas, it « 
easy to calculate the expressions for the efficiency, which wen 
first given by Rankine. 

For the cohstant V cycle, E'— E" == Sg(T'- T"), where 5, 
the specific heat at constant volume, is- assumed to be constant 
The ratio T'jT* is (where n is the adiabatic index ii 

the equation FT" = K), and is equal to the ratio Tg/Tg", of th 
initi^. and final temperatures in compression. Making thes 
sub^tutions the expression for ti»e efficiency becomes 

1 - r'/r- 1 - (F'/F")^*.(8) 
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Similarly in thfe constant-pressure cycle, if the working fluid 
is an ideal gas with constant, we have H'— H"= Sf{T'~ T"), 
and the rati* T'jT" is equal to from the adiabatic 

pyr«+i = K. The temperature ratio in compression is the same as 
thatdn expansion* and we obtain 

AWjO:-^ 1 - T"IT'^ 1 - (P"/P')J/<"+»).(7) . 

In both cases, the expression for the efBciency in terms of the 
temperature range is the same as that for the Carnot cycle, provided 
that T'IT" is interpreted as the temperature ratio in adiabatic 
expansioi^. 

If we imagine the area of the cycle on the indicator diagram 
divided up intt^a number of elementary sections by means of a 
family of adiabatic curves, the efficiency of each elementary section 
will evidently be 1 - T'IT, where TjT" is the temperature ratio 
forthe Section considered. The same expression for the efficiency will 
therefore apply tp a cycle of any form for any working substaffee 
whatever provided'that the ratio TjT" is the same for all the 
elementary adiabatic sections into which the cycle may be divided. 
This condition is alw'ays satisfied in the case of the Carnot cycle 
for any*substance, but it is satisfied in special cases only, such as 
that of the ideal gas, when the reception and rejection of heat are 
at constant pressure or volume. 

When the ratio T'IT" is not the same for all the elementary 
adiabatic sections of the cycle, the work theoretically available 
must be calculated by a process of summation or integration for 
the elementary cycles. For each elementary cycle, if a small 
quantity of heat energy dQ is received at the upper limit T, the 
work available is dQIT multiplied by the range of temperature 
T~ T" in the elementary section considered. The efficiency of the 
whole cycle is* obtained by summing the available work for the 
elementary sections, and dividing by the whole quantity of heat 
energy supplied. It is always possible to perform the summation 
provided that the properties of the working fluid are known and 
that the operations of the cycle can be mathematically specified. 
In many cases the result can be expressed in a very simple manner 
in terms of the properties of the working fluid, and affords a most 
useful criterion of the performance of an engine working under the 
specified conditions, showing how much of the work theorftigally 
available is actually realised, andendicating the directions in which 
improvement may be effected. 
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Standards in general use for this purpose ire (1) the Rankine 
;ycle for the steam-ei^ne, and (2) the Air Standard Cycle fof 
he internal comijustion engine as recommended by tHe Institution 
if Civil Engineers ♦. 

86 . The Rankine Cycle. The Carnot cycle can seldom 
le realised in practice, because the practical limits of working are 
imits of volume and pressure rather than limits of temperature, 
[t would be very dilHcult to arrange for all the heat to be received 
iy the working fluid at one temperature, csix-oially in the case o( 
superheated steam. In the steam-engine heat is su|)pl|yd at the 
:;on$tant pressure of the boiler, giving a eonstant temperature ol 
vaporisation, but the heat of the Ihpiid and the jiiperlieal of tlu 
steam are supplied at different temperatures. Heat is rejreted at 
the constant pressure of the condenser, so that the temperature o: 
reiectiomis constant if the steam is saturated. • 

Rankine (Phil. Trans. R. S. Lon., Jtyi. 18.5y was the first to 
calculate the maximum work obtainable from a heat-engine 
receiving dry saturated steam at a temin’ratme 2", and condensing 
the steam completely at 2'". Expressed in our notation, the formula 
which he gave for the work obtainable per unit mass of steam was 
as follows 

. W - JU (r- T")IT'+ Js \T'- T"-T" log, (r/2’")], ...(8) 
where J is the mcclianical equivalent of heat, L’ the latent heat 
of vaporisation at T', and s the specific heat of the liquid, which 
is taken as constant. ^ 

The first terra on the right hand side is the mechanical equi¬ 
valent of the product of the entropy of vaporisation L'l'f by the 
range of temperature T'— T", since the latent heat of vaporisation 
is all receiv^ at one temperature T. The second term is more 
complicated, anj represents the work obtaiiaiblc from the heat 
supplied in heating the water from T" to T' under constant 
pressure, which heat is taken in by the liquid at all intermediate 
temperatures, tanging from T” to T'. The expression for this part 
of the work is obtained as follows. 

If a small qliantity of heat sdT is received by the liquid at any 
intermediate temperature T, the part convertible into work is the 
pto^Pft of the entropy sdTjT, by the available range, T — T", 
which gives the expression JsdTJ(l - T"jT) for the corresponding 

* Sir D. Cbdc, <3at voL I, p. 83. 
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element of worK oHtmnable. The second tenn in the fbnnula given 
by Rankine represents the integral of this expression from T" to 
T', on the aceuraption that s is constant. 

^ More accurately, if s is not assumed to be consumt, the integral 
of sd/r is the increase of total heat h of the liquid from T" to T' 
under the constant boiler pressure p'; and the integral otsT"dTjTt 
is the Corresponding increase of entropy multiplied by T", This 
remains true however * may vary. 

A similar expression for the work obtainable was subsequently 
given by Clausius (Poggendorffs Anmlen, March 1856), precisely 
equivalcnf to llankinc’s formula with the exception that a factor 
coirespopding to the dryness fraction q was introduced into the 
first term, so *B^to cover the case of steam initially wet. Rankinc 
clearly had priority of publication, so that the name “Rankine 
jCyclc” appears to be more appropriate than the name “Clausius 
Cycle,’*which is alvtays given to this cycle in German works, and 
is often found invAmcricjtn textiwoks. 

In accordance \rttl) a recommendation of a Committee of the 
Institution of Civil Engineers (Proc. Inst. C. E., 131, Part IV, p. 284, 
1898), the work obtainable in the Rankine cycle is now generally 
taken as a standard of comparison for the performance of steam- 
engines, because the Carnot cycle leads to an exaggerated idea of the 
possible performance, especially in the case of superheated steam. 

In the formida recommended by the Committee for saturated 
steam, the specific heat s of the liquid was taken as unity, which is 
near enough for all practical purposes, though not theoretically 
exact. The corresponding Sormula recommended by the Committee 
for superheated steam, contains the additional term 

js(T,-r-T"iog.i\ir), 

which represedts the work obtainable from the .heat required to 
superheat the steam at constant pressure p’ from T' to T,, if the 
specific heat S of the superheated steam is taken as constant. This 
term is calculated in exactly the same way as the corresponding 
term for the liquid. The Committee proposed Regnault’s value, 
S ~ 0’48, for the specific heat, but expressed a ,doubt as to its 
accuracy. As is now generally recognised, the appropriate value 
of S is somewhat larger and certainly variable, depending both on 
the pressure and on the temperature. 

On account of the differenccb between various tabl» of the 
properties of steam, it is useful to have an authoritative formula 



it this kind as a standard of referehoe, hut i» practiee it is pro 
rerable to take the required values of H, <I>, etc. from the tables; 
in place of working out the Rankine formula, because this saves 
t great deal of trAible, besides mjking it possible to take consistent 
account of the variation of specific beat. 

The expression given by Rankine tacitly assumes that the 
temperature of the liquid, after adiabatic compression to- boiler 
pressure, is the same as the temperat\irc T" of condensation. This 
is not exactly true, since the liquid will in general be heated by 
compression. In the case of water at low temperatures, the error 
of this assmnption is quite negligible, but it may be appreciable in 
the case of other liquids, such as carbon dioxide, when used in the 
neighbourhood of the critical point for refrigeratiojtipurposes with 
a similar cycle. 

87, Graphic Representation of the Rankine Cycle on ’ 
the PV and TO Diagrams. Many of these points are more 
clearly brought out when the operations of Jlic cycle are repre¬ 
sented on the temperature-entropy and indicator diagrams, as 
in the accompanying figures, wliich are drawn aj)proximatcly to 
scale for carbon dioxide, because the behaviour of the liquid^cannot 
be shown satisfactorily when the diagram is drawn to scale for water. 

The curve AC in cither figure is the saturation line, showing the 
relation between T and <1), or P and V, respectively, for the liquid 
under saturation pressure. The curve CB is the saturation line for 
the vapour. C is the critical point. Any point such as A inside the 
boundary ACB, represents a mixture o^iquid and vapour in the 
proportion of dk to ck. 

Starting from the point A, representing the state of liquid CO, 
at 0° C., under the saturation pressure of 500 lbs. per sq. in. abs., 
in either diagram, (1) the line Aft represents the adiabatic com¬ 
pression of the liquid to the higher limit of pressure represented 
by 900 lbs. The temperature is raised 8° in this process, and the 
volume is slightly diminished. (2) The line bede represents heating 
at constant prt^sure. The part be represents heating of the liquid 
to saturation temperature and volume. The part cd represents 
vaporisation at fconstant temperature T', with absorption of latent 
heat L', and increase of volume from v,' to V,'. The part de repre- 
sent^sjjperheating of the vapour at constant pressure with a further 
in<9(>ase of volume. The increase pf total heat from ft to e is repre¬ 
sented by H’- V in the general formula (4). 



208 


PROPERTSIS OF STEAM [ch. 

(8) The line efg wpresents the adiabatic expansion of the vapour, 
with a drop of tot«J heat from H' to H", corresponding to the 
pressure drog from P' to P". In the TO diagram, is a vertical 
straight line, because the entropy^is constant. In the PV diagram, 
tb*e two parts ef £Rid fg of the curve meet at a slight angle at the 
point/where the adiabatic crosses the saturation line, because the, 
form o£ the curve for the dry vapour is slightly different from that 




for the wet mixture. The dryness fraction q at the point g is repre¬ 
sented by the ratio of the length Ag to the length AB in either 
diagram. 

(4) The last operation is the condensation of \he wet vapour, 
represented by the line gA, in which heat H"~ h" is abstracted 
at the lower pressure. , • 

The area of any closed revwsible cycle on the diagram 
represents the heat converted into work. The corresponding closed 
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area on the PV dit^ram represents the work (Attained, so that the 
areas are equivalent, ^he area of the Rankine cycle is not exactly 
represented by ^ing the saturation line Ac for the liquid in place 
of the broken line Abe. The difterence is quite appreciable in the 
case of carbon dioxide, but immaterial in the (%se of water at fow 
. temperatures. 

The work done by the feed-pump is represented by the area 
OAbp on the indicator diagram, which is equal to {P’ — P") v, 
where v is the mean volume of the liquid during compression. Even 
in an extreme case like that of COj, the area in question is very 
nearly a rectangle. This area is not represented at all on the T<S> 
diagram, because the energy is supplied ns work and not as heat. 
The whole area Ogep on the indicator diagram, tyv'the line of zero 
volume, accurately represents the work-equivalent of the adiabatic 
heat-drop //'— H" of the vapour, being the integral of VdP from 
P” to Fi, from which the work of the feed-pump must be tfleducte<f 
tcTget the area of the cycle. The area Ac^fgA i% not exactly equi¬ 
valent to 11 '— //", though this is commonly assumed in using 
the TO diagram. The error of this assumption, represented by 
the area OAcbp on the PV diagram, is of the same order of magni¬ 
tude as the work of the feed-pump, about 20 per cent? in the 
present case. 

•88. The Adiabatic Heat-Drop. The quantity most often 
required is the work obtainable in the cylinder of the engine, which 
is directly given by the adiabatic heat-drop W— H”, without 
applying the small correction for the fojcd-punip work required in 
the ease of the Rankine eyede. In any case it is important to be 
able to determine readily the value of the total heat //'' at any 
point of the expansion when the entropy remains constant. 
Either H'— H" pr H" is directly obtained from tSie formula (4) 
already given for the Rankine cycle by transferring the smiall 
term h'— h" to the right hand side of the equation, which gives 

H'- W- T"<}>"- h"= H'- r"0'+ G", ...(9) 

or H" - T"<b'- G" .(10) 

where G"^ T"^"— h" by definition. Since G is the same function 
of the temperature for either wet steam or water, the only difficulty 
in ap):dying this formula is to find the initial value of the entropy 
O', which necessarily depends on 4he data given for the initial state. 

In any practical problem, it is usually necessary to find the 

C. a 14 
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final value of the volume V" in addition to the total heat, but this 
is easily deduced from the total heat by the aid of the relations 
already given. The two cases of dry and wet steam will be treated 
separately on account of the diffesfence of the expressions required 
in applying the formula, but the principle of the method is the 
same in both cases. The differences arise only from variations in 
the possible data, since the state of wet steam cannot be fixed by 
the pressure and temperature alone as in the case of dry steam. 
In msmy cases the final volume is given in place of the pressure 
or temperature, which necessitates a slight variation in the 
procedure. 

It is sometimes necessary to distinguish between ( 1 ) the work 
done in adiaba'-'ic flow, which is the equivalent of the Heat-Drop 
H'— H", and ( 2 ) the work done in adiabatic expansion, which is 
the equivalent of the Energy-Drop E'~ E", and is seldom required 
in pracUce. In a reciprocating engine, the heat-drop is the equi¬ 
valent of the totaj work olstainable in the cylinder, and includes file 
work {P'V) done the admission of the steam and the work 
(— P"V") done in exhausting the steam, in addition to the work 
of expansion J (E'— E"), Similarly in steady flow through a 
turbine, the total work done is the equivalent of the Ileat-Drop, and 
not of the Energy-Drop. The latter is so seldom required that the 
term expansion may be used generally to include the case of steady 
flow, unless otherwise specified. ’ * 

89 . Adiabatic Expansion of Dry Steam. If the final 
state is dry as well as the i^utial state, as may frequently happen in 
the early stages of expansion with superheated or supersaturated 
steam, it is often advantageous to calculate the heat-drop, or the 
final state, directly from the adiabatic equations, which are the 
same as those "of a perfect gas. The advantage of this procedure is 
most evident when small differences are in question, as in cal¬ 
culating the discharge tluxmgh a nozzle. The use of the tables for 
dry steam involves a double interpolation for both T and P, which 
is troublesome to perform with the necessary degj%e of accuracy. 
Whereas the adiabatic equations are extremely simple, especially 
if the small quantity b is neglected, as is usually Slone in the case 
of gases. The values of O and G arc seldom required if the initial 
and final states are both dry, because, if either P, or F, , 9 !r, i, is 
'given for the final state, the otheatwo are easily calculated without 
reference to <I> or 6 . The adiabatic heat-drop is most easUy found 
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from the formulae, given on p. 229, and in Appendix III, and the 
value of V is most easily calculated from that of H. ’ 

The tables aje most useful for finding the initia? values of H, 
O, V, and G, when the range of^xpansion is considerable, and the 
final state is saturated. The value of H is the easfest to find by'inter- 
> potation in the tables, since the differences are small and regular. 
When required below the tabulated limit of 100° C. for dry steam, 
H may easily be obtained with great accuracy from the formula, 
H = SgT — SCP + 404 (F.P.C.), which for purposes of numerical 
calculation takes the form 

H = 594-82 + 0-4772< -P(c- 0 00.87)/2-2436 (F.P.C;). ...(11) 
The last term, representing SCP, being small, caiifbe worked on a 
small slide-rule, with values of c from Table 111 (c). The small 
constant 0-0087 to be s\ibtracted from c, represents 85/13; and the 
factor 2-2436, representing 8/13a, is the samo as that required fof 
fitlding V by the formula 

V = 2-2436 (H - B)IP + 0-0l2a<F.P.C.).(12) 

which is most often required, and is given for other systems of 
units in the Steam Tables, App. III. Unless small differences are 
in question, the initial and final values of II and V may often be 
obtained with sufiieicnt approximation by reading the diagram, 
as explained in Appendix II. 

90 . Adiabatic Expansion of Wet Steam. The usual 
method of finding U" in adiabatic expansion for wet steam, is 
to find the final quality or dryness fraction q" from the equation of 
constant entropy, <t>', or 

0 f'+ q"L"ir"^ f + q’L'jr .(18) 

and to deduce H" and V" by means of q" from tlq; relations 

V'i"+ A". q"y.''+ (1 - g") v" .(14) 

where V," is the tabulated volume of dry saturated steam at the 
final pressure. 

This method involves the tabulation of the five quantities, 
n, h, L, and in addition to p, t, O, II, and V, and gives the 
required drop of total heat W— H" as the difference between two 
large quantities, each of which must be carefully calculated when 
smallodifferences are in question. The method is somewhat in¬ 
convenient in practice when the- final volume, or the ratio of ex¬ 
pansion, is given in place of the final pressure or temperature. 

14-8 
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When the final volifine is the given quantity it is first necessary to 
find the final pressure, which is generally calculated by employing 
Zeuner’s empMcal formula, namely, 

pyum+tflta J constant.(IS) 

This equation gives a fair qualitative representation of the 
adiabatics of wet steam over the range required in practice, but it 
is found on closer in vestigation that it does not agree with the tables, 
tmless the index is taken as a funetion of the initial and final 
pressures, as well as of the wetness. Thus for steam nearly dry at 
200° C., the initial value of the index is I-ISS in place of I-ISS, 
but falls tclow the latter value when the range of expansion 
(starting at 20a^C.) is extended below 100° C. The error at low 
pressures may amount to 15 or 20 cals. C. in the heat-drop. Many 
attempts have been made to express the variation of the index in 
terms df pressure or tcmiwratiu'c for different ranges, but the 
resulting expressions are too complicated to be of much practibhl 
use. Even in its simplest shape, the formula is somewhat trouble¬ 
some to work. It cannot be applied to superheated steam, and the 
results are often less accurate than those wliich may be obtained 
by sim]Se inspection of a diagram (sec E,\ample 1, below). 

If more exact results are required than can be obtained from a 
diagram the method of the next section based on the thermo¬ 
dynamic potential G is generally the most convenient. 

To find p” and t" if V" is given. If the final volume is known, 
but not the temperature or pressure, as is the case when the ratio 
of expansion alone is givep, the usual procedure for calculating g 
fails. The main object of Zcuncr’s equation is to meet this case by 
calculating the final pressure from the ratio of expansion. It is 
well known that Zeuner’s equation does not give p very accurately 
from V. An e*act solution, however, may easily be found by trial 
from the simple expression for VjV, already given, with the aid of 
the tables for V, //, and G for saturated steam. If the final volume 
of wet mixture V is given, the value of V, is known approximately, 
since it must be a little greater than V. This gives da approximate 
value of the temperature, and therefore of H, and G, from which V 
may be calculated for comparison with the giveh value. After 
two trials, the exact answer can always be foimd by interpolation. 

Example 1. The following example will nuke the procedura dear. 
Given <!>'= l-eoo, from the initial state, find the pressure and 
temperature when the steam has expanded to a volume of 200 cu. ft. 
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per lb. The answer can be found approximate^ from any'diagram 
on which both volume and entropy are slfcwn.” Ins^tion of the 
diagram accom])^nying this book gives imm^iateljV 

p"=l-87, <"=44-5°(?, //''=50S, y'= 0-807. 

^ To find a more accurate solution from the tables, take as a trial 
solution, 

# 

<"■= 45°, r,"= 244-30, H,"= 615-84, C"= 8-50, //"= 505-45. 
This gives 

F"/F,"= (505-45 - 44-85)/(615-34 - 44-85)*, 
or 107-28. Taking <"=44°, F/'= 250-45, ///'= 614-88, 

G"= 8-85, gives V"= 206-63. By interpolation , 

<"= 44 + 6-63/9-40 = 44-71°, p"= 1-3694,‘'G"= 3-46. 
Whence //"= T"®'- G"= 508-48 - 8-46 = 505-02, which confirm^, 
ti)p diagram. Since V," at 44-71°= 247-8, 

(1 - q") = 47-8/247-8*= -1980,* 

or 9"= -8070. 

It is seldom worth while, except when small differences are 
required, to solve problems of this kind more accurately tKan they 
can be solved by inspection of the diagram. It should be observed, 
however, that it is a great advantage to have both V and <I> shown 
on the same diagram. As a rule, they arc shown on different dia¬ 
grams (e.g. those of Mollier) and it would be necessary to find by 
trial a point on the line O = 1-60 on one diagram giving the same 
state as a point on the line V —■ 200 on fhe other. This is so trouble- 
sbme and confusing in practice that it is generally better to use 
the tables* if a suitable single diagram such as that explained in 
Appendix II, is not available. 

91. Use of the Potential G in Adiabatic Expansion. 

The thermodynamic potential G ^ing delincd by the general 
relation 

G = T^- H .(16) 

the expression for the heat-drop W- H" when O" is evidently 

//'- (r- T") O'- (G'- G") .(17) 

which applies to any state of,,the steam, whether wet or dry, 

* See eqiiAtHHK (18), next pegs. B'* from 0" by (10). 
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superheated or sup^aturated, provided that the proper values of 
0 are ioserted in the formula. The use of tids expression is most 
advantageoustin the case of wet steam, because is the same for 
water and steam in equilibrium, and its value for any mixture of 
wateo and steam ft therefore independent of the composition of 
the mixture. 

The«defect of volume F,"- F" due to wetness is directly 
obtained by the equation 

F."- F"= F." (hf."- «<). .(18) 

from the corresponding defect .of total heat H"- H" due to 
wetness, without the necessity of calculating q". This expression is 
exact, accordinif^o the author’s equations, and does not require 
any correction for the volume of the liquid or for the variation of 
^he specific heat. The value of st is / — </300, but it may generally 
be takeifas t simply,*since st itself is small compared with.ff. ^ 

The advantagf of thi^i method is that the required drop of 
total heat, and the required defect of volume, are direetly given as 
small terms which may generally be ealculated with a small slide- 
rule. The single quantity G is tabulated in place of the five quantities 
l), h, <l>, t, and LjT, whieh arc so seldom required for other purposes, 
and arc so easily calculated by the author’s formulae, as not to 
require close tabulation. This effects a considerable simplification 
in the tables, and makes it possible to include all three systems of 
units in one table, App. Ill, Steam Table II, which is a matter of 
great convenience in comparing the results of experiments recorded 
in different systems of units. 

Since G"== //"■•.= II,", for wet steam, where 

0," and //," arc the tabulated values of the entropy andi total heat 
of dry saturated steam at T", the same formula may also be written 
in the conveniebt shape 

H'- //"- T" <D') + H'- H," .(19) 

« 

which is easy to work by taking 0," and H," from^the tables for 
saturated steam in place of G' and G", But the formula in this 
shape applies only when the final state is wet, anc^it is necessary 
to find T" by adding 278'1° C. or 459'6° F. to the tabulated value 
of 1". The results obtained will not be quite so accurate as those 
given by the G formula unless <I>, is tabulated to five placis of 
decimals. Since H' occurs on both sides of the equation, it is 
evident that the formula in this shape is simply equivalent to 
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jy"— N,"— T" (®,— ®'), which is obvious, and'is often convenient 
if <P' is given and H" alone is required in place of ff'- N". • 

It was not (^nsidered worth while to tabulate T in addition 
to t, because the G formula fo!| the heat-drop involves only the 
difference T'— T", which is the same as t'- t'*, and because 3^ is 
, so easily obtained from t on the few occasions on which it is required. 
The potential G on the other hand is troublesome to calculate, and 
is worth tabulating for many other reasons. 

When it is required to calculate a number of values of the 
heat-drop DH from a given initial state to several different 
final states, the formula (17) in terms of G wll be found the most 
convenient, since <!)' and G' are the same for each value of DH to 
be calculated. The work may conveniently be fjjr?iiigc<l as in the 
following example. 

Example 2. Find DH^ from the initial sttite /’=160lbs.,^ 
t w 200* C., to each of the final states, P - 80, 40, 20, 10, 5, 2, 
and 1 lb, • • 

Here <!>'= 1-59] 2.8 from Table VI, and O'— 70-40 from Table VII, 


Final P 1 

80 

40 

20 

10 

5 

1 2 , 

1 

Final t '■ 

165-62 

1.30-67 

108-87 

89-58 

72-38 

1 62-27 

38-74 

Diflf. I'-t" 

44-48 

69-33 

91-13 

110-42 

127-62 

147-73 

161-26 

Did. X (*'-l) 

26-30 

40-90 

63-88 

05-2!) 

76-46 

87-.'t5 

96-36 

Ada 0" 

37-54 

27-12 

19-22 

13-26 

8-81 

4-09 

2-61 

Subtract O' 

- 76-40 

78-40 

76-40 

70-40 

70-40 

70-40 

76-40 


i 31-92 

01-04 

87-83 

112.67 

135-49 

163-37 

182-82 


The difference t" is multiplied by <!)'— 1 and added to 
t" be(jpuse this gives better accuracy with the Fuller slide-rule 
employed for the multiplication of t'— t” by the .eonstapt factor 
0-69123. If the.second formula (19) for Dtf*, involving the term 
r"(®,"— O'), were employed for this purpose, we should have to 
look up H," and O," in Table II in addition to t” at each point, 
and to find T" by adding 278-10. Both factors of the product 
T" (O/'— O'f would be different in each case, which would add 
considerably to the work required. 

When-on tlie other hand we require the heat-drop from several 
different initial states to the same final pressure, the second formula 
(la), is usually more convenient, since T" and O," are constant; 
whereas both factors of the product (<'— t") <!>' would be different 
at each point in the G formula. 
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EacampU 8. Find from 160 to 1 lb., with initial tempera- 
fajres t = 200°, 2S0°, 800°, 850°, 400°, 450°, 500° C. T"- 811-84° C. 


Initial ( 

|S[|I 

260° 





600° 

Initial («'-!) 


0-64699 




jiWM 

0-84511 

Knal(*."-1) 


0-97239 



0-97239 


0-97236, 

UiSaBil 







0-12728 

Initial H' 

676-4I 



766-16 

781-26 


830-62 


118-87 


86-43 


HSU 

49-91 

39-66 

Subtract H," 



612-46 

612-46 

612-46 

612-46 

612-46 

-« 

182-82 




229-77 

243-46 

267-76 


92. TableQ^of Adiabatic Heat-Drop. The adiabatic 
heat-drop is required as a standard of comparison for the per¬ 
formance of steam engines and turbines, and is often tabulated with 
this objaat, especially in relation to the elTiclency rcqiiired or 
guaranteed in commercial specifications. Tables of heat-drop fn 
B.Th.U. based on the ^author’s formulae have been published* for 
this particular purpose covering a range of 27 to 29 inches vacuum 
in tenths of an inch, with 50 to 400 lbs. initial pressure and 0° 
to 800° P. superheat at intervals of 10 lbs. and 25° F. These contain 
upwards of 12,000 entries, and are very complete for the required 
purpose; but the po.ssible variety of initial and final states is so 
great, and there are so many different systems of specifying fiie 
measurement of pressure and temperature, that it would be im¬ 
practicable to constnict tables of this kind to meet all possible cases. 

The Steam Table Vlll^of heat-drop in calorics Centigrade, 
given in Appendix III, covers a wide range of initial states, but is 
restricted to a final pressure of 1 lb. It will be found ui^ful for a 
■ similar purpose, but requires the application of a vacuum correction 
if the final pressure differs from 1 lb. The tablets arranged to 
correspond with Steam Tables IV, V, VI, and VII, of H, V, 0, 
and G, so that the initial values of these quantities are easily 
obtained if required in the case of superheated steam. In the case 
of steam below the saturation limit, the initial statA are defined 
by the values of H given in Steam Table IV, but the initial state 
is taken as wet saturated instead of dry supersaturated, so that 
the initial values of V, 4>, and G are different, and must be 
deduced from H, if required, with the aid of Steam Table^I 
for saturated steam. This is equivakint to supposing that the dry 
* Edward Arnold, 1917, 
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supersaturated steam of Tables V, VI, and VII, is transformed 
into wet saturated at constant P and H, as would actually* 
happen if the dry supersaturated steam were discl^rged into a 
receiver without loss of heat. Tly initial temperatures for super¬ 
heated steam are those given in the column on the left; the iqiti^ 
temperatures for steam below the saturation limit, are the satura¬ 
tion temperatures given in the lowest line of the table, together 
with the values of the heat-drop DH, for dry saturated steam, 
from the given initial pressures to a final pressure of 1 lb. 

The values are tabulated to two places of decimals, in case they 
may be required for small differences, but owing to the number of 
different figures from other tables involved in the caMulation of 
each separate result, the errors may often exceed, One in the last 
figure of the heat-drop. 

Values of the heat-drop to 1 lb., for initial pressures and tem- 
pcraturc\ intermediate between those tabtilated, may gv^nerally " 
be obtained with sufficient accuracy for most purposes by linear 
interpolation. But at low pressures, where the intervals are re¬ 
latively large, it is sometimes advisable to employ the special rule 
for d) and G given in the Steam Tables, App. Ill, §202. The 
largest interval (ratio 2/8) is that between 20 and 30 lbs., ^^ich is 
very seldom required. To find the heat-drop from 25 lbs. at 200° C., 
by linear interpolation, we should add half the tubular difference 
18'51 to 117-06, giving 123-82. By the special rule, the half- 
difference C-76 should be increased in this case by 1/lOth, or 0-68, 
giving 124-50 as the correct result. The error of linear interpolation 
between tabulated values P' and P" can never exceed 

(P'_ p")/4 (2»'+ p") 

of the tabular difference, e.g. between 90 and 100 lbs. the maximum 
error amounts topless than l/20th of a caloric, and between 450 
and 500 lbs. to about l/30th. Linear intcr|>olation for temperature 
difference is quite satisfactory, and may be effected simultaneously 
with that for pressure difference by adding the appropriate fraction 
of the tabular difference for 10°. 

To cMrrect the heat-drop to any other final temperature 
in place of 4 = 88-74° C., the value for 1 lb., we have to add 
(4 — 4) — <?,)> heat-drop from 4 to 4 at 4>', the initial 

valu%,.of the, entropy. This is easier than calculating the whole 
heat-drop, because G' is not required, an approximate value of <!>' 
Rufifices, and the multiplication can be done on a small slide-rule. 
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Thus to find the heat-drop from 26 lbs. at 200° C., to 2 lbs. in place 
of lib., we find ®'=1'814 from Table VI, 4= 52-27°C., and 
6 , •• 4’69 fi^ra Table II, whence the requiired correction is 
18-58 X ■1'814 - 2-08 = 22'47, to Jpe subtracted from 124-50, giving 
l<t2'08 for the heat-drop to 2 lbs. or 25-92" vacuum (Bar. 80"). 
But this is an extreme case. The vacuum correction seldom exceedsi 
10 cals.,C. The correet value of the heat-drop, directly calculated 
with <!>'= 1-81425, G'=-170-70, by 7-figure logarithms, comes out 
102 -02, which agrees within the probable limits of error of the 
tabular data. 

Table VIII differs from Steam Tables IV, V, VI, and VII, by 
the additi^n of the first column for an initial pressure of 16 lbs. 
This has been ><Jded to include the case of low-pressure turbines, 
which generally work with an initial pressiire between 15 and 20 lbs. 
The maximum error of linear interpolation between 15 and 20 lbs. 
cannot axceed 1 /28 of the tabular difference, which is nearly 10 cals, 
at all degrees of s\iperheat. This amounts to 0-35 per cent, of the 
heat-drop at the lowpr initial temperatures in the table, so that it 
may be advisable to correct the result of linear interpolation by the 
special rule already quoted, which takes in this case the following 
form, * 

When the given initial pressure P is intermediate between 15 
and 20 lbs., find by linear interpolation the fraction (P — 15)/5 
of the tabular difference D at the given initial temperature, increase 
it by the fraction (20 - P)/2P of itself, and add the result to the 
tabulated heat-drop at 15. 

Thus if P = 17, < = 21)0°, D = 9-68, the correction by linear 
interpolation is 8-87. This must be increased by 3/34 of itself, or 
0-84 cal. giving the result 107-38 + 8-87 + 0-84 = lll-^O cals. C. 

The initial values of H at 15 lbs. are easily found, if required, 
by adding 5S€ to the tabulated values at 20lbs., or half the 
difference for 10 lbs., namely 10.96’, given in the first column of 
Tabic IV. The value at the given initial pressure may be obtained 
with equal ease by adding the appropriate fraction of lOiSC, e.g. 
at 17 lbs. and 200° C., add 0-8 x 0-884 = 0-25 to*fl = 688-08 at 
20 lbs. Similarly, to find the initial value of the entropy, if required 
for the vacuum-correction, add to the tabulated value of the 
entropy in Table VI at 20 lbs. the fraction (20 - P)/3 of 0-082, 
since the value of the entropy at 15 lbs. exceeds that at .20 lbs. 
by the nearly constant quantity<i0-082, which is accurate enough 
for the purpose of the vacuum-correction, though not for the wh<Je 
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heat-drop. The initial value of G is not required for the vacuum- 
correction, and that of V may be most easily obtained from H by. 
the usual formul| for dry steam. , 

It will be seen that most of yiese corrections are insignificant 
in practice, but they may be required if it is desired to inves1jga1;e 
the probable effect of small changes in the initial conditions. 

* 

93. Absolute Thermal Efficiency of the Rankine Cycle. 

The efficiency of the cycle, or the fraction of the heat received 
which is converted into work, is readily obtained from the expres¬ 
sions previously given for the work done per cycle. The heat received 
is the change of total heat H'— h' at constant pressure p', from the 
state of water at the lower temperature to that af steam at the 
upper limit of superheat. The heat rejected is the product of the 
corresponding change of entropy <!>'— <f>' by the temperature T". 
The heat converted is //'— h'- T” (O'- ^'),* which ma3 also be" 
put in the form //'— //"— {h'— h"), where //'- U" represents the 
work done by the steam, and h’— h" the wprk of the feed-pump 
Arc = av" (p'— p"). We have therefore the following expressions 
for the efficiency AW IQ', 

AW 10:= 1 - h') = (H'- //"- Atc)l(II'-h"- Arc), 

.(20) 

of^hich the second is the most convenient for use with the tables, 
when combined with the formula already given for the heat-drop 
//'- H". 

The performance of an engine is colninonly expressed in terms 
of the number of pounds of steam required per horse-power-hour 
of 1,980,0(1() foot-pounds (H.P.H.). 'I’hc work obtainable per pound 
of steam in the Rankine cycle being represented by • 

• 1400 (ff'- H "- Arc), 

the number of pounds of steam required ()er H.P.H. is given by 
the numerical ^formula, 1414-8/{/f'— //"- Arc). This is a favourite 
method of expression in the case of superheated steam, but is very 
misleading, begause it obscures the fact that a pound of super¬ 
heated. steam contains more heat, and requires more fuel to 
produce it, than a pound of saturated steam. The theoretical 
impfuvement in efficiency by superheating is comparatively small 
even when the superheat is considerable, as shown in the following 
example, in which supersaturation (J 187) is excluded. 
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Example 4, Ei^iiency of the Rankine Cycle for steam at 200lbs. 
«ondensinf( at 40“ C., with various initial temperatures. 


laitislf 

• 

-^ 

H' 


O' 

\b'AH" 

1 

i AW 

-r- 

Effioienoy j 

Lbaf 

H.P.H. 

194-35“ 

669-69 

1-5538 

56-69 

185-95 

185-62 

629-47 

-2949 

7-618 < 

300“ , 

,728-82 

1-6682 

227-24 

209-49 

209-16 

688-60 


6-781 

400“ 

780-26 

1-7511 

398-37 

234-79 

234-46 

740-04 

-3168 

6-031 

500“ 

829-93 

1-8199 

577-02 

262-93 

262-60 

789-71 

-3325 

6-385 


Knal state, p"= 1-0703, 0"= 2-78, Aw = 0-33, A'= A"+ Aw = 40-22. 


The calculation of the heat-drop by the formula 
(<'-1")®'- G'+ G" 

is very easy, but is not so advantageous in the ease of highly super- 
cheated steam as in the case of wet steam, because the value of 
G' may Be large, as in the last example, and tbe range t'—’t" is <iJso 
large. When the absoluta thermal cIBciency is required in addition 
to the heat-drop, it i».necessary to take W from the tables in any 
case, and the beat-drop may be found by the equally simple 
formula 

ir- //"= H'- T"<^'+ G"- H - H,"+ T" d»'), 


which is just as easy to work, and saves looking up G'. The formula 
in terms of G is more convenient when the heat-drop is small, 
especially if H' is not required. The second is often preferable 
when the sujierheat is considerable, and IV is required for other 
purposes. See Jlx. 8. ^ 

The above method of calculation is much simpler and more 
accurate than working out the Rankine formula with iS,?- -48, and 
s - 1, but thare is no great difference in the results if the same 
values of L are employed. The usual method of .working out the 
dryness fraction q as an intermediate step with the aid of ^ and 
LIT, and deducing 11" from q, L", and h", involves more arith¬ 
metic, but is otherwise exactly equivalent to employing G, provided 
that H and h are defined by the same expressions. * 

The correction for the feed-pump work Aw is of the same order 
of magnitude as the effect of the variation of the specific heat. 
Both are generally less than errors of observation, and are unimpor¬ 
tant for practical purposes; but neither can be exactly a|^lied 
imless the relations of h, L, and.ff are defined with much greater 
precision than is usually attempted. The method of applying the 
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correction given in the above example, is thf,t required by the 
author’s equations and definitions. The assumption 
, h’- A"= Aw = ao" ip'- p"), 

in adiabatic compression of the liquid from p" to p', is very accurate, 
and the value of G” takes exact account of the xhriation of specific 
heat according to the formula assumed for h” under saturation 
pressiure. The effect of the variation of S for the vapour^is also 
exactly represented in the expressions for H', <!>' and G'. But when 
purely empirical formulae arc employed for these various quantities 
it is very dilficult to say how the corrections should be applied or 
to interpret the application of the formulae in special cases. Thus 
if Regnault’s formulae are used for II and h, it is difficult to say 
exactly what they mean, or to specify the varigtib.i of s and L. 
They have in fact been interpreted and applied in different ways 
with inconsistent results. 

• I 

*94. The Efi&ciency Ratio, and^ the Relative Effici¬ 
ency, F. The drop of total heat in iseutropic expansion, calcu¬ 
lated by the method above explained, gives the thermal equivalent 
of the work theoretically obtainable under the condition of steady 
flow from a higher to a lower pressure, and can be calculated very 
accurately in any case, since it depends only on the properties 
of the working fluid in the initial and final states. The thermal 
equivalent of the work actually done by the steam in an engine 
or tiurbine for the same initial state and final pressure, must 
always be less than the ideal value thus calculated, provided 
that no additional heat is supplied after the steam has reached 
the engine. The ratio of the work done to the work theoretically 
obtainable^ in the engine is a measure of the relative efficiency 
which is of greater practical utility than the absolute thermal 
efficiency, because it affords a fair estimate of the* thermal losses 
due to imperfect fulfilment of the theoretical conditions. 

The relative efficiency having been determined for different 
types of engine under various conditions by direct ex[)criment, 
supplies a convenient means of estimating the {jerformance to be 
expected in anj given case, or the dimensions required in designing 
an engine for a particular purpose. But since its value cannot be 
determined by experiment, or predicted by theory, with a high 
degmt of accuracy, no practical advantage is gained by insistmg 
on small corrections, such as the work done by the feed-pump, or 
by distinguishing between the work done in the Hankine cycle and 
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the work-equivalent of the heat-drop in adiabatic expansion. The 
relative efficiency, denoted by F, will therefore be defined and 
employed in fhe present work as the ratio of the thermal equivalent 
AW of the indicated work per jjound of steam to the adiabatic 
heatidrop (//'- ff”)* calculated from the tables, or read .on the 
diagram, for the same initial state and final pressure. The relative 
efficiency thus defined is for all practical purposes the same as the 
ratio of the thermodynamic efficiency of the actual engine to that 
of the Rankine cycle, which is commonly called the “Efficiency 
Ratio.” It is easy to allow for the difference in any case in which 
the accuracy of the calculations makes it worth while, but the 
“relative Efficiency” F as here defined is the most useful quantity 
to employ in tt^prctical calculations. 

It follows immediately from the above definition of the relative 
efficiency F that, if M is the mass-flow, or the steam supplied to the 
engine, «in pounds jrcr second, the indicated horse-power, I.H.P., 
is given by the equation ^ 

I.H.P. ^^-SiSiMF {ir- H'% (F.P.C.) 

= l iUlMF(ir- //'%{F.P.F.).(21) 

Th* English horse-power is taken as 33,000 foot-pounds per 
minute at London. If the French horse-j)owcr (F.H.P.) or Cheval- 
Vapeur, is taken as 75 kilogrammctres per second in latitude 45°, 
and M is in kilograms per see., the corresponding expression-for 
the French horse-power in (K.M.C.) units is 

French I.H.P.= 5-694MF (IF- U'\ (K.M.C.). ...(22) 

To find the eonsumptibn of steam in pounds or kilograms per 
I.H.P. hour we have 

Lbs./(I.H.P.H.) = 3600M/(I.H.P.) 

= 1414-3/F (IF- H'% (F.P.C.) 

= 254C/F (IF- H"\ (F:P.F.).(28) 

Kg./(F.H.P.II.) ■= 6a2-SlF(H’- H")i (K.M.C.), 

which arc useful for finding the value of F, when the consumption 
is given, by taking (H'~ H")^ from the tables or diagram for the 
given conditions. ^ 

By equation II (2), if there is no external loss of heat, and if 
the kinetic energy of the steam at release is included in the final 
value of H" (as would be the case if the total energy rcfccted 
were actually measured in a calorimeter), the actual heat-drop 
(W— H") will be equal to the effective heat-drop given by the 
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product F (H'— B")^, The effective heat-drop may be estimated 
from the value of in this manner, or may be calculated from th«% 
actual heat-drop measured experimentally, by applj^ng a correc¬ 
tion for the external beat-loss. ^ 

In many cases the external heat-loss may lie neglected, {leiftg 
^mall or less than the uncertainty of F. The actual final value of 
U" is thus known approximately, and the state of the s^eam at 
intermediate points of the expansion may be inferred with a fair 
degree of probability, or represented by a suitable curve on the 
diagram. This method is particularly useful in treating problems 
relating to nozzles and turbines, when the flow is continuous, and 
the intermediate states lie on a continuous curve. 

Detailed examples of the applications of those and similar 
methods arc given as illustrations of the use of the diagram, which 
affords ample accuracy in nearly all cases in which the relative 
efficiency enters, except when small differences of heat* Irop are''’'^ 
re^iiired. In the latter case it is generally necessary to use the 
tables, but very fair results may also l*e obtained by a simpler 
method of calculation based on the following formula. 

95. Empirical Equation for the Adiabatic of Saturated 
Steam. The theoretical equation of the adiabatic, namely 
H = rOg — G, is easily ai)plied if tables of G and <I) are available. 
Fffr exact calculations in the case of saturated steam, the adiabatic 
drop may also be expressed in terms of II and T only, by means 
of the following theoretical formula 
W- U "= (/i'+ s X 273-1) (1 - T"jT) + sT" log, (T"jT'), (24) 
which is comparatively easy to work in the absence of any tables. 
But the corresponding theoretical expressions in terms of H and p, 
Qtp and V are too complicated to be of any use. For* this r eason an 
empirical expression for H in terms of p may prove useful in special 
cases, for obtaining the final state, or for finding intermediate 
points when the final state is given. 

As an empirical equation for the heat-drop, it is preferable to 
use an equation giving H directly in terms of p or F. A suitable 
type of equation is the following 

H-B'^-kp'*, .(25) 

whigh gives an expression for the adiabatic heat-drop exactly 
similar to that for dry steam, except that the small constant b is 
omitted, and that the values of B' and m vary slightly for different 
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adiabatics, and am only about half as great as the corresponding 
•constants for dry steam. 

When u^d as a formula of interpolation, for finding inter¬ 
mediate values along an adiabati^ for which the final state is given, 
the values of k arid m are not required in the calculation, but only 
that of B', which is obtained from'the simple relation 

. (H'- B'W- B') - p'V'lp"V", .(26) 

where U", p”, V", are the given final values. The resulting value 
of B' is nearly 250 for large ratios of expansion with steam initially 
dry. Intermediate values o( H - B' are obtained from those of p 
by logarithmie interpolation, since log (H — B') divides the interval 
betweenjog (W- B') and log (//"- B') in the same ratio as that 
in which logp’dwides the interval between logp' and logp". 

An equation of the type A is often employed for a similar 
purpose by calculating the appropriate value of the index y to fit 
the init!^ and final "states, from the relation 
• y = l«g (p'lplftog (V'lV). 

But it is more convehient in practice to employ this equation in 
the precisely equivalent form 

pV = kp”, .(27) 

where m = 1 - 1/y = h>g{p'V'lp''y")l\og{p'lp"). 

An equation of this type, with the appropriate value of w, fits 
the adiabatic very closely for small ranges of pressure, but it has 
the disadvantage of being somewhat inaccurate for large ratios of 
expansion, and of being inconvenient for the heat-drop, which is 
difficult to calculate accumtely from the value of V given by the 
formula. 

The difficulty of cidculation may be evaded by employing the 
fictitious valite of the heat-drop obtained by integrating aVdp, 
namely, * ^ .(28) 

but the values of H so obtained are inconsistent with tliose of V, 
and usually lead to a discrepancy of 1 or 2 per cent, for the final 
heat-drop assiuned in calculating m. 

So much experimental work has been based on Zeuner’s equation 
for the adiabatics of wet steam, and so many attempts have been 
made to find empirical expressions for the index y in terms of the 
initial and final states and the wetness, that it is importqn^; to 
realise that an equation of this type cannot correctly represent the 
adiabatic with any value of the index except for small ranges of 
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pressure. On the other hand a formula of th« type (28) fits the 
adiabatic very fairly for large ratios of expansion, and is also useftil* 
for representing different types of expansion curves yi the case of 
turbines, whether the efficiency inconstant or varies systematically 
throughout the expansion. • , * 

. The difference between the types of formulae here discussed is 
most readily appreciated by taking a specific example and drawing 
curves showing the difference between the theoretical values of 
the heat-drop and those given by the empirical methods of cal¬ 
culation. Curves of this kind are shown in the annexed Fig. 21 
for the ca.se of adiabatic expansion from 165 lbs. (dry sat.) to 
1 lb. The abscissa in the figure represents the logariHim of the 



pressure-ratio; tl\,e ordinate of each curve, the diffci^nce in cals. C, 
of the heat-drop, as calculated by the empirical methods, from that 
given by the theoretical equation, represented by the horizontal 
base-line. The lowest curve, 25—^Th, which crosses the base-line 
at the middle of the range, shows the excess of the values of U 
calculated by formula (25) over the. theoretical values. The maxi¬ 
mum error of tflis formula is only 0*8 of cal., or less than l/5th of 
1 per cent, of the whole heat-drop. The curve Z—Th, which also 
erossar, the base-line near the middle, shows the deviation of 
Zeuner’s formula (15), with the index 1‘185 for dry saturated steam. 
l%u gives a positive deviation of about 5 cals, near the start, and 

IS 


as. 
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a negative deviation amounting to 17*4 cals, at the finish. The 
curve 27—^Th shows the deviation of formula (27) from the theoretical 
when the va)jie of the index is specially calculated to fit the final 
state, as is often done. The deviation then reaches a maximum of 
lt'6 cals, near theuniddle of the range. The curve Th—28, in which 
the sign of the difference plotted has been changed so as to bring; 
the curye above the base-line, shows the effect of calculating m as 
in (27), but taking the heat-drop as in (28). This gives good results 
for small ratios of expansion, but leads to a discrepancy of 8 cals, 
in the final state. 

Formula (25) is distinctly the most satisfactory for large ranges 
of pressing. If //" is given, or calculated by the theoretical 
formula,‘it is generally sufficient to take B'= 250, and the values 
of V at intermediate pressures may be found with sufficient approxi¬ 
mation for most purposes by the simple formula F = m(H — B')lap. 
This is hss trouble than calculating V from H at each point by 
reference to the tables for saturated steam, but the latter metRod 
is much the most accurate. 

If p is a round number given in the tables, so that no inter¬ 
polation is required, it is usually more satisfactory to work a single 
result By means of the theoretical formula H = TO — C. But if p 
is not a round number, and if several intermediate values are 
required, the empirical formula represents some advantages. Its 
utility becomes even more apparent if it is required to solve tfie 
inverse problem of finding the pressures when the division of the 
heat-drop is given, as in the following. 

Example 5. Find the pressures required to give subdivision of 
the adiabatic heat-drop into ten equal parts from H = 667-55 at 
165 lbs. to H -= 466-66 at 1 lb. ^ 

The whole work is shown in the following table, giving the 
values of p at the nine intermediate points. Taking B'— 250, the 
values otU — B' given in the first line are obtained by successive 
addition of 18-089 (being one-tenth of the given heat-drop) to the 
final value of H - B', namely 286-66. The second line gives the 
corresponding logarithms omitting the characteHstic and the 
decimal point. The third is obtained by subtracting the logarithm 
(87412) of the final value from each. The values of idgp given in the 
fourth line are obtained by logarithmic interpolation, i.e. by 
multiplying each of the differences in the third line by the eatio, 
1/m - 2-2175/0-24644 of the difference of the logarithms of the initial 
and final pressures to the difference of the logarithms of the corte- 
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spending values otH — S', and adding logp",,which in this case 
is 0. The theoretical values are added in the last line for comparison,. 
as obtained by a method given in a later section. 

H-B" 39946 38J-37 363-28 346-18 327-10 309-02 290-93 272-84 264-76 

\ogB-B' 60147 68134 66023 63806 61470 48999 40378 43690 40612 

-37412 22736 20722 18611 16394 14058 11687 08906 06178 03200 

Ibgp 2-0441 1-8633 1-6733 1-4741 1-2640 1-0418 0-8061 0-6666 0-2877 

p 110-7 73-00 47-13 29-79 18-37 11-01 6-399 3-693 J-940 

Thoor. 111-3 73-66 47-63 29-97 18-41 11-00 6-308 3-667 1-927 

The values of p show very fair agreement with the theoretical. 
It would not be at all easy to get equally accurate results from a 
diagram. The equal subdivision of the heat-drop on the diagram 
would also be a troublesome process. The graphic aifalogue of 
logarithmic interpolation is to rule a straight line jpilung the initial 
and final states plotted on logarithmic scales for both V and H, 
Unfortunately the scales required are so different that suitably 
ruled pappr is unprocurable. 

fhc formula (26) with B'= 250, is essfntially pne of interpola¬ 
tion, and would not represent the adiabatic ^ith the same degree 
of accuracy unless the values of the constants B' and m were cal¬ 
culated to fit the final state. If the final state is not given, but only 
p" or V", the formula can still be used for finding //, with certain 
limitations, by employing a fixed value of m, provided that the 
value of B' is taken to suit the initial temperature t' by the formula, 

B — 300 — 0-27<', in which case fairly accurate values of H at low 
pressures are given by 

(H - B')l{ir-B') (P/P'yl* or ...(29) 

The formula in terms of p gives fairly accurate values of II with the 
index tn = 1/9, throughout the whole range, and accurate values 
of V can b? deduced from H by the usual formula for saturated 
steam. If V only is given, the formula in terms of V with the index 
m = 1/8, gives equally accurate values of II at low pressures, where 
they are most required, but is distinctly inferior to the p formula 
for moderate ranges, because the equation pV*l* cannot fit the 
adiabatic throughout, and cannot be used for deducing p from V, 

If p is required, better values may be obtained with much less 
trouble from V tiy the formula, p = 1-08 (II - B'yV. 

Correction for Initial Wetness. The formulae above given apply 
to thg^nitial. state of dry saturated steam. Zeuner’s method of 
naaldng the index a function of tjie wetness is very crude and un¬ 
satisfactory. The exact correction of the adiabatic heat-drop for 

W-* ' 
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initial wetness of the steam is given in terns of the detect of W 

or <P' by the very simple formula 

Correction o&DJIf = (O'- 0.') (/'- <") = (ff'- H^') (<'- <")/r, 

.( 80 ) 

where Zf,' and 0,' are the initial valiies for dry saturated steam. For 
this reason it is usually best to calculate the heat-drop as for dr/ 
saturated steam, and to apply the correction with a small slide- 
rule if the wetness is known. In a practical problem the value of 
H' is the quantity directly given, but if the dryness fraction q' 
is given in place of W, the defect of H' may be taken as 
ff'= (1-«')(//;- n 

The correction'for wetness is always negative, as is indicated by 
the sign of the’terra {H'~ H,') in the formula. In modern practice, 
the initial steam is more often superheated than wet, but wet steam 
is common in intermediate stages, where it is usually complicated 
by supersaturatiqn. *' 

If the initial steam is superheated, and remains superheated for 
an appreciable range of expansion, as is often the case in practice, 
an equation of the type K cannot represent the adiabatic 
satisfactorily, us commonly assumed, with a single value of the 
index, calculated in the usual way to fit the initial and final states. 
The reason is that an equation of this type gives a continuous curve 
on the PV diagram, whereas the true adiabatic shows an abrt^t 
change of slope at the point where it crosses the saturation line. 
Conversely, the curve Prr= K, when plotted on the H log P 
diagram, shows an abrupt fhangc of slope on crossing the saturation 
line, whereas the true adiabatic is continuous. This follows from 
the fundamental relation dll/dP - aV at constant entropy, which 
may be regarded as the differential equation of the adiabatic. 

On the other hand, a cur\'e of the type II — ^'= kP”, satisfies 
the condition of continuity for dHjdP, and can be employed to 
Kpresent the adiabatic with a fair degree of approximation by 
calculating B from the initial and final states as already explained. 
The approximation obtained with a single value of* B' is generally 
within J per cent, of the whole heat-drop; but a much closer 
representation is secured, without any discontinuity, by using 
different values of B' for the superheated and saturated portions 
of the curve. For superheated steam the required value is 
simply 464 cals. C. (if b is neglected in the equation of the adiabatic) 
and the value of the index m is 8/18. At the point where the cum 
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crosses the satiuation line, the condition of continuity gives the 
simple relations 

p (dH/dP)t ^ apV, = (8/18) (//,- 464) = m (H, ...(81) 

Ifm •= 1/9 for saturated steam, we^ndJS'= 464-,(14/18) (ff,—^464), 
which gives values of B' slightlj' smaller than the empirical formula 
800 — 0-27/', owing chiefly to the neglect of b. The latter 
formula for B' is generally the most convenient and accurate. It 
gives B'= 260'3 in the following example, in which the .curve 
crosses the saturation line at 64 lbs., starting with steam initially 
superheated to 805-67° C. at 256 lbs. 

Example 6. Empirical equation for adiabatic applied to super¬ 
heated steam. 


Prenure 

266 

128 

64 

32 

16 

8 

4 2 

. 

1 

(Thepr.) 
'= 260-3 
'= 325 

720-48 

729-48 

729-48 


■ 

1 

Bi 


nH 

509-70 

509-70 

509-80 


In the la-st line a single value of B' is taken throughout, and 
the deviations exceed 1 cal. In the second line B is tideen as 
464 for superheated steam, and the agreement of the empirical 
formula with the theoretical is seen to be extremely close. 

• The exact expression for the adiabatic heat-drop for dry steam 
in terms of the initial value of II, is readily obtained by writing the 
general expre.ssion for II in the form 

//'- B = (1 - a (« + nc'P’jT') - 1 - abP', 

in which we observe that c'P'jX' is proportional to PIT”*^, and 
is constant along an adiabatic. Thus if II" is any value of II on the 
same adiabatic at P" and T", we have the simple ^relation 

H"-B - abP"^ (T"IT') (IP- B - abP'), 
giving for the adiabatic heat-drop H'— II", or I)II^, the expression 
0//*= (lU -B- abP') (1 - r'/r) -t ab (P'- P"). ...(82) 

The adiabatic heat-drop is obtained in terms of the pressure-ratio 
P"IP' by the i^ibstitution T"IT'^ (/"'/P')’/”, since « -t- 1 - 18/8. 
DH^ may also be expressed in terms of the initial vahie of F, by 
substituting for H' in terms of P'V from the general expression 
for Bi, as follows 

DH^-.a{n + 1 )P'(F'- 5)(1 - (P'7P')^“) + ab(P'- P")....(88) 
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When F is large, the b terms may usually be neglected in the above 
•formulae, which then become the same in form as those applicable 
to perfect ga^es. The values of the constants iiv different systems 
oj imits are r 

"B = 4640, ab = 000165, 3/18a = 2-2436, (F.P.C.) 

B = 885-2, db = 0-00165, 8/13o = 1-2464, (F.P.F.) 

fit. 464-0, ai- 0-0284, 8/13a = 0-009847, (K.M.C.). 

In working with a slide-rule it is generally best to use the reciprocal 
of the factor o(n + 1), namely 8/18o, to reduce the number of 
settings. 

The haat-drop for saturated steam, according to the empirical 
formula H — fl'>= ftP"*, takes the same form as for dry steam, but 
with b omitted, and with the index 1/9 in place of 3/18, thus 

DH^=‘ {H'- B')(l - .(84) 

• 

assuming that the steam remains saturated. But it appears pro¬ 
bable that in rapid discharge through a nozzle the steam usually 
becomes supersaturated, as explained in the next cliapter. In this 
case the formulae for dry steam apply, with the index of (P"jP') 
equal to 3/13, even when the initial steam is wet saturated, provided 
that D//^ is expressed in terms of V, thus 

DHt=(ialS)aP’V’(\ - (P"/P')»/'“).(85) 

96 . Use of the Potential G in Isothennal Flow. If 

the flow is isothermal instead of being isentropic, we have the 
condition 2"= T" in plac^ of $'= d>", and the expression for the 
drop of total heat IP— //■*' in terms of G becomes 

IP- II" = 2" (<!)'- 0") + (G"- G').(36) 

Comparing tllis with the general expression for the drop of total 
heat in steady flow deduced from the first law, 11 (2), namely, 

H - //"= Q + AW .(87) 

we see that the terra T'(<!>'- <!)") represents the hejat Q abstracted 
per unit mass if the flow is reversible, and the term G"— G' repre¬ 
sents the thermal equivalent AW of the work dong, including any 
kinetic energy generated. In other words, the increase of the 
potential G, as here defined, represents the external work done in 
reversible isothermal flow, in the same way that the drop dt-total 
heat represents the work done iif adiabatic flow when Q » 0. The 
increase of 6 at constant T between any given limits of pressure 







i»]roEALCYCIJISAiro^ANB3^S0FE^^ 281 


represents the thermal equivalent of the maximum work obtainable 
without expenditure of fuel per unit mass of compressed fluid,, 
provided that the temperature can be maintained constant during 
expansion by communication with a large reservoir, such as the 
ocean, at a practically constant temperature jf. The work tlmis 
^obtained is equal in magnitude to the minimum work required to 
compress the fluid to its original state at the same constant tem¬ 
perature. The function G is accordingly just as useful in estimating 
the work done in isothermal expansion or compression, as it is 
in adiabatic expansion or compression. In many cases isothermal 
compression is more economical than adiabatic compression, and 
is the logical limit required in defining a standard of cHj^eiency. The 
familiar refrigeration cycle is a case in point. But adiabatic com¬ 
pression is commonly assumed, though not the^ost ellicient, be¬ 
cause it is easier to calculate the work done in adiabatic com¬ 
pression from the tables os usually arranged. The actual compression ' 
curve is usually intermediate between the isothermal and the 
adiabatic, but may be considerably more ellicient than the latter, 
if the compression is slow, esjjccially if mad6'in two or more stages 
with intermediate cooling. 


97 . The Refrigeration Cycle. The ideal refrigeration 
cycle is a reversed Carnot cycle in which heat Q" is abstracted from 
the refrigerator by the evaporation of the working fluid at a low 
pressure p" and temperature T", and is transferred to the cooling 
water in the condenser at a higher temperature T' by the expendi¬ 
ture of external work W per cycle. In the ideal cycle the com¬ 
pression from p"T" to T' and the expansion from p’T’ to p"T" 
arc both ^iabatic, but the temperature during compression is not 
allowed to rise above T'. The cocflicicnt of i>erformanee, measured 
by the ratio of t|ie refrigerating effect Q” to the thermal equivalent 
AW ot the work expended in the cycle, is given, as in Carnot’s 
cycle, by the ratio T"I(T'— T"), and is independent of the nature 
or state of the working substance in the ideal case. 

By employing a mixture of liquid and vaix>ur throughout the 
cycle, it would be possible in practice to approach the theoretical 
condition of isothermal compression and condensation at T', 
and to realise an approximation to the theoretical performwee, 
if it^ere not for mechanical inefficiency of the compressor and 
excessive interchange of heat -between the wet vapour and the 
walls of the cylinder. 
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The practical qyde more nearly resembles a reversed Rankine 
.cycle, and is select^ on the ground of simplicity of operation and 
convenience. The liquid is completely evaporated in the refrigerator 
at p"T", in ^er to avoid evaporation by absorption of heat from 
the walls of the compressor, winch in practice would more than 
counterbalance the slight theoretical gain by the compression 04 
wet va^ur. The vapour is compressed to a pressure P' slightly in 
excess of the saturation pressure p’ corresponding to the limiting 
temperature T' of the condenser. During thi| process the dry 
rapour is superheated and raised to a temperature much higher 
;han that of the condenser, so that a somewhat greater amount of 
vork is do^fc than would be required if the temperature were not 
illowcd to rise, above the condenser limit T'. The vapour after 
caving the comilressor is completely condensed, and reduced as 
learly as possible to the temperature of the cooling water T'. 
iince vc{y little work could be gained by the adiabatic expansion 
of the liquid, the adiabatic expansion is replaced in practice'‘’by 
throttling from P' to p" through a regulating valve, which effects 
a great simplificatioirSn the mechanism, and also in the theory, 
since the total heat remains constant. The refrigerating effect is 
the difference of total heat II"—h' from dry saturated vapour at 
p" to liquid at P' and V. The work required AW is H'—H", the 
increase of II in adiabatic compression from dry saturated vapour 
at p"T" to P', if the interchange of heat with the walls of tfad 
cylinder is neglected. 

An example of a refrigeration cycle using CO, is given in 
illustration of the use of. the diagram for CO, in the previous 
chapter. 



CHAPTER X 


FLOW THROUGH A NOZZLE 

98. Relation between Heat-Drop and Velocity. The 

action of a turbine depends on the conversion of heu'e energy by 
flow through a nozzle into kinetic energy, which is utilised in the 
rotation of suitable wheels or drums provided with vanes. It is' 
often useful to consider the conversion into kinetic energy separately , 
from the»perfonnance of work on the revolving shaft. 

It follows from the law of conservation of energy, as explained 
in Chapter II, section 10, that, in the case of steady flow, there is 
a simple relation between the heat-drop and the kinetic energy 
generated, since one is equivalent to the otlier if there is no ejctcrnal 
loss of heat. Thus if IJ is the veloeity of steaily flow at any point 
of a pipe or nozzle of variable cross-.section, we have the relation 

’ U»=2 Jg(Ho- //), .-(1) 

where J is the mechanical equivalent, g the acceleration of gravity, 
and //j the initial value of // when U ~ 0. This ecpiation takes 
exact account of friction, and shows 'bat II is the same at all 
points of a pipe where U has a given value. The effect of friction 
is to reduce the heat-drop and the kinetic energy in the same 
proportion. If the heat-drop is known, the value ot’U is found by 
multiplying the square root of II^—II by the Constant ■y/'iJg, 
The numerical values of this constant in different systems of units 
arc independent of variations of g with latitude, etc. (provided that , 
this is taken i^to accoimt in the value of J), and are as follows to 
1 in 10,000: 

H in calories C., U in feet per sec. CiJgf^* = 800-2 (F.P.C.), 

H in B.Th.U. F., V in feet per sec. „ = 228-8 (F.P.F.), 

J^in calories C., U in metres per sec. „ = 91-51 (K.M.C.). 

The maximum velocity attainable for a given drop of pressure 
is that due to the heat-drop in firictionless adiabatic expansion. 
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OS given by the formulae in the last chapter. These formulae are 
•especially useful in this connection, because the friction loss in 
a nozzle is g^erally small. 

c 

99 . Relation between Flow and Sectional Area. It 

follows from the conservation of mass, that, when the flow is steady,* 
the same mass M of fluid must pass every section of the pipe or 
nozzle per second. We have therefore the following simple relation 
for finding the cross-section X required to pass a flow M, at a point 
where the mean specific volume and velocity are V and U re¬ 
spectively 

VX = kMV .(2) 

The value of the CBnstant k is unity on the F.P.C. or F.P.F. systems, 
if M is in Ibs./sec., V in cb. ft./lb., and U in ft./sec., provided that 
X is me^ured in sq, ft. It is more usual, however, to measure X 
in sq. in., in which case the value of k is 144. Similarly on'the 
K.M.C. system. If M is‘in kg./sec., V in cb.m./kg., and V in 
mctrcs/scc., k is unity* if X is measured in sq. m. But X is more 
often measured in sq. cm., in which case k = 10,000. 

In most cases the required values of V are best obtained from 
those of U, by the usual relations for dry or wet steam. But when 
the steam is dry and the expansion adiabatic, the value of V may 
also be obtained directly from that of P by the adiabatie equatibii 

Since b is only 1 per cont. of V for saturated steam at 800 lbs. 
the small terms depending on b are often beyond the limits of 
experimental accuracy, and may be neglected, as is u^ally done 
in dealing with gases. The adiabatic heat-drop then reduces to the 
form (18/8)oP{Fo(l - (P/Po)®/“). Substituting fpr U and F, and 
putting Y for the adiabatic index l-S, we And for the discharge 

kMIX - t//F= (l/Fo)(P/P„)>^[2JgoyP„Fo(l - (PjP,V-^ly)HY- l)p/». 

* .( 8 ) 

which is equivalent to the expression first deduced 1^ de St Venant 
and Wautzel (Comptes Kendus, 1889), from Poisson's equation for 
the adiabatic. 

But since this expression for M is somewhat complicate^t and 
is restricted to the case of isentrspic expansion with PF^~K, it 
is usually preferable to calculate V and F separately from the 
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heat-drop, and to find MjX from (2). The expression for U in 
terms of the heat-drop is generally true for steam or gas in any 
state whether th^ expansion is frictionlcss or not, .provided that 
there is no external hdat-loss. 

100. Discharge in terms oi 1 nroac Area, incaiscnarge 
through a nozzle under given initial conditions is generally limited 
by the area of the “throat” or smallest section .Y,. The condition 
that .Y is to be a minimum for a given value of M, or that M is to 
be a maximum for a given throat area Y,, gives d(Y/M)™ 0, 
whence dU/dV = U/y. Eliminating dU/dV by differentiating the 
equation 17“ = 2Jg (Ha— H), we obtain ,« 

1/2= _ JgV(dHjdV). .(4) 

In the case of frictionless adiabatic flow, the entn)py is constant, 
an^ we have dll = aVdP, or (dlljdV)^^ aVtfdPjdV)^, which gives'' 

- aJgidPIdVl, • 

showing that the velocity in the throat is that of sound*. Substi¬ 
tuting for UjV from (2), we obtain the expression for the discharge 

A:M/Y,= (-aJg(dPldV)^Yl'^ .(5) 

^hicli is indc]}endeut of any assumption with regard to tjic pro¬ 
perties of the fluid f. 

♦ Holtzinaim*.s proof (IS61)» quoted by Zeunor, was inadwjuato. 
t The method employed above for deducing the velocity corresponding to the 
maximum mass-flow per unit area, which was fi '*st given by the author in a paper 
communicated to the Institution of Mechanical Engineers {Proc. I-mU Mich, Eng.t 
Feb. 1916, n. 63), has been criticised as being unnecessarily difficult and indirect 
, as comparea with the differentiation of the expression (3) given by de 8t Venant 
and Waiitzel, whose method has naturally been followed in all flm text'iooka. The 
maximum deduced from (3) depends on assuming the adiabatic of a perfect gas, 
whereas (6) has the advantage of being thermodynamical^^ exact for all fluids, and 
ta re^y more direct than the osual method, besides poa^essing a wider validity. 
Joule and Thomson [Proc. R. 8., 1866, p. 178) also gave an expression equivalent 
to (3) fpr the velocity of diachaigo of a perfect gas, and remarked that the maximum 
wae related to the velocity of sound, but they failed to interpret the relation. 
Osborne Heynolds [PhU. Mag., March 1886, p. 194) first showed that the velocity 
at the minlyqtim dl'M of the stream was the same as that of sound in the simple case 
of a perfect gas, so that, when this velocity was reached, no further lowering of 
preaSore beyond the throat could possibly increase the discharge. His method of 
flndi^ tile oritioal velocity, involving 12 equations applying only to the perfect 
gas, is unneoeesarily oiroaitous, and b® expressly states that his reasoning does 
not apply to the case of a liquid. Whereas the author’s method shows that the 
identity of tito oritioal throat*velodty with thit of sound applies equally to all 
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If we assume ait adiabatic equation of the type P (V- bf = con- 
irtant, we find 

kMIX,^VaJgyPJ(r,- b), .(6) 

which applies to tlje case of dry &eam if y = 1'80, and is the exact 
expression for the discharge in terms of Fj and F, in the throat. 

Since b is very small, the expression for the throat velocity, 
namely,* ^ aJgyPV^- b) ...(7) 

may be simplified by neglecting terms involving {6/F)*, which 

Ut^^aJgyP{V+b) .( 8 ) 

Substita}:ing this expression in the equation 17* = 2Jg{U^— H), 
neglecting (fe/F^* and higher orders, and eliminating either F or 
F as required by the aid of the adiabatic equation, we have the 
following equations for //,, F,, and F,: 

H,- = (y- 1) (H„- F)/{y + 1) + abP .(!?i) . 

P./n= [2/(y+ + Wo- 2i/F,).(10) 

yWo<(Y + l)/2fl>-»(l + (y + 2)fc/yF,- (y + l)6/yF,), ...(11) 

which apply for any value of y, and may be reduced to correspond 
with tfie usual formula PV^ -= constant, by simply omitting the 
h terms. 

lOl. Numerical Formulae for Steam. The gcneraT 
formulae above given may bo applied to any gas or vapour by 
employing the appropriate values of the constants, a, b, y, and B, 
and substituting the approximate values of F, and F, in the small 
terms. 

In the case of dry steam, putting y = 1-80, they become 


(//„- H,)l{Ho-B) = 0-18042 + 0-1266/Fo,.(12) 

F^F„« 0-5457 - 0-189ft/F„, .(18) 

F,/F„= 1-5984 - 0-28l6/F„.(14) 


Since these formulae involve ratios only, they are independent of 
the system of units adopteil, provided that the proper values of 
B and b are employed. 


floida, whstemr their properties. Bat since, in the ease of water, the produotion of 
the critical velocity requires a head mote than 70 miles high, the effect in q mstion 
coqld seldom he observed, and is of ilttjp practical importance in the fiow of 
water, though undoubtedly true for liquids, as weil as for gases ud n^nis in any 
rtata. 
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Substituting the values of P( and V, in thj expression for the 
discharge we find 

kMIXtf^ 0-SS52(ayJgPJV,Yl*{l + 0-2r4*^Fo). -(IS) 

which gives for the discharge in pounds second per square ii^ch 
of throat, when Pg is in lbs. per sq. in. abs., and Vg in cubh: feet 
per lb., 

M/Xt = 0-3155 (1 + 0-2745/F„) (PglVg^l^ (F.P.C. or F.),!..(10) 

or in kilograms per second per square centiinrtre, when P„ is in 
kg. per sq. cm. and Fg in cubic metres jx;r kg., 

MIX, = 0-020{)0(l -f 0-2716 /Fo)(P„/F„)'/2{K.M.O.).(17) 

For steam initially dry and saturated, the disciiargC may be 
expressed in terms of Pg alone by substituting for Vg from the 
empirical equation,/'oF|)**/‘®= 490 (F.P.C. or F.), orl-78C(K.M.C.), 
which gives the formulae 

MIX, = 0-01730Po®'/’* (F.P.C. or F.).(18) 

MIX, - 0 01593/V'/** (K.MX.), .(19) 

but these formulae, though simj)lc in appearance, arc not so ac¬ 
curate as those given above, and are not so easily applic9 when 
tables of F are available, because it is much easier to work 
^P„/Fj)*/* on a slide-rule than to find Pg^'l^^. The small term 
0-2746/Fo is omitted in these formulae, because it is only 0-274i per 
cent, at Pg - 300 lbs., and is beyond the limit of accuracy of the 
empirical formula = 490 for saturated steam. 

In the case of dry saturated stejm, to which the formula 
PV = constant is generally applied, it is usual to take the value of 
the index*)/ as 1-185, from Zeuner’s empirical formula, which gives 
the eqe.ations 

’P,IPg - 0-5770, F,/Fo " 1-6223, .(20) 

ilf/A,= 0-8008 (P„/F„)‘/»= -01646P(,“/“(F.P.F.orC.),...(21) 

MIX, = 4-01990 (Po/Fo)>/* = -01516Po”/“ (K.M.C.)^.(22) 

which are 5 per cent, smaller than the values above given for dry 
steam. 

The theoretical objections to these formulae are, (1) that Zeuner’s 
empjpcal formula docs not agree exactly with the tables for wet 
steam, and (2) that no appreciable condensation can occur in the 
time taken to reach the throat^ which is generally of the order of 
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one two-thousandth part of a second. 1116 }tractical objections are, 

(1) that these formulae do not apply to superheated steam, and 

(2) that, in the case of saturated steam, they give vtdues which are 
almost invari&bly too small, in spite of friction^ and cannot be 
renoncilcd with the results of expaHment. This point has been more' 
fully discussed by Ihe author in the Proe, Inst. Mech. Eng., Feb, 
1916, pp. 58-77. 

102. Effect of Supersaturation. In the case of dry 
saturated steam, better agreement with experiment is obtained if 
we assume that the steam, on account of rapid expansion, is always 
supersaturated in the throat of a nozzle. The discharge of saturated 
steam is the^l determined by the same equations as for superheated 
steam with the ineiex y = 1-80. For steam initially wet, the same 
formula gives the theoretical limit of the discharge, since evapora¬ 
tion of tlje suspended water drops, or condensation on suspended 
nuclei, would be comparatively slow in the early stages of supjr- 
saturation. In eadi case the actual initial volume of the steam F,, 
whether wet, or saturated, or superheated, must be inserted in the 
formula. The required value of can be obtained from the tables, 
or by inspection of the diagram. 

With steam at an initial pressure 100 lbs. abs., the drop 
of temperature to the throat, if the condensation were able to keep 
pace exactly with the expansion according to the usual equatiorr* 
for wet steam, would be only 20-7“ C. But, if there is no condensa¬ 
tion, the drop of temperature found for steam in the supersaturated 
state is 67° C. The densitj; of the supersaturated steam at this 
stage is about three times the density of saturated steam at the 
same temperature. The ratio of the density or the pressure to the 
saturation value at the same temperature may be taken as a 
measure of the sypersaturation. The ratio of expansion to the throat, 
according to equation (20), is only 1 -6, the degree of supersaturation 
at this stage is comparatively slight, and the condensation rela¬ 
tively slow. But, if we supposed the state of supersaturation to 
continue imtil the pressure had fallen to a tenth of its initial value, 
corresponding to a ratio of expansion 5-9, the temperature would 
be 20° C. below zero, and the density would be about a thousand 
times the saturation .value at this temperature. We have no 
experimental knowledge of the rate of condensation under ^uch 
coqditions, but it must evidently^ be extremely rapid. Since a 
relatively small change (1-6 to 6-9) in the expansion ratio makes so 
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great a change (8 to 1000 times) in the supersaturation, we shotdd 
infer that the limit of expansion at which condensation begins, 
would be very sharply marked. 

Lord Kelvin {fhil, lHag., 1870) showed that the va^ir pressure 
p in a fog containing drops of radSis r, was given by the equation 

RT log, (],lp„) ^ 2Yv/r .(28) 

where po is the normal vapour pressure at the temperature'* T, and 
Y is the surface tension of the liquid of s])ecific volume v. The 
ratio p/po is the measure of the supersaturation. Aceording to this 
equation, the radius of a drop in equilibrium with the vajMJur at 
20° C. when the supersaturation p/po = 8, should be 5 x 10-*cm., 
which is something approaching molecular dimensif>ns. • 

C. T. R. Wilson (Phil, Trans., 1897) has shownthat water vapour 
mixed with air at 20° C., in the absence of dust or other nuclei, 
can be expanded until its pressure is eight timps that of saturation 
without any condensation occurring; but that, if this limit be ex¬ 
ceeded, condensation takes the form of*an exci'ssivcly thick fog 
of very fine particles, as though the vaponr itself contained in¬ 
numerable nuclei capable of acting as centres of condensation. It 
seems probable that these nuclei arc the coaggregated molecules 
(required for explaining the deviations of the vapour from the 
laws of gases) which are larger than the single moleciiles, and are 
"capable of starting the condensation when the supersaturation 
reaches this limit. The condensation, once started, will be extremely 
rapid, owing to the enormous number of nuclei available, about 
10»* per lb. at 20° C. 

For steam initially saturated, expanding according to the law 
the limit of the supersaturated state is reached when 
the pressure has fallen to about one-third of the initjal value. The 
exact pressure at which condensation begins cannot, be determined 
with certainty, but is immaterial for the present puri)o.se. The 
impantant point to observe is that there will be no appreciable 
condensation in the throat, so that the mass discharge is determined 
by the equation for dry or supersaturated steam. But that soon 
after passing the throat, the condensation will be extremely rapid, 
so that the ren&inder of the flow in an expanding nozzle approxi¬ 
mates more nearly to that given by the ^iabatics of wet steam. 
Thussfor steam initially diy and saturated at lOOlbs. abs. the 
throat pressure will be 54-6 lbs., and the discharge 1-SO lbs. per sec. 
per sq. in. of throat. Condensation will begin when the pressure 
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has fallen to abovjt 85 lbs., and the temperature from ie4-8° C, 

,to 70“ C. The saturation pressure at 70° C. being 4'52 lbs. is about 
an eighth of the actual pressme, namely 85 lbs. At thb pressure 
we may suppose, in order to simplify the calculatibn, that the steam 
is'“instantaneously transformed Et constant total heat H = 619'2, 
into wet steam at saturation temperatm^ (say T = 400“ C.),j 
i — 126'25“ C. If the steam had expanded reversibly in the wet 
state from 100 to 85 lbs., its total heat would have been H, = 6i6'8, 
which is 2-4 less than the value 619-2. The condensation involves 
an increase of entropy 2-4/400, from 1-6082 to 1-6142, because the 
change from the unstable state of supeisaturation to the equilibrium 
state of wet steam is an irreversible process. The expansion may 
then be Supposed to continue, following the adiabatic <P = 1-6142 
for wet steam. The exact point at which the change is supposed 
to occur makes very little difference, because it affects only the 
small ch?inge of entropy. In point of fact the change would be 
iontinuous, since it involves an increase of 16 per cent. in'‘the 
rolmne, from 9-9b2 (supersaturated) to 11-210 (wet). Some super- 
saturation would still \>ersist at lower pressures, because the con¬ 
densation cannot maintain exact equilibrium when the expansion 
is so fhpid. This wovild tend to raise the entropy still further, so 
that the wet adiabatic V6142, represents the limit of possible 
performance. In consequence of the increase of entropy, the 
volume at any given pressure will be slightly greater than it would 
have been if the steam had followed the wet adiabatic from the 
saturation point. The change of path may be more readily appre¬ 
ciated by reference to the diagram, in a later section. 

103. Example of Discharge of Supersaturated Steam. 

The following table illustrates the relation between ^thc cross- 
section of a noKzle and the pressure of the expanding fluid at any, 
point, as calculated for various cases by the method explained in 
the previous section. * 

The values of X/Jf, calculated from the usual type of equation 
jPF’' = K, depend only on the ratio P/P,, but those for actual steam" 
depend to some extent on the absolute value of Pj. It is therefore . 
impossible to give an exact table of ideal values tb suit all cases, 
but in practice it is sufficient to calculate the final area to suit the 
final pressure, and connect it to the throat by any smooth cqntour 
having a sufficiently small angle of divergence to secure stream line 
flow as nearly as is practically possible. 
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Table I. Ratio XjXf in terons of P/Pq forVarious cases. 


P/P, 

For {i^rfect gas W)th Index 

For steam with F, p 100 lb. 

per 

cent. 

7=1-40 

7 = 1-30 

7=l-ldb4 

From 

tables 

Snper- 

satbrated 

With ■ 
friction • 

90 

1-620 

1-686 

1-623 

1-630 

1-688 

1-666 

80 

1-221 

1-201 

1-166 

1-172 

1-202 

1-199 

70 

1-073 

1-061 

1-041 

1-042 

1-082 

1-063 

60 

1-012 

1-007 

1-001 

1-002 

1-007 

1-004 

60 

1-002 

1-006 

1-015 

1-014 

1-005 

1-008 

40 

1-038 

1-061 

1-083 

1-080 

1 1-061 

1-062 

30 

1-134 

1-162 

1-228 

1-224 

1-320 

1-337 

20 

1-346 

1-403 

1-638 

1-633 

1-642 

1-684 

10 

1-931 

2-076 

2-420 

2-418 

2-676 

2-699 

5 

2-900 

3-214 

3-992 

4-009 

4-269 

4-664 

2 

6-159 

6-959 

8-062 

8-168 

8-660 

9-680 

1 

8-116 

9-680 

13-967 

14-338 

16-176 

17-210 

j:,in 

sq. in. for Jf = 1 lb. per sec. 

0-700 

• 0-668 

0-679 


t 

The values given in the column headed y =• h40 would represent 
the case of a nozzle for expanding compressed aii; In the absence 
of friction or pre-heating, the temperature would fall below the 
liquefying point of air, when the pressure was reduced to 1 per cent 
of its initial value. The values in the cohinm y = 1-80 similarly 
represent the case of steam when sufficiently superheated to prevent 
condensation. The value of the index y = 11304 represents veiy 
closely the case of steam initially dry and saturated at a pressure 
of 100 lbs. jier square inch abs., on the assumption tluit the con¬ 
densation is able to keep pace exactly with the expansion, so that 
the temperature of the steam is always that of saturation corre¬ 
sponding with the pressure. The values calculated from the Tables 
‘for steam in this initial state are given in the next column, .''nd show 
* very close agreement from 100 to 10 lb. pressure, because the 
value of the index 1'1804 was selected to fit tliis case. For lower 
pressures the actual expansion of the steam is rather larger than 
^t given by the index 1'1804. 

The primary effect of supersaturation is to increase the dis¬ 
charge by aboirt 5 per cent, for a given throat area as compared 
with that usually calculated for saturated stemn. The secondary 
effect b to cause an increase of entropy and volume after passing 
the tlOYrat when the steam becomes wet. The two effects taken 
together require, for a given throat area and ratio of initial to Anal 
pressure, an increase of 6 to 8 per cent, in the Anal area of the 

16 
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divergent cone, o»an increase of length of 8 to 4 per cent, for a 
•given angle of divergence. 

104. M^ithod of Calculation, includinjj; Friction. The 
fdlowing table shpws the mcth(Si of calculation, in F.P.C. units. 

Table II. 


SeStion calculated for cupersatarated Coiwcted for frioUon 
steam 


p 

S,-H 

U 

r 

X/M 


U 

r 

X/M 

90 

4-76 

666 

4-826 

1-061 

4-74 

664 

4-826 

1-063 

80 

9-96 

947 

6-281 

-803 

9-85 

942 

6-284 

-808 

70* 

' 16f7 

1188 

6-861 

-709 

16-42 

1179 

6-868 

-716 

60 

22-04 

1410 

6-688 

-673 

21-66 

1394 

6-604 

-682 

Throat 

25-90 

1628 

7-088 

-668 

26-22 

1608 

7-114 

-679 

60 

29-31 

1628 

7-576 

-671 

28-44 

1601 

7-613 

-686 

40 

37-77 

1846 

8-991 

-702 

36-34 

1810 

9-070 

-722 

SO" 

48-79 

20§7 

12-84 

-882 

46-41 

2046 

12-90 

. -908 

20 

64-47 

2411 

18-37 

1-097 

60-32 

2332 

18-63 

l-14f 

10 

89-66- 

2843 

33-97 

1-721 

81-61 

2712 

34-64 

1-834 

6 

112-97 

3191 

63-01 

2-843 

100-2 

3006 

64-71 

3-101 

2 

141-31 

3570' 

143-4 

5-786 

121-4 

3308 

149-6 

6-61 

1 

161-08 

3810 

268-3 

10-141 

136-1 

3490 

283-3 

11-69 


The value of the heat-drop - 11 for supersaturated steam 
may be calculated directly from the adiabatic equation, IX (82), 
which is practically the same as that for a perfect gas. This methoj^ 
is equivalent to first finding T from the adiabatic Pj = K, and de¬ 
ducing II from the general expression IX (11 ), or Table IV, App. III. 
But it is less trouble in practice to find t by interpolation from the 
O-table for supersaturate'd steam. Thus if - 100, = 661-82, 

and = 1-6082 (Table II), we find t - 99-60° at P = 50 in Table VI. 

The corresponding value of II from Table IV for supsrsaturated 
steam is founS by interpolation to be 632-51, whence/f,, - = 29-81, 

the value required. The velocity 17 is found from the formula 
JJ = 800-2 (29-81)1/* _ 1625. The volume V is found from H and P 
by the formula for dry steam giving V = 7-675, whence 
XIM = 144 rjU = 0 - 671 . 

For pressures below 85 lbs. (assuming instantaneous conversion) 
the tables for saturated steam are employed, with t&e corresponding 
formula for the heat-drop, substituting ^>0 = 1-6142 as already 
explained, and the corresponding values of f, = 126-25°, =«s619-2, 

Gj = 25-48 {Hq = 619-2 is the \ 5 ftlue for supersaturated steam at 
86 lbs., and the value of <I>|, for the wet steam at the same H and P 
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is given by (H + G)IT ■= 1-6142). V is found frc^ H by the formula 
for wet steam. V is given by the heat-drop reckoned from thd 
initial state ff# =i 661-82, and XJM follows as before. 

The effect of friction must alw|iys be to increase the entropy and 
diminish the avaUable heat-drop for any given limits of pressure. 
‘This involves a diminution of velocity and an increase of volume (as 
compared with the values calculated for frictionless flow)^ both of 
which tend to diminish MjX, i.e. to diminish the discharge for a 
given area or to increase the sectional area required for a given 
discharge. 

The effect of friction in the throat on the discharge for a given 
throat area, can be estimated by employing the nozzk as a simple 
throttle, and observing the loss of pressure and, of available heat- 
drop for small pressure differences as the discharge approaches a 
maximum. For a convergent-divergent nozzle with a stream-line 
copjour, .it is passible to raise the back-pressure considerably 
above the throat pressure without appteciably affecting the dis¬ 
charge or the velocity in the neighbourhood of the throat. The 
initial and final velocities being small, the actual heat-drop is small, 
and is readily estimated by observing the initial and fin^ con¬ 
ditions. The defect of heat-drop from that due to the pressure 
difference in frictionless flow, is an approximate measure of the 
throat friction, provided that due allowance is made for any heat 
losses. The best form of contour for the throat may be determined 
by experiments of this kind. There are few satisfactory observations 
available, but it appears that the order of magnitude of the throat 
friction may be approximately represented, for a short stream-line 
nozzle, by a fractional reductiqn of the heat-drop given by the 
formula l/PoA where P, is the initial pressure in lbs. per sq. in. 
and Z) is the throat diameter in inches. This amounts' to 1 per cent, 
for 1 in. diam. at 100 lbs. abs., and appears to be of the right order 
of magnitude to account for the defect of the observed discharge 
from the theoretical formula for supersaturated steam. 

Friction beyond the throat will not appreciably affect the dis¬ 
charge, but tends to increase the sectional area required for a 
given final presfure. The amount of such friction in an expanding 
nozzle is at present a somewhat uncertain quantity owing to lack 
of experimental data. Assuming that it varies as the sqxiare of the 
velodfy, or directly as the heat-drop, the loss of heat-drop due to 
friction would be represented b/'a percentage proportional to the 
heat;;drop itself. This is the simplest assumption that can be maule, 
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and appears to acfiord faiily with the scanty and imperfect data 
‘available. 

The value)} given in the last coliunn of the preceding table as 
including friction, are calculated pn this assumption in the following 
manner. The theoretical limiting values of the heat-drop for the 
case of supersaturation with Pj = 100 lbs. are first calculated" 
according to the method already given. The corresponding values 
of V and V give MjX at each point, from which the ratios XjXf 
are obtained, as given in the column headed “Supersaturated.” 
To make an approximate allowance for friction in a typical case, 
the throat friction is taken as 2-5 per cent, of the heat-drop to the 
throat c^cxlated by equation (12), namely, 

Ha- Hf = (•18G4.2 -I- -00045) (661-82- 464-0) = 25-90 cals. C. 

According to the formula {Hq — H^fPaD for the throat friction as 
a fraction of the heal-drop, this is equivalent to taking the tljroat 
diameter D as l.cm. or -A inch. The •percentage reduction due to 
friction in this case is one-tenth of the heat-drop. All the other 
values of the heat-drop are accordingly reduced by a percentage 
equal .to one-tenth of the heat-drop in calories at each point. This 
gives a reduction of 9 per cent, in the heat-drop at 10 lbs, and 
16 per cent, at 1 lb.—values which are within the range of possi¬ 
bility for a nozzle of this size with so large a ratio of expansion^ 
The values of U and V are then calculated from the reduced values 
of the heat-drop, and the ratios A/A, found as before. 

The effect of friction in the expanding portion of the nozzle 
should evidently be roughlj' proportional to the length of the nozzle, 
other conditions being equal. The friction may therefore be reduced 
by diminishing the length or increasing the angle of divergence. 
Increase of length, on the other hand, with reduction of angle, 
gives a more effective stream-line flow, and also diminishes the 
loss due to supersaturatioii by allowing more time for the steam to 
condense. Experiments on these points are wanting, but it appears 
that the dimensions selected in practice represent an empirical 
compromise between these opposite effects. It should be observed, 
however, that the usual method of calculating t% final sectional 
area for a given pressure neglects both friction and supersaturation, 
and may give results 20 per cent, too small. This would perhaps 
explain the. common observation that a nozzle generally “Vorks 
better when the final pressure i#' somewhat higher than that for 
which it was designed. The effects of feiction and supeisaturation 
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are too large to neglect in the design, and further experiments on 
these points are desirable. 

105. Variation bf Discharge with Initial Temperature. 

Additional evidence with regard to the law of the discharge, may 
'be obtained by taking observations at the same pressures, but at 
different initial temperatures. As an illustration we may apply the 
theory of supersaturation to explain some results quoted by 
Prof. Mellanby {Proc. Inst. Mech. Eng., Feb. 1918, p. 295), in which 



Fig. 22. Variation of Disobargo with Temperatnro. 

the discharge through a nozzle J inch diameter and J inch long, with 
a rounded entrance of J inch radius, at an inlcft pressure of 74-2 lbs. 
and back-pressure 41-5 lbs. abs., was measured by means of a 
surface condenser, at various degrees of initial superheat. The 
observed values of the discharge in lbs. per hour are plotted on a 
large scale’ against the initial temperature Fahrenheit in the ac- 
compan 3 dng Fig. 22, the observations being represented by crosses. 
The Miiiult found with dry saturated steam at 806-8“ F. is shown by 
the cross enclosed in a circle at 188-0 lbs. The value of the discharge 
at this point calculated by the usual formula for wet steam is 188-4, 
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whereas the fonnulf) for supersaturated steam gives lOO’O lbs. This 
result would appear at first sight to justify the usual formula, 
except that the coefficient of discharge is surprisingly close to unity 
for so'iipiall a nozzle with so long a throat. Profi Mellanby found 
hoWeyer a coefficient of discharge greater titan unity with a shorter 
nozzle of the same size, but suggested that the discrepancy might c 
be due to the wetness of the steam, or the errors of the steam tables, 
rather than to any defect in the theory. But his results at higher 
temperatures do not support this explanation. ' 

According to the usual theory of reversible condensation, the 
maximum discharge as calculated from the tables should remain 
nearly constat (in this case) and equal to 188'2 lbs. per hour until 
the initiail temperature is raised to 877° F. (at which point the 
steam would be juiS; saturated on reaching the thrOat) as shown by 
the nearly horizontal line 2 for steam which is wet on reaching the 
throat. When the superheat is increased beyond this point, the 
discharge should fall off as shown by the curve 1 for dry or super¬ 
saturated steam. The observations however do not follow a broken 
curve of this type, but to very closely represented by line 8, which 
is obtained by simply reducing the curve 1 for supersaturated steam 
by 6 per cent. This reduction may reasonably be attributed to 
friction in so small a nozzle, and the form of the curve may be 
regarded as conclusive evidence in favour of the theory of super¬ 
saturation, since there is no indication of any well marked break. 

lo6. On the Supersaturation Limit. The existence of . 
the loss due to supersaturi|tion in the rapid expansion of steam, 
appears to have first been pointed out by Prof. Nicolson and the 
author in a paper “On the Law of Condensation of Stc^” (Proc. 
lnst..C. E., 1898, pp. 22-80) as a necessary consequence of the 
finite rate of Condensation shown by their experiments. They 
estimated that a drop of 50° F. below saturation, corresporiding 
to a missing quantity of 5 or 10 per cent., might be expected under 
ordinary conditions in a high-speed engine. By measuring the 
temperature of the steam during expansion with a compensated 
platinum thermometer (Fig. 7) of very fine wire, they found that 
the observed temperature was always lower than that deduced from 
the indicator. But they pointed out that any thermometer, however 
sensitive, could be expected to indicate a small fraction oldy of 
the fall of steam-temperature, because the condensation on its 
surface would tend to keep it at the saturation point. By measuring 
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the adiabatic indes^for dry steam with a thermometer of the same 
iype, they inferred that the loss of work, if there were no con¬ 
densation, mi^ht amount to 20 per cent, for large ratios of ex¬ 
pansion. Bwt 'this was regarded as an overestimate, because there 
wSs Ijnown to be ^ limit, althofigh Wilson’s experiments, which 
first afforded a direct determination of the limit in the case of moist* 
air at ordinary temperatures, had not been published at the time 
when the paper was written. The difference is readily appreciated 
by reference to the curves shown on the diagram (Fig. 28). The 
curve AB represents the adiabatic for saturated steam, the curve 
AD that for dry steam, expanding from 165 lbs. to 1 lb. without 
condensation. This shows a defect of heat-drop amounting to 
20 per cent, at 1 lb. The curve SS shows the supersaturation limit, 
drawn on the hypothesis that condensation begins very rapidly 
when the pressure is eight times the normal saturation pressure 
corresponding to the temperature. If the temperature of the steam 
cannot fall below this limit, the adiabatic for supersaturated steam 
AC will begin to diverge from the dry adiabatic AD at the point 
where it crosses the curVe SS, and the later part of the supersatura¬ 
tion curve will approximate more closely to AB than to AD. Since 
AC represents the limit of possible loss on this hypothesis, the 
actual adiabatic will probably lie somewhat below AC, but can 
never be isentropic, since there must always be a continuous 
increase of entropy so long as any supersaturation persists. 

According to the usual theory of supersaturation, based on the 
James Thomson isothermal, the SS limit would be reached at the 
point H, Fig. 17, Chapter •VIII, when P is a maximum (Maxwell, 
Theory of Heat, 1880, p. 290). This would give a pressure F„ 
upwards of 100 times that of saturation P, in the case of steam at 
80° C., but assumes a homogeneous transformation, and takes no 
accoimt of the* action of the coaggregated molecules as discrete 
centres of condensation according to equation (28). Wilson’s 
experiments show that the effective SS limit occurs at a much lower 
ratio, PJP, = 8, at low temperatures, but afford no evidence of the 
constancy of the limiting ratio. According to Maxwell’s view, the 
ratio P„/Pt would fall very rapidly with increase of pressure, 
reaching the value 8 for steam at about P, = tSo lbs., and di¬ 
minishing to unity at the critical point. It is theoretically possible 
that the Wilson ratio, corresponding to a reduction of the‘mean 
molecular distance to half the satumtion value, might hold through¬ 
out the practical range of pressures, but it appears more likely that 
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there is a continuous diminution in the ratio yntJh faU of surface 
tension Y. H. M. Martin (“New Theory of the Steam Turbine,” 
reprinted from Engineering, Vol. 106, 1918), taking the effective 
radius of the coa^gregation nucleus as remaining Sonsttmt and 
equal to 5 x 10~® cm., and allowing for the variation of witti 
temperature, finds values of the pressure-ratio from equatioK' (28) 
varying from 11 at 0° to 4-8 at 100° C. The curve thus obtained for 
the SS limit is practically coincident with that shown in*Fig. 28 
from 50° to 80° C., and gives very similar results when applied to 
the calculation of the effects of supersaturation at low pressures, 
where they are most important. There is some indirect experimental 
evidence, detailed in Chapter XVI, tending to show that the 
practical SS limit in turbines may be as high as the ^nt of constant 
wetness QQ in Fig. 28. If this were the case, it wnuld afford a very 
simple and practical method of calculation, but the actual position 
of the line remains uncertain at high pressures, though there is 
evety reason to believe that it cannot be lower than the line SS 
representing the constant ratio 8, which ftiay be safely assumed as 
representing the maximum limit of loss clae to supersaturation. 
For this purpose we may accept the Wilson ratio provisionally, 
though it must be admitted that further experiments are desirable. 

107. Reduction of Efficiency by Supersaturation. 

In the case previously considered, it was assumed, in order to 
simplify the calculation, that the rapidly expanding steam, on 
, reaching the supersaturation limit, was instantaneously transformed 
into wet saturated steam in the equilibrium state, and remained in 
this state for the remainder of the expansion. This method gives 
a lower limit for the loss due to initial supersaturation. It is obvious, 
however, that some degree of supersaturation must persist through¬ 
out the whole of the expansion, since the transformation cannot be 
instantaneous. It is, therefore, desirable to make an estimate of the 
corresponding upper limit of loss, obtained by assuming the super¬ 
saturation line SS. 

For this purpose the supersaturation limit may be defined as the 
limit of the state of dry supersaturated steam in rapid expansion 
which is reach^ when the pressure is eight times the normal 
saturation pressure corresponding to the actual temperature of the 
steantl With this definition it is easy to calculate the properties of 
steam at the supersaturation limit from the equation for dry 
steam employed in this work, as shown in the following Table III, 
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In order to find the limiting form of the adiabcUic in very rapid 
^expansion it is necessary to make some additional assumption. 
The simplest and most probable assumption appears to be that the 
vapom itselRremains at the temperature corresponding to the 
super^turation limit, so that fCesh nuclei are continually being 
formed throughoul; the expansion; but that the liquid particlest 
rise very rapidly up to the normal saturation temperature, and are 
subsequently maintained in the neighbourhood of this temperature 
by evaporation as expansion continues. The state of the mixture 
thus defined is easy to calculate, and affords a probable limit to 
the effect of supersaturation. 

If H„, V„ denote the total heat and volume of the dry vapour 
at the supei^turation limit as shown in the table, and if H„ F, 
are those of the wet mixture at any stage at the same pressure, we 
have the simple relation 

« {H„ - HMH., - h.) = (F„ - F,)/(F„ - u.).(24) 

where h,, v, are the tota^ heat and volume of the liquid at the 
normal saturation temperature corresponding to the pressure. 

If there is no frictidli or external heat-loss, we have the simple 
condition dH = aVdP defining the adiabatic, but the entropy no 
longer remains constant, and cannot be calculated by simply adding 
the entropy of the liquid to that of the vapour, as in the case of 
wet saturated steam, because the liquid and vapour are at different 
temperatures and not in equilibrium. The simplest method of 
finding the adiabatic under these conditions is a step by step process 
of integration of the fundamental relation. If single and double 
dashes denote the initial at^d final states in each step, the drop of 
H is readily found with considerable accuracy from the formula 

(H'- H")HaP'V'- aP"V'') 

” = (log P - logP")/(log P'V- log P"V"). ...(25) 

By assuming an approximate value of H" frbm the relation 
dH - aVdp, a suitable value of F" is obtained from the relation 
between H, and F,. The formula (25) then gives a very accurate 
value of H'- H", provided only that the pressure" range in each 
step is reasonably small, say not exceeding a ratio 1 to 2. 

The values of H obtained in this way for a partii:'ular adiabatic, 
starting with dry saturated steam at 165 lbs., are shown in the 
table under the heading “Theor.” for comparison with the ijorre- 
spending values of H on the usu^ adiabatic for saturated steam 
shown in the next column, headed “Sat.” Down to a pressure of 
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56 lbs. the steam is dry, and the values of H are found from the 
formula for dry steam. The steam reaches the supersaturation 
limit at a pressure between 66 and 48 lbs., and the succeeding 
values are calculatid in* successive steps. The last colifmn gives the 
differences between the two adiaHatics, and shows that the loss 
due to supersaturation may become considerable when the expan> 
sion is very rapid; but it appears probable that the values given in 
the table afford a fair estimate of the limit of possible los5 in the 
absence of friction. Similar losses must necessarily occur in tur- 
. bines, but the losses from supersaturation will be reduced when the 
expansion is less rapid, in proportion as more time is allowed for 
» the approach to the equilibrium state. 


Table III. 

Properties of Steam at the Supersaturation Limit (F.P.C.). 


p 

1 


^81 


K 


Adiabatiolrom lOSlbs. (dry sat.) 

200 

116-69 

616-87 

1-4299 

1-7271 

197-80 

0-0184* 

Emp. 

Theor. 

Sat. 

Diff. 

160 

108-87 

618-73 

1-4663 

2-1823 

186-63 

0-0182 

666-10 

666-10 

666-09 

0-01 



620-08 

1-4863 

2-9306 

173-63 




662-50 

0-18 

a 




3-623 

166-72 



646-26 

644-72 

0-64 

80 

89-68 

i ASif: 

1-6278 


1.56-62 

iSI r 

636-14 

636-14 

liWfgQI 

1-13 

64 

. 83-84 

»ASfi 

1-6496 
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6-271 


j 

622-48 
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48 
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40 
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672-09 
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12 
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8 
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mm 
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667-78 

667-72 

648-37 
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6-6 
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607-66 

1-7683 

67-67 
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647-10 

647^07 

636-83 

10-24 

4 
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687-33 

626-37 

10-96 

2-4 
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611-11 
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1-8766 
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612-24 

499-66 

12-69 
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696-79 
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486-68 

13-49 

0-8 

1-69 

694-67 

1-9357 

366-61 

34-66 

ifiii 




13-76 


It is comparatively easy to calculate any desired adiabatic for 
supersaturated %team by the aid of the above table, using the 
Step by step method. But since the theoretical values are somewhat 
uncbWin, it is probably sufficient for practical purposes to estimate 
the loss below the supersaturatiqn limit by an empirical formula of 
the type, H — B = kP”', with m = 1/11, and B — 228, which fits 
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the adiabatic witl^jn a tenth of a calorie as shown by the column 
headed “Emp.” in the above table. The dry part of the adiabatic 
follows the usual formula for dry steam, with m = 8/18, and 
B »= '/64. A Very fair approximation to the loss of heat-drop in 
the latSr stages njay be obtained by taking 7-77 per cent, of the 
heat-drop for saturated steam. The loss at the supersaturatioif 
limit is about 5 per cent, of the heat-drop to that point, but tends 
to a nearly constant percentage (7-5 to 8) at low pressures. 

The following example illustrates the method of caleulation, 
which is instructive, because it may be applied to caleulate any 
curve of this type, if relations between ff and F, and dff and FdF, 
are given. 

Example. Find the adiabatic heat-drop from 8 to S-filbs,, 
taking the initial value H'= 557-72, (1) for saturated steam at the 
normal saturation temperature, (2) for supersaturated steam if 
the temperature of the vapour is at the supersaturation limit, and 
that of the liquid at the normal saturation point. 

To find the initial volume V in ease (1) we have the usual 
relation 

^ (H, - - K) = (F, - V'W, - 

which gives F'= 40-85. In ease (2) we have the same relation with 
U„, and F„ for H, and F,, and the value of F' comes out 86-85, 
A first approximation to the heat-drop W— H", in either case, 
is obtained from the relation dH = aVdP by writing it in the form 
qp'F' (dpjp) —since pV changes slowly—and substituting p' — p" 
for dp, and {p' -f p")/2 for p. This gives for H' - H" in case (1) 
11-86, and in case (2) 10-74 which are in the ratio of the volumes.^ 
The resulting values of H” are 545-86, and 547-02. The corresponding 
values of F" are (1) 56-16, and (2) 51-02. 

, To obtain fnore accurate values of If — H" we may then apply 
the integrated formula (25). In case (1) we find H'— H" = 11-762 
as a second approximation, which is slightly greater than the differ¬ 
ence 11-54, shown in the table for saturated steam between 8 and 
6-6 lbs., because the initial state is H'= 557-72 in place of 548-87. 
In case (2) we find the following values: 

ap'F' =i'80-82, log qp'F' = 1-481729, log 0-90809 
ap"V"= 29-89, log ap"F" = 1-468200, log p"= 0-74819 
Diff. "O^S 0-018629 0-15490^ 

Whence H'- R"= 0-98 x 0-lS490/Qf018529 = 10-650, as in the table. 

It would appear at first sight as though this were a very inferior 
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method of approximation, because the result seems to depend 
on the small difference 0-98 between ap'V and ap''V", suggesting 
an order of accuracy of 1 per cent. only. But in reality this small 
difference is concerned-only with a small correction^' Thus.^’f we 
had taken the rough values ap'V’* SO-S, and ap"V"= 29-4<'givhiig 
the difference 0-9, we should have found H'— 11"— 10-645. *It is 
essential however to take the correct values of the corresponding 
logarithms to five significant figures in the difference, sihce the 
required correction depends on the difference of a/log, (1 + as) from 
unity when as is smaU. If ap"V"— ap'V = 80-32, the value of the 
integral is only changed to ap'V log^ip'jp") = 10-818, in place of 
10-6S0. 

If we apply the same method of calculation to, the expansion 
from 100 lbs. (dry sat.) to 1 lb., in the case of the nozzle previously 
illustrated in Table I, we find the adiabatic heat-drop at the super¬ 
saturation limit to be only lSO-92, as compared with ^62-93 at 
the-saturation limit, a reduction of 7-37 per cent., which, may 
be regarded as the limit of probable losS due to supersaturation. 
The other limit already caleulated on the supposition that the 
steam was transformed into the saturation state as soon as con¬ 
densation started, gave 161-08 for the heat-drop, showing a<much 
smaller reduction, because it was assumed that there was no further 
loss when once condensation had started. The loss of heat-drop 
due to supersaturation after passing the throat, does not affect the 
mass-discharge, but may materially reduce the efficiency in tm-bines 
in which large expansion-ratios are employed for each nozzle. 

Since no distinction has hitherto been possible between the 
effects of friction and supersaturation, all estimates of friction 
' previously made will include any effects of supersaturation. When 
the expansion is so rapid as it is in a nozzle with a layre expansion- 
ratio, it is very likely that the state of the steam will remain very 
near the SS limit throughout the latter part of the expansion. Thus 
if we take 15 per cent, as the whole loss for a nozzle of this size, 
about half will be due to friction and the other half to supersatura¬ 
tion. The supereaturation loss would be independent of the size of 
the nozzle, but the friction loss would be less for larger sizes. The 
final velocity remains the same for the same heat-drop, and is 
unaffected by the hypothetical subdivision of the loss as between 
frictidh and supersaturation. But if we suppose the final state to 
be approximately at the SS limit in spite of friction, there will be 
an ^preciable diminution in the final volume as previously cal- 
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ciliated. With th^ same heat-drop, namely 186-1, at the SS limit, 
the volume comes out 2S9-1 in place of 288-8 at the saturation limit, 
and the value of XjM is reduced from 11-69 to,.10-69. Further, if 
halft^e eff^t previously attributed to friction is really due to 
shp^aturation, the numerical ‘Value of the coefficient previously 
suggested for friction should also be reduced to one half. But th£ 
experimental data are difficult to interpret, and do not justify any 
certain conclusion. 

zo8. Stodola’sEx|>erimentsonNozzleFriction. Stodola 
(Steam Turbines, p. 52) measured the pressure at various points 
in a conical^ nozzle, and deduced the probable effects of friction by 
comparing the results with a theoretical calculation of the pressures 
on the assumption that the steam was in the equilibrium state of 
saturation throughout the discharge. It may be of interest to 
recalculate these observations on the assumption that the .steam 
was in reality supersaturated. The nozzle employed had a diverging 
cone about 16 cms. long, with an angle of 8° 49', and a throat 
diameter of 1-25 cm. The pressures were measured by connecting 
gauges to four small holes through the sides of the cone, and also 
by a central exploring tube, 5 mm. in external diameter, adjustable 
in position by means of a screw. The curve marked X, in the annexed 
Fig. 24 shows the effective cross-section of the conical part of the 
nozzle, allowing for the exploring tube, in relation to distance » 
measured along the nozzle in cms. from the throat. The curve is 
continued in the figure beyond the end of the actual nozzle to 
lower pressures, assuming'the cone angle to remain the same. The 
curve marked P, shows the pressures in kg./sq. cm. calculated for 
frictionless expansion at the SS limit. The observed pressures, 
indicated by the dots, are necessarily higher than the calculated 
pressures owing to friction. It was difficult to obtain steady readings 
of pressure above 1 kg./cm.* owing to the excessively rapid drop 
of pressure and total heat in the first 5 cms. of the cone. The curve 
DHg indicates the drop of total heat in the same.cone at the SS 
limit. In order to get uniform acceleration of the steam, which would 
probably permit steady readings, it would be neijessary that the 
curve of heat-drop DH should be a straight line, such as DH. 
(dotted), when plotted against x. The curve marked X„ represents 
tlie required cross-section of the nozzle for uniform heat-drop per 
cm.: the curve P, shows the corresponding pressures. In this case 
the section would no longer be a simple cone, but would be nearly 
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uniform for some distance beyond the throat, '^his form of nozzle 
might be suitable for experimental purposes, but would be difficult,, 
to make as compped with the simple cone, and would involve 
increasing the length of the nozzle for the same expS^sion ftyrin 16 
to over 20 cms., with an increased^angle of divergence at fJie.enfl. 
The increase of angle could be avoided by a little extra length, but 
for purely practical purposes the simple cone might be best. 

Value of the Discharge. The observed value of the discharge 
during the tests is given as M = 0-158 kg./sec., corresponding to 
an initial state, ■= 10-48 kg./cm.®, =‘198° C., from which we 

obtain the following values, Zfp = 676-0 cals. C., <!>„ = 1-5964, 



■Pi^. 24. Pressures observed by Stodola in a Conical l^OKrie. 


Go - 76-1, Vq = 0-2000 cb. m./kg., required for calculating the 
isentropic heat-drop to any lower pressure. 

The effective cross-section of the throat, allowing for the ex¬ 
ploring tube, is 1-030 cm.®. The discharge calculated for the initial 
state of dry saturated steam at 10-48 kg./cm.®, with V, = 0-1912, 
t, = 181-0° C., by the usual formula, M/A, = 0-0199 (PafV,fl*, 
assiuning the Iteam to be saturated in the throat, comes out 
M = 0-1516 kg./sec. AUowing for the fact that the initial steam 
was sigperheated 17° C., but still supposing the steam to be saturated 
before reaching the throat, the calculation of the discharge is more 
troubkisome, since it is necessary to find by trial the pressure at 
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wWch XJM is minimum. The result found in this way is 
M = 0-1584 kg./sec., which shows a slight increase due to the super¬ 
heat, and agrees very closely with the observed discharge, namely 
0‘15^g./sed^ but leaves very little margin to allow for any re- 
ductim-due to friftion. ® 

If on the other hand we assume that the steam is still dry and 
supersaturated on reaching the throat, and calculate the discharge 
in botfi cases by the same formula with the coefficient 0-0209 in 
place of 0-0199, we find 

For steam initially shturated at 181° C., M = 0-1S92 kg./sec. 

For steam initially superheated at 198° C., M ■= 0-1559 kg./sec. 
showing a diminution of the discharge with superheat, which agrees 
with the intei^r^ation of Mellanby’s experiments given in sec¬ 
tion 106. 

In this case it is necessary to suppose that the effect of throat 
feiction*is to reduce the discharge from 0-1559 to 0-158 k 5 ./seo. 
According to the formul(i IjPoD (F.P.C.) suggested in section 104, 
for the fractional reduction due to throat friction, with = 149 
Ibs./in.®, and D = 0-5*in., the reduction should be 1-3 per cent.; 
but yie presence of the exploring tube increases the frictional 
surface in the proportion of 7/5, giving a probable reduction of 
1-8 per cent., which happens to agree exactly with the reduction 
firom 0-1559 to 0-153 kg./sec. 

Estimate of Frictional Loss. Stodola estimated the loss by 
drawing a curve similar to in the previous figure, giving the 
pressure distribution along the nozzle for frictionless expansion 
at the saturation limit; and by adding two similar curves for a 
reduction of 10 per cent., and 20 per cent., respectively, in the 
heat-drop at each pressure. For a given value of thp. discharge, 
such as M ==*0-158, it is easy to calculate the values of X and ® 
corresponding \o any assumed value of P with 0,»10 per cent., and 
20 per cent, loss, respectively, in the following manner. Find DHi 
for the assumed P, deduct 10 per cent, and 20 per cent., and find 
the corresponding values of U and V. Deduce X from the formula 
X = 10,QOOMVjU (K.M.C.), and find the value of ® allowing for 
the exploring tube. 

For instance, at 

P = 0-844 kg. (12 lbs.), H, = 687-02, V, = 2-021 (KM.^.). 
Iseatropio 103-89, V = 932-6, V = 1-779, X = 2-918, * = 6-01 oma 
Loss 10% DB = 93-60, V = 884-85- Y = 1-818, X = 3-143, * = 6-46 „ 

Loss 20% DB = 88-11, V = 834-2, V «= 1-867, X = 3-406, * = 6-98 „ 
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By caleulatihg a few points in this way, the ^quired curves are 
readily drawn. The observed pressures for M = 0a58, plotted as 
dots on the same scale, show the loss at each point of the nozzle 
by their position *in relation to the calculated ounces. S^fpdola’s 
curves show a loss of about 10 p«r cent, at a pressure kf., 
<increasing to about 20 per cent, at 0-2 kg., and suggesting *even 
larger losses at lower pressures. But these losses seemed rather 
large to attribute simply to friction, and he concluded froin other 
experiments that the total loss for the nozzle investigated did not 
exceed 15 per cent. > 

The above method of estimating the loss is very simple and 
direct, but it gives a somewhat restricted scale at low pressures, 
where the loss is most important, and it does not pxiiibit the loss 
itself in the form of a curve on a uniform scftle. It also proves 
inconvenient for showing the effects of supersaturation in contrast 
with those obtained on the usual assumption, that the steam is in 
the ^uilibrium state of saturation throughout the expansion. For 
these reasons the same observations art reduced by a different 
method in the annexed figure, the actual lass calculated for each 
point observed being plotted against the isentropic heat-drop at 
the same pressure. 

109. Curve representing Loss of Heat-Drop. The abscissa 
in the annexed Fig. 25 is the isentropic heat-drop DH^ in calories C. 
at any pressure, representing the limit of possible performance; the 
ordinate is the loss of heat-drop at the same pressure, plotted on a 
five times larger scale. The curve ACD represents the defect of 
heat-drop along the dry adiabatic starting with the initial state 
P = 10-48, t = 198° (K.M.C.). A'represents the point at which the 
steam reaches the saturation limit, with DH^ = Ip, nearly. The 
point B corresponds with the throat of the nozzle. The supersatura¬ 
tion limit is reached at the point C, where DH = 56-4, and 2)fl'$=59-4, 
with a loss of 8 cals., or 5 per cent. The curve CSS is the adiabatic 
at the supersaturation limit, which is not isentropic, the entropy 
increasing frona 1-5964 before condensation starts, to 1-6048 at C • 
after condensation starts, and to 1-6405 at a pressure of 1 lb. near 
the end of the Au-ve CSS. The curve CS, which is nearly a straight 
line, represents the' assumption that the steam remains at the 
satiirMion limit, Muthout further increase of entropy, after passing 
the point C. The value of the entropy at any point when the steam 
IS nob in a state of equilibrium is estimated from the formula 

CIS.'. 


17 
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=- (iff + G)IT, supposing it transfonned to the equilibrium 
state at constant pressure. The point at which the SS limit is 
reached in the absence of friction may be found from the table SS 
by tUking tli pressure (about 89 lbs, in this case) at which <I>„ 
itf equai'to the ini(;iai value l'S9<34. 

The small circles in the figure represent the observations of 
Stodola as reduced on the assumption that the steam is in the state 
of saturation. The whole loss in this case is attributable to friction 



Fi^. 25. Losa of Heat-Drop dae to Soperaatiijatioa 

alone. The crosses not enclosed in circles represent the reduction 
of the same observations on the assumption that the steam is at 
the SS limit, represented by the curve CSS. The loss due to friction 
in this case is measured by the height of the crosses above the curve 
CSS, the remainder of the loss, below the curve, bMng attributable 
to supersaturation. 

Taking first the circles, representing the usual hypothesis of 
saturation, it will be seen that they lie roughly on a curve rising 
very steeply at low pressures, and reaching a maximum loss of 
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80 cals., ot 20 per cent, of the isentropic heat^rop at the end of 
the nozzle, where P ■= 0*20 kg./cm,*. 

Method of Calculation. The method of calculation for the separate 
observations fe much'the same as that previously^^ven fer the 
cuives, but is performed in the re-j^rse order. Ijj the prey^Sus.caSe, 
“P and DB are assumed and it is required to find X and x. In the 
case ot the observations, P and x are given, and BH is required. 
As an example of the method we may take the first observation, 
P =. 0-742, at the point x = 6-67 in the side of the nozzle. 

X = S-67 gives X = 3-248, whence If M = 0-158, we have 
UjV -= 471-0. 

P = 0-742 gives 108-88, Zf,= 635-59, ff j,-= 544-9, 

F,= 2-280. • 

Taking DH = 100gives V = 915-1, H,~ H ^ 59-59, V = 2-080, 
VjV = 450-7. 

lliking DH = 107 gives U = 946-6, H,- H = 66-59, V =» 2-002, 
U/r = 472-8, » 

By interpolation at VjV = 471-0, wc obtain DH = 106-4, 
whence the loss is 2-0. 

The pressure at the same point, x — 6-67, observed wit!h the 
central exploring tube, was 0-797, giving DH^ = 106-2, DH = 96-6, 
loss = 9-6 cals. C., suggesting that there was a real difference of 
pressure between the centre and side of the jet at this point, owing 
to the too rapid increase of section of the cone. The mean loss for 
the whole section would probably be intermediate between the two, 
about 6 cals, at DH^ = 107. The four observations taken at the 
side of the nozzle are marked with crosses ( + ) enclosed in the 
circles. The remaining three of tfiese are seen to agree as closely as 
could be desired with the plain circles representing the observations 
with the central exploring tube. 

It is evident that the curve of frictional loss deduced from these 
observations, on the assumption that the steam is saturated, is of 
a highly improbable character. The curve is much too steep, and 
tends to cut the axis, giving zero or negative loss at pressures above 
1 atmosphere; while it gives losses which are too laige to attribute 
purely to friction at low pressures. These peculiarities cannot be 
attributed entirely to errors of observation, in spite of the great 
difficdJties of the experiments. They appear to be chiefly due to the 
error of the assumption that the- steam is in the equilibrium state 
of saturation; but there may also be some small systematic errors 

17—8 
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in th^ pressure mfiasurements, which require consideration when 
' dealing with steam at such extremely high velocities. 

Correction of the Pressures. When steam or other fluid is flowing 
paratld to a''surface with high velocity, the pressure near the 
smface wll be raised by the frictfbnal retardation of the stream. The 
pressure in a small hole at right angles to the surface, being the? 
same as the pressure at the surface, will be higher than the pressure 
in the main body of the stream. Moreover, an exploring tube with 
its length parallel to the stream, and provided with a small opening 
at right angles to its surface, will have all its indications raised by 
friction in a similar manner, so that the effect in question cannot 
easily be detected or measured experimentally. There is no certain 
method of calculating the effect in the case of turbulent flow, but 
the rise of pressure at the surface will evidently be proportional to 
- the velocity-head, which is U^j2gV in gravitational units, and is 
commonly measured with a Pitot tube. At ordinary velocities, 
such as are familiar in aeronautical tests, the velocity-head is 
insignificant as compared with the absolute pressure to be measured 
and the error is negligible; but in a steam-nozzle, where the velocity- 
head at low pressures may be four or five times the absolute pressure 
of the mcdiiun, the correction may evidently become very import¬ 
ant, even if it is only a small fraction of the velocity-head. 

Since DU is proportional to U\ and X is proportional to VjU, 
the velocity-head, and the required pressure-correction, may be 
taken as proportional to DHjV, or to V/X. Although the absolute 
magnitude of the correction is unknown, tbe relative values are 
fairly certain, and it is easy to try the effect of assuming different 
absolute values. Taking the correction as O-OIS at 0-20 kg./cm.“, 
^near the end of the expansion, it would amount to 0-042 on the first 
.'Observation at 0-742 kg. Repeating the calculation with the cor¬ 
rected pressures, the loss at the lowest pressure is.reduced by more 
than a half, but the loss at P * 0-742 becomes negative, and the 
loss curve tends to cut the axis at a higher point near 110. This 
correction does not help to explain the observations satbfactorily 
on the assumption that the steam is saturated. The assumption of 
the state represented by the curve CS makes little difference. We 
conclude that the state must be something nearly approaching the 
curve CSS, representing the supersaturation limit. 

no. Effect of SupejTsatusration. If the supersaturation 
limit is assumed to represent the probable state of the steam, the^ 
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method of calculation is> exactly the same as for saturated steam, 
except that the expansion curve follows the (fry adiabatic as far^ 
as the point C, an^ that the relation employed in deducing V from 
H is that appropnate to the SS limit. If the observed values Of the 
pressure are employed without c<^ection, the pbservat^s, when 
‘plotted, give a curve which does not show any tendency to cut the 
axis, as in the previous case, but gives rather high values at low 
pressures)'reaching 89-5 cals, or 25 per cent, at 0-20 kg., b£ which 
about 7 per cent, would be attributable to supersaturation and ' 
18 per cent, to friction. The pressures were accordingly corrected 
by deducting 2 per cent, of the velocity-head at each point. The 
results thus obtained are shown by the plain crosses, ( x ) for the 
observations with the central exploring tube, and (■+ ) 'for those 
taken through the side of the nozzle. The loss at 0-20 kg. is then 
about 17 per cent, of which 10 per cent, is debited to friction. If 
the circles representing the reduction of the observations on the 
saturation hypothesis are disregarded, it will be seen that the 
observations fit fairly with the dotted curve FF, in drawing which 
the frictional loss is represented by the empirical term 0-006 DH#* 
added to the curve ACSS representing the supersaturation loss. 
This is the simplest type of formula by which the observatitttis can 
be represented with any degree of probability, but the observations 
are not sufficiently consistent, and do not extend far enough to 
exclude a variety of other assumptions. It is quite possible that 
the pressure-correction should be increased to 8 per cent, of the 
velocity-head, in which case the loss attributable to friction would 
be further reduced to about 6 per cent, at 0-2 kg., but the curve 
would still be of a probable ti^pe. The hypothesis of supersatura¬ 
tion evidently affords a possible explanation of the observations, 
besides being intrinsically probable on other grounds. It is also 
required to explain the great improvement effected by a moderate 
degree of superheat, which follows naturally if the supersaturation 
loss is a large fraction of the whole, but cannot be explained satis¬ 
factorily on theoretical grounds if the steam is saturated. 

III. Effect of Superheat. In order to make an estimate 
of the prObablS effect of superheat in improving the efficiency of a 
nozzle, we may consider the reduction of supersaturation separately 
from'^lhat of friction, to the reduction of which alone the improve¬ 
ment has generally been attributed. Since the motion is turbulenti 
the effect of superheat on the friction cannot be predicted with 
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any degree of certainty, but it is possible to calculate the reduction 
pf the supersaturation loss by assuming the expansion to proceed 
at the SS limit in the absence of friction, and the result so 
obtained will Vtpply with close approximation in the presence of 
friction CQ the we^-known priniSple of the independence of small 
corrections. 

To facilitate the calculation we require in the first place a simple 
rule for' deducing the adiabatic heat-drop in expansion at the 
SS limit. It has already been shown that, for a large range of 
expansion, when the initial state is dry saturated, the loss due to 
supersaturation at the SS limit approximates very closely at low 
pressures to a constant percentage, 7'78 per cent., of the adiabatic 
heat-drop for saturated steam under the same conditions. When 
the initial state is obe of superheat, the two expansion curves coin¬ 
cide so long as the steam is superheated, but the percentage re¬ 
duction remains very nearly the same for that part of the expansion 
which is below the saturation limit. The rule for finding the adiabiatic 
heat-drop for supersaturated steam at the SS limit in the case of 
initial superheat is consequently as follows: 

Ruk. Find the adiabatic heat-drop DH^ for saturated steam 
under' the same conditions, and deduct 7/90, or 7-78 per cent., of 
that part of DHit which is below the saturation limit. 

As an example of this rule we may take the case of the nozzle 
last considered, in which the initial state was p = 10-48, t = 198° 
(K.M.C.), giving $ = 1-5964, fl = 676-0, <, = 181-0° C., superheat 
17° C. 

The adiabatic heat-drop for saturated steam from this initial 
state to a final pressure 2-‘4lbs., or 0-16874 kg., is found by the 
usual rule to be DHii = 155-86 cals. C. With $ = 1-5964, /f, = 668-55 
Trom Table H App. Ill, the steam reaches the saturation limit 
after a drop of 1-2-45 cals.; leaving 148-41 as the pa^ of DH^ below 
the saturation limit. To find the loss of heat-drop due to super¬ 
saturation we take 7/90 of 148-41, giving 11-14 cals. Subtracting 
this from DHi, we obtain DH„ = 144-62 as the adiabatic heat-drop 
at the SS limit. This result is the same to the last figure as that 
obtained by the somewhat laborious process of integrating aVdP 
with the aid of Table SS. 

The method of calculation, and the reduction of the SS loss 
by superheat, may be illustrated graphically by supposing the iiurvc 
ACSS in the last figure shifted to the right as the superheat is 
increased. In the present case the required correction may be read 
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directly from the curve, which is drawn for 17° superheat, by taking 
the ordinate at 155'86, namely 11-2 cals. 

To find the effect of a moderate degree of suprerheat in reducing 
the SS loss for this^articular nozzle, it will be sufficient to calculate 
BH^ and BH„ for two cases, (l)4nitial state dry saturated', and 
(2) with initial superheat such that the steam is just saturated on 
reaching the throat. The initial states for the same pressure, 
P = 10-48 (K.M.C.), are 


(1) < = 181-01° C., 0 = 1-5770, H= 666-41, 0-1910, 

6 = 49-74 (K.M.C.). • 

(2) t = 220-58° C., O = 1-6244, H = 688-80, V = 0-2121, 
G = 118-08 (K.M.C.). 

In finding (2), to make the steam just saturate on reaching 
the throat, the value of is taken as 0-6457P(,, = 5-72, giving 
0,= 1-6244, <,= 156-18°C. in the throat. The values of 
Fg, aiiii Go, are found by interpolation with this value of O in 
Tables VI, IV, V, and VII, . 

An approximate solution may be obtained by taking the same 
final pressure, 2-4 lbs., or 0-16874 kg., in each case, which gives 
the results 

(1) 0^4,= 152-7, Dff„ = 140-8, 17 = 1086, F = 6-921, 

Ujr = 156-9 (K.M.C.). 

(2) DHi = 159-5, DH„ = 149-4, V = 1118, F = 7-124, 
UjV = 157-0 (K.M.C.), 


showing an apparent improvement in BH„ amounting to 8-6 cals. C. 
But since the values of U/F do not fit with those of MjX for the 
final section of the nozzle, it is necessary to repeat the calculation 
at a second, pressure in order to allow for the effect of superheat in 
altering the discharge M and the final pressure whitb the nozzle 
is capable of utilising efficiently. * 

Repeating the calculation for P = 2-2 lbs. or 0-1547 kg., we 
obtain 

(1) 155-2, BH„ = 148-1, U = 1095, F = 7-494, 
U/F = 146-1 (K.M.C.). 

(2) DR$*=162-1, 2)ff„ = 151-8, 17=1127, F = 7-712, 

U/F = 146-1 (K.M.C,). 

I# will be seen that superheat does not appreciably affect the 
values of U/F, which are nearlyAhe same in (1) and (2) at the same 
final pressure. But it reduces the discharge, and alters the pressure 
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at the final section of the nozzle, X = 10*47 qm.*. Taking the throat 
section as l*08cm.^,wehave(l)M = 0*1594 kg./sec.,(2)itf=»0*1518, 
so that the final values of VjV in either case must be (1) I^/F = 162*2, 
(2) JSjV = 140*5 (K.M.C.). By interpolation with these values of 
K/F wv..obtain the final values(i(l) P = 0*1627 kg., DH„ = 141*8, 
(2) P = 0*1545 kg., DH„ = 152*2 (K.M.C.) showing an improvemenl^ 
in heat-drop of 10*4 cals, for 89*5° C. superheat, or 1 per cent, for 
each 5*4°'C. of superheat, which agrees fairly with observation. 

If we make a similar calculation on the hypothesis that the 
steam is in the state of saturation, with the corresponding values 
of Mand U/F,namely, (l)ilf = 0*1518, UjV = 145*0,(2)M=0*1618, 
17/F = 144*5 (K.M.C.), we obtain by interpolation the final values 
of P and for saturation, (1) P *= 0*1684 kg., DU^ - 154*5, 
(2) P = 0*1600 kg.s DH^ = 161*1 (K.M.C.), showing an improve¬ 
ment of heat-drop of only 6*6 cals., or 1 per cent, for each 9*8° C. 
of super{)eat, which js a much slower rate of improvement than 
is commonly obtained in practice. It will be seen that there is no 
improvement in the final' pressure with superheat, but rather the 
reverse, if the calculatiqn is made on the saturation hypothesis, and 
that part of the improvement of beat-drop in the case of super¬ 
saturation is due to the reduction of the final pressure. It is neces¬ 
sary to take account of this in making the comparison, because the 
change in the appropriate final pressure will inevitably produce 
some effect on the performance even if the vacuum is not varied. 

The calculation of the effect has been made in the absence of 
friction, but the presence of friction will tend if anything to increase 
the advantage gained by the elimination of supersaturation loss. 
There may be some reduction of friction with superheat, but the 
amount of frictional loss and its mode of variation are too uncertain 
to be a profitable subject for calculation. 

f. 

X 12. Discharge through a Series of Throttles. The case 
of a series of similar throttles traversed by the same flow M, 
is of interest in relation to the theory of “labyrinth” glands and 
packings in which leakage is reduced by repeated throttling through 
small apertures. If there are N throttles, and if the sectional area 
X of each is the same, a simple solution is readily obtained on the 
following assumptions .* (1) that the steam is dry, and thatR remains 
constant, (2) that the drop of pressure at each throttle is teiall, 
and (8) that the pressure at the throat of each throttle is equal 
to the corresponding back-pressure. If the initial steam is dry. 
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assumption (l) requires that the product PF shall remain verjj 
nearly consent (neglecting 6) and equal to the initial value Po^o- 
The flow is define^ by the simple relations 

liiMlX = UjV, where V = P^JP, and V = 8oC\aVid^K 
Substituting for U and V we obtain immediately 

2 (lUMjZOQXf (P^o/a) = 2PdP 

= d (P*) = Po*- P^a = (Po*- Pjv=>)/lV, .r.(26) 
where P^f is the back-pressure after passing the last throttle. 

Transposing and reducing, we find totMjX in lbs. per sec. per 
sq. in., 

MIX = 0-473 V(Po^-P-^^yNPoVa (F.P.C. or F.). ....(27) 
The value of the constant for (K.M.C.) units is 0-0813. A formula 
of a similar type, but deduced by a somewhat different method, 
was given by Martin, Engineering, Jan. 1908, p^ 85, Steaw Turbines, 
pp. lfl«-i?l. 

In many cases which occur in practice the number of throttles 
N is insuificient in comparison with the pressure range to permit 
of condition (2) being satisfied to a satisfactory degree of approxi¬ 
mation. The discharge in this case will generally be limited by 
reaching the maximum value when the pressure-ratio for the last 
throttle exceeds the critical value 0-5457. In this case, the pressure 
Pfi" in the throat of the last throttle may considerably exceed the 
final back-pressure, so that the previous solution no longer applies. 
The discharge through the Ifist throttle is then given by the usual 
formula 

MjX - 0-8155 {P'/Vyl^ (P.P.C . or F.), 

= 0-0209 {P'lVJIi (K.M.C.), 

where P', F', are the pressure and volume before the^.Jast throttle. 
Substituting Pjy = 0-5457P', and P'V = PJFf,, ia accordance with 
( 1 ). 

MIX - 0-578 (Pjv/Po) (Po/Fo)*/* (F.P.C. or F.). ...(28) 

The value of thg constant for (K.M.C.) units is 0-0888. 

The pressure ratios for the other throttles can be calculated in' 
succession by the formula of de St 'Venant and Wantzel. By com¬ 
pounding these ratios, the required value of Pjv/Po can tabulated 

nnmber of throttles, as in the following table extending 
to 50 throttles. It is then easy to calculate the theoretical value 
of MIX for any case in which th«i>' ratio of the back-pressure to. the 
initial pressure is less than that tabulated for the corresponding 
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number of throttl^, so that the critical value of the pressure ratio. 
,vriU be leached for the last throttle, and the dischi^e will be 
independent of the back-pressure for any value lower than Pn- 


TaWe IV. 

Critical ratio of final to initial pressure for N similar throttles.* 



PnIP. 

' N 

W 

N 

W 

N 

PsIP, 

N 

Ps/P* 

1 

5467 

‘ 11 

22^ 

21 

1702 

31 

1418 

41 

1242 

2 

4432 

12 

2194 

22 

1666 

32 

1397 

42 

1228 

3 

3854 

13 

2117 

23 

1632 

33 

1377 

43 

1214 

4 

3463 

14 

2048 

24 

1600 

34 

1358 

44 

1201 

5 

3174 

i 15 

1985 

25 

1670 

36 

1339 

46 

1188 

6 

2948 

i 16 

1928 

26 

1541 

36 

1321 

46 

1176 

7 

2767 

i 17 

1876 

27 

1614 

37 

1304 

47 

1163 

8 

2616 

: 18 

1828 

28 

1488 

38 

1288 

48 

1162 

9 

2487 

I IB 

1783 

29 

1464 

39 

1272 

49 

1140 

10 

2376 

i 20* 

1741 

30 

1440 

40 

1267 

60 

1129^ 


Nots. The decimal point is omitted before the first figure in each ratio. 


If the ratio of the final to the initial pressure is greater than the 
critical value tabulated for the given number of throttles, the table 
can Still be employed for finding theoretical values of MjX by 
interpolation. Thus if the ratio of the back-pressure to the initial 
pressitte is 1 to 2, we have to find two values of P^f|Po in this ratio 
in the table separated by the given number of throttles. Thus the 
ratio 0'H40 for N = 49, is just half the ratio 0-2280 for N - 11, 
or 88 throttles would suffice to give a reduction of pressure in the 
ratio 1/2 when the value of MfX is that obtained by putting 0-1140 
for PifjPo in the theoretiftal formula (28). If there were only 20 
throttles, the range JV = 5 to 25 gives a ratio 1570/8174 = 1/2-022, 
and the rangp V = 6 to 26 gives 1541/2949 = 1/1-9141 By inter¬ 
polation we find 0-1564 as the appropriate value of PjglPa for 
20 throttles with a pressure-ratio 1/2. It would eVidently be quite 
near enough for the purpose to take the nearest value 0-1570, in 
the table, without troubling to do the interpolation. The maximum 
discharge for 20 throttles is reached with any back-pressure ratio 
less tlm 0-1741, corresponding to M ■= 20 in the table. But an 
increase of the back-pressure ratio to 0-1702/0-5457 = 0-812, 
corresponding to the next step of 20 in the table, from N =>1 to 
21, reduces the dischmge in the ratio 0-1702/0-1741, only, Sb that 
no great accuracy of interpolationijs ever required. It is less trouble 
to use the table than to work out the approximate formula, with 
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the advantage that the results are theoretically more accurate,, 
especially if jihe number of throttles is small. Martin’s formula b 
more accurate in ej^reme cases than the approximate formtSla (27), 
but it is also more trouble to work. The ^approxirlalei: formula 
necessarily agrees in the limit with*the table whpn t^i'ni^bq^ df 
tlunttles is large and the pressure ratio small, but the ‘ertqrs are 
surprisingly small for so simple a formula even when the number of 
throttles is small and the pressure ratio large, as is seen’in the 
following example. 

Table V. 


Initial pressure 165 lbs. (dry sat.), back-pressure 20-6 lbs. 


Number of throttles 

4 

9 

16 

26 ’ 

36 

49 

Discharge MjX table 



0-858 

0-698 

0-588 

0-607 

„ by approx, formula 

1-806 


0-903 j 

0-722 

0-602, 

0-616 

by Mfeim’s formula 

• » - - - 

1-464 

1-084 

0-849 

0-694 

0-686 

0-606 


Martin’s formula gives results which are always a little too small, 
but the error is insigniiicant. The theory appears to be reliable for 
comparative values, but assumption (3) is somewhat uncei;{ain, 
since the throat-pressure may be less than the back-pressure. It is 
most important in practice to make the clearance X as fine as 
possible, and to take care to avoid any possibility of a direct blow- 
through or carry-over of velocity from one throttle to the next. 



CHAPTER XI 


FLOW THROUGH A TURBINE 

113. Impulse and Reaction. It would be outside the scope 
of the present work to describe mechanical details of construction 
and operation of turbines, for which the reader must be referred 
to othSr wbrlcs. It will be necessary, however, to explain the 
general principles*of the flow through a turbine in a few ideal eases, 
in order to elucidate the application of the thermodynamical 
formulas. 

If a jet of fluid strikes a moving blade with relative velocity 
U/ the quotient V,'lg may be regarded as expressing in gravi¬ 
tational measure the “impulse” of the jet on the blade, per unit 
mass of fluid, acting in the direction of U,'. If the same jet leaves 
the “blade with relative velocity U,", the quotient U,"/g may 
similarly be regarded as the “reaction” of the jet on the blade, 
and acts in the direction opposite to U/'. The resultant of the 
impulse and reaction, taken with due regard to sign, will represent 
correctly in all cases the whole action of the fluid on the blade, 
but the forces of impulse and reaction can seldom be regarded as 
possessing a separate physical existence otherwise than as mathe¬ 
matical components of the resultant. 

If the blade is moving with a velocity «in a direction making an 
: angle /S' with the impube, and an angle jS" with the reaction, the 
work W done* by the jet on the blade per unit mass of fluid is 
obtained by adding the resolved parts of the impulse and reaction 
in the direction of motion, and multiplying the sum by the velocity u, 

W = (U/ cos P’+ Vr" cos P") uig .'.(1) 

Thb simple formula includes all cases, but its application 
depends on the possibility of specifying the directi^Sis and velocities, 
which cannot be done exactly except in a few ideal cases. The 
following sections illustrate two such limiting cases repr&enting 
types of flow which can be approximately realised in practice, 
and which are most commonly aimed at in the construction of 




pm now machines. They are called Impulse and Reaction Types 
jfespectively^ but the essential difference betw&n them depends 
on the mode of expansioh of the steam, rather than on the exclusive 
utilisation of either impulse or reaction. 


114. The Impulse Turbine. The simple impulse wheel 


carries a rim of semi-cylindrical 
in the annexed Fig. 26, in 
which the blade rim is seen 
developed in section. Steam 
issuing from a nozzle at the 
side (not shown in the figure) 
with velocity V, represented 
by OA, inclined at a small 
angle ^ to the plane of the 
wheel^^ias a normal com¬ 
ponent Od = V = V sin jS, at 
right angles to the wheel, and 
a tangential component 


blades, shaped somewhat as shown 



> 


CA = U' cos p 


in the direction of rotation. If the blades are revolving* with 
mean velocity u, represented by BA, the tangential component 
of the relative velocity 17,' is evidently U' cos P - u, and is repre¬ 
sented by CB. In the ideal case, neglecting friction and compression, 
the blades are shaped so that the cross-section of the channel 
between them, estimated at right angles to the flow, is uniform, 
in which case the steam wrill flow thi-ough without change of 
pressure or velocity. If the blades are symmetrical, the angle 
of exit, FOG, will be equal to the angle of entrance, OBC. The 
tangential component of the reaction due to DF, i» the same as 
that of the impose due to OB, and the expression for the work is 
evidently 


IF = 2 (17' cos d - tt) m/^ = 2 (a - 1)«»/«.(2) 

where the symbol z is employed as a convenient abbreviation for 
the ratio of the tangential component U' cos p of the steam- 
velocity to'the^lade-velocity. The absolute velocity of exit, U", 
represented by EF, has a tangential component, EG = U' cos p — 2m. 
The aitial component V of V" is the same as that of 17', In the 
absence of friction, the drop of^kinetic energy (C7'*- C7"*)/2g, is 
equal to Ifj but exceeds W by the work wasted when friction is 




SWO PRoriSRTJES OF STEAM [cm. 

prestfnt, in ^hich case V" will be less than V,'. The general 
expression for lF*in terms of the relative velocities still holds, so 
that the drop of relative velocity can be estimated if the foiction 
is Itoown, Oft conversely the frictional loss can'be estimated from 
the drap of C. 


1 15 - The Reaction Turbine. The most characteristic 
feature of the reaction turbine, as distinguished from the impulse 
turbine, is that the moving blades, or vanes, are exactly similar 
to the fixed blades, oft guides, but are oppositely directed. The 
effect of this is that drop of pressure and increase of velocity occur 
equally in both fixed and moving blades; whereas there is no drop 
of pressure »or increase of velocity in the moving blades of the 
impulse turbine in the ideal case. 

In an axial flow turbine of the Parsons’ type, the axial velocity 


V of th^ steam, represented by the line OC in the annexe<j^ig. 27, 
is determined at any stage 0 


by the relation U - kMVjX, 
where X is the oros|-section 
of the annular space between 
the drum or rotor carrying the 
vanes and the cylinder or 
casing to which the guides are 
fixed. The steam is deflected 
by the guides, and its velocity 
is increased to V, represented 
by the line OA in the figure, 
making an angle a with'the 



F 

Kg. 27. 


axis or jS with the tangent, so 

ttat V =11 fee a, or 17 = 17' sin j3. If the vanes are moving with 


vdocity tt, represented by the line BA, the relative velocity V" 
with which the steam meets the vanes is represented by the line 


OB, the tangential component of which' is 


CB= 17'cosj8-M==l7tano-tt4 


In a continuous series of similar pairs of vanes and guides, the flow 
will be symmetrical, and the axial component U o>the velocity toU 
remain constant if provision is made for the gradual expansion of 
the steam by increasing X. The relative velocity 17' with wbSeh the 
steam leaves the vanes, will be tljje same as that with which it left 
the guides, and the absolute velocity 17" on leaving the vanes, will 
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be the same as that with which it met the previouf guides? The 
tangential component of the relative velocity; pf exit, represented^ 
by the line’DG, is evidently U' cos p, or V tan a.. Adding the 
resolved parts of the impulse and reaction, and multiplying by u, 
we obtain ^ ^ ^ ^ 

• W =- (217' cos P-u)ujg =e (2*- l)U^lg, ....(8) 

where z represents, as in the previous case, the velocity-ratio 
V cos P/u, or U tan a/w. In the case of a reaction turbine' and in 
the later stages of an impulse turbine when the nozzles form a 
complete ring, it is often preferable to express z in terms of U and 
a, in place of V and p. 

ii6. Mass-Flow, Pressure, and Speed. .The. power 
developed is the product MW of the work IF«per unit mass by 
the mass-flow M per tmit time. The mass-flow depends chiefly on 
the areas of the nozzles, and on the initial cqpditions of pressure, 
etc., aifS i^ nearly independent of the speed and the final pressure. 
This is obvious in the case of an impulse turbine when the pressure- 
ratio for the first set of nozzles exceeds the critical value, 0-5457, 
so that the discharge is independent of the back-pressure. The mass- 
flow is then proportional to the throat-area of the nozzles, ai.d to 
as shown in the previous chapter, and is quite unaffected 
by any variation of speed. It is by no means obvious a priori that 
the same result would follow in the case of a reaction turbine when 
the pressure ratio per stage is very small. But it is found to be 
almost equally true in practice for any number of stages when the 
whole pressure range is large, as is usually the case. 

If the mass-flow is varied by throttling the initial steam, the 
initial value of the total heat will remain nearly constant (apart 
from external loss of heat), and the initial velocity of, the steam 
will be practically unaltered, so that the value of ^ in the initial 
stages will remain nearly the same if the speed is constant. If the 
final pressure is reduced in the same ratio as the initial pressure, 
the velocity ratio a may remain nearly the same throughout the 
turbine, in which case the values of W will be little altered, and the 
gross-power exerted •will be nearly proportional to M. But as a 
rule the reduction of the final pressure, being limited by the con¬ 
denser, is much less than that of the initial pressure, so that the 
veloci^-ratioin the later stages is modified. The resulting variations 
of the power can be calculated even if the speed is altered, provided 
that sufficient data are available for the dimensions and the efifi- 




STS PROF!eETp;S OF STEAM [CS. 

ciencies of tl^e several stages. Methods of doing this will be discussed 
later. For the pifhsent purpose it is sufficient to observe that the 
mass-flow is nearly independent of the speed, and depefids primarily 
on the state of the steam and the distribution df pressure. If these 
semainmearly constant, it follc^s that the variation of power with 
spe^d wal depend almost entirely on the variation of W. 

117. The Speed-Power Parabola. If the work W as 
ordinate is plotted against the speed u as abscissa, for any constant 
values of V and a or iS,ethe curve obtained, in either of the ideal 
cases above considered, is obviously a simple parabola with its axis 
vertical, starting from the origin, reaching a maximum at the 
vertex,«and4;utting the axis again at an equal dbtance beyond the 
vertex. In practice it is usually more convenient to plot the curves 
with 1/a as abscissa, since 1 /a is proportional to u, and the expressions 
for W i^ay be put iq the form (see Fig. 29) 

Ideal Impulse Turbine, W = tan* a (2/a - 2lz‘)lg, ...(4) 

Ideal Reaction Turbine, W = tan* a (ijz - l/a*)/g. ...(5) 

The two curves are precisely similar, but the maximum in the case 
of the impulse turbine occurs at 1/a = 1/2, and in the case of the 
reaction turbine at 1/a = 1. The maximum itself is twice as great 
fpr the reaction turbine as for the impulse ttirbine with the same 
value of the tangential component U tan o of the steam-velocity. 
But the blade-velocity u at which the maximum is reached is also 
twice as great. 

For any construction,, a safe limit of velocity u is imposed by 
considerations of mechanical stress. Comparing the two types at 
the same blade-velocity, the appropriate value of the tangential 
component of the steam-velocity is twice as great in thfe case of the' 
impulse turbiqe when * = 2, as in the case of the reaction turbine 
when * = 1. The work done per stage is also twite as great, being, 
2«*/g per imit mass of fluid, in place of M*/g. Moreover the wheel 
of an impulse turbine can be constructed to run safely up to a 
rim-speed about times as great as the druhi of a reaction 
turbine, which therefore requires in the limit about four times as 
many stages, or rows of moving blades, as the •impulse turbj^ 
for the same drop of pressure. This might appear at first sight to 
be an overwhelming disadvantage of the reaction type, but the 
reduction of steam-velocity teqds to improve the efficiency’in 
some respects, and the drum construction so greatly facilitates the; 
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multiplication of stages that there is really ve^ little to choose 
in practice between the two types. '5 

In eonsiSefi^ how far the ideal formula for JV can appljjr in 
practical cases, it is evident that fV must vanish in p,ny case when 

M = 0. 

* In the case of the impulse turbine, where the coftstruction 
ensures equality of pressure on the two sides of the blade-rim, it is 
also evident that there can be no impulse on the moving blades 
when the tangential component of the steam-speed is equal to the 
blade-speed. It is found in practice thatithe maximum of fV is 
nearly midway between these two extremes at z = 2, except in the 
case of small machines where the actual flow differs greatly from 
the ideal conditions assumed. The first half of the cufvs frofti« = 0 
to the vertex, is the most important in practice, since it is preferable 
to keep u on the low side of the maximum. This half of the curve 
is founj^to be parabolic within the limits of-experiment'd error. 
The other half is more difficult to investigate satisfactorily, but 
nothing is gained by pushing u beyond t*he maximum. Reducing 
u below the maximum, say from 1/2 to 1/8 ,of U' cos j3, reduces 
the mechanical stress in the ratio of 9 to 4, but it only reduces 
W in the ratio of 9 to 8. For this reason the normal blade-s])eed 
is frequently in the neighbourhood of U'/S or even less for small 
machines. 

In the case of the reaction turbine, it is often stated that the 
maximunf efficiency is reached when U'= 2u, to 2-5 m,^ as in the 
case of the impulse turbine. This may be true for marine turbines 
with direct driven propellers if the proiKller efficiency is included. 
But it cannot be true for the turbine by itself, if the expansion is 
equally divided between the fixkl and moving blades. In fact 
values of u much greater than U'/2 are commonly.miployed in 
reaction-turbines for driving electric generators, but it is seldom 
"worth while to reduce the value of z below 1-5, because little ad¬ 
vantage could be gained thereby, and considerations of mechanical 
stress arCjCv^qjore important in the drum type than in the wheel 
type. If’ thtt’ expansion is unequally divided, between fixed and 
moving blades, ■with z'u and z"u for the tangential components, 
{he expression for fV is 

IF = (*'-!-*"-!)««/«. .(6) 

giwng a maximum per stage wh§n the mean of z' and a" is equal 
to unity. 

aa 
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118. Efficiency and Leaving-Loss. The kinetic efficiency 

of any stage of® a turbine may be defined as the ratio WjK 
of'the gross work done to the kinetic energy supplied.“For a single 
imjiulse-whesl, in the ideal case above considered, we have 
K = mid the expressio^» for the efficiency is 

WjK = (I7'» - = 4 (2 - 1 )/22 sec« .(7) 

the maximum value of which is cos* ^ when 2 = 2. This expression,' 
or its equivalent, is often quoted as “the efficiency” of an impulse 
wheel, but it takes account only of the leaving-loss l7"*/2g, repre¬ 
senting the kinetic energy rejected. In practice, losses due to 
friction, etc., are generally more important than the leaving-loss, so 
that the above expression should be regarded rather as representing 
a limit of efficiency theoretically attainable in the absence of 
friction and other losses. 

A similar, but not identical, expression applies to a single 
reaction pair, but is without practical significance, because reaction 
pairs are never used singly. In the case of a series of similar impulse 
wheels or reaction pairs, when the angles and areas are adjusted 
so that the initial arid final velocities V and U" repeat themselves 
for each wheel, there is no loss in the absence of friction except at 
the end of the series. The relative importance of the leaving-loss. 
is reduced in proportion to the number of wheels, whereas the 
percentage loss due to friction for each wheel is nearly independent 
of the number of wheels. For this reason the leaving-ipss is best 
treated separately. 

Of the other losses, those which vary as the square of the steam- 
velocity are usually the most important. The percentage loss due 
to such causes will be independent of the absolute speed for any 
given value of 2 imder similar conditions, because W also varies as 
the square of'the speed when z is constant. But if z varies, it appears 
that the kinetic efficiency/' must vary with z in the same way as W, 
so far as losses of this type are concerned. It is most important to 
take account of this in considering the effeets of variation in the 
conditions on the performance of a machine, sincri small variations 
of pressure or other conditions may produce large variations of 2 in 
some of the stages. A simple method of applyingi'this relation be¬ 
tween /' and 2 will be explained in a later section. 

119. The Power-Consumption Line. If the mass-flow, or 
total consumption of steam, in lbs. per sec., or other convenient 
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units, is plotted as ordinate against the brake horse-power, or 
shaft horsepower, as abscissa, the curve obt&ined is nearly a 
straight line provided that the speed is maintained constant, and 
that the regulation is effected by throttling. A curye of this kind 
was first given by Willans {Proc. 4nst. C. E., 1893) for a special 
fype of reciprocating engine, but a similar relation has been found 
to apply to other types of engines, and especially to turbines, within 
’ the limits of accuracy of most experimental tests. In the chse of a 
reciprocating engine, the line is appreciably curved if the regulation 
is effected by varying the cut-off, whicli tends to improve the 
efficiency at intermediate loads. Similar small variations occur in 
the case of turbines according to the type and method of regulation, 
but the relation is sufficiently close to be of consideraWe practical use. 

The steam consumption at no load includes leakage, and 
represents the power required to keep the rotor revolving against 
the steqm-friction, and the friction of bearings, glands etc. If 
the power-consumption line is straight, the mass-flow M required 
at any other load is given by the relation* 

Af = fifo + w (B.H.P.),.(8) 

where w is a constant coefficient representing the slope of the, line. 
If M is in lbs. per hour, the coefficient m, is in lbs. per H.P. hour. 

A turbine cannot be “indicated” like a reciprocating engine, 
but if we assume that the steam required to overcome friction, etc. is 
the same at all loads, provided that the speed is constant, the 
quotient Af/w may be regarded as representing the gross power 
exerted by the steam. The coefficient m is often treated as being 
analogous to the consumption per indicated horse-power-hour, but 
this method unduly favours the turbine as compared with the 
reeiprocatLjg engine. The true measure of the indicated power in 
both cases is the drop of total energy (multiplied by Hi and by the 
appropriate numerical factor), which takes proper account of 
steam-friction as explained in the next section. See Fig. 28. 

120. Thermodynamical Equation of Steady Flow. 

The general equation of steady flow through a turbine, obtained 
by the application of the law of conservation of energy, is that 
already given in Chapter II, section 10, namely, 

e H'- E"^ Q, + AW" + A (17"» - l7'*)/2g,.(9) 

in which H'— E" b the actual drop of total heat from the initial 
to the finid state, Q, the external loss of heat by the fluid, and AW" 

IS—s 
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the equivalent of the external loss of energy of the fluid in the fon 
of work done by the tuftjine. The last term, depending on U- 
rep^ents the excess of the kinetic energy rejected overt^iat supplied 
The whole equation may also be interpreted as expressing the fac 
tSiat the drop of tgtal energy H Oh AU^/^g in calories is equal to th 
sum of tlie external heat-loss Qj, and the thermal equivalent of th< 
work done AW", per unit mass of fluid. 

The’effect of internal friction is included in H", which represent! 
the actual total heat in the final state. But if the totid energy, 
rejected with the exhauet steam is measured by observing the rise 
of temperature of the circulating water in the condenser, the 
measurement will include ..4 i7"*/2g in addition to H", and a correc¬ 
tion fof 17"'niust be made in deducing H". The initial value H' 
may be obtained fi%m P and T if the initial state is one of superheat, 
as is often the case. If not, the wetness may be estimated with a 
throttling calorimeter. In either case a correction shoidd be applied 
for V if the initial velocity is appreciable, since the quantity given 
in the tables is not the'total energy but the total heat H. The 
corrections for V ap^ V" are generally small, and may often be 
neglected. The external loss of heat Qj, may also be regarded as a 
smafl correction, especially in the case of large machines. 

Assuming that the small corrections for U and are applied, 
as above indicated, whenever necessary in experimental work, the 
equation of flow may be employed for theoretical purposes in the 
simplified form 


DH = //'- R"= AW"^ F (W- H'%= F x DH^. ...(10) 

In the absence of friction, or external heat loss, or waste of 
kinetic energy, the maximum work obtainable for given limits of 
pressure is the equivalent of the adiabatic heat-drop {H'— H'\, 
Thus, if the relative efficiency F is defined as in Chapter IX, we can 
estimate F and H" from AW", or vice versa, F an^ AW" from H", 
or AW" and H" from F, according to the available data, as illus¬ 
trated in the following examples. 


I2I. Example of Marine Turbine. The turbines of the 
Mmiretania are said to have developed 84,000 sflaft horse-power 
each, at 190 revs./min. with a consumption of 12-8 lbs, per horse¬ 
power-hour, excluding auxiliaries. 

Neglecting aU corrections, DE = AW = 115-0 cals. C. 

Taking the initial pressure as 166 lbs, abs., and the final pressure 
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las 1 lb. abs., and the initial state as dry saturated, the adiabatic 
^cat-drop is 180-9 cals. C., giving relative efficiency F = 0-686. 

It is not clearly^stated how the shaft horse-power was measured, 
and it is imcertain how much of the bearing friction was inclui^ed. 
Allowing 8 per cent, for bearing, ■^land, and dummy friction of 
ihe turbine, the nett work done by the steam per lb. Si thermal 
units would be AW = 118-5 cals. C., giving F = 0-655 for the 
indicated relative efficiency. ' 

The drop of total energy of the steam being 118-5 cals. C., the 
actual drop of total heat in the final state»is obtained by adding a 
correction AV'^ftg for the kinetic energy rejected. To estimate the 
final velocity U", we have 17"“ = 17“ + (z — !)“«“, where 

V = lUMVjX ft./sec. , 

From the dimensions of the turbine, X = 11200 in.“ for the last 
expansion,^ u = 184 at 190 revs., and M =*116 Ibs./sec, Taking 
1-8 lbs. abs. for the exit pressure allowing for condenser-drop, 
and DH — 120, the final value of H" is sIt-Q, which gives the final 
volume F"= 229-6, whence TJ — 843 ft./sec. Taking 2 = 2, the 
small correction for u gives Z7"= 368 ft./sec., whence the kinetic 
energy rejected is equivalent to 1-5 eals. C., giving the a;i!tual 
heat-drop DH — 120-0. The correction in this instance is small on 
account of the low speed, but it may exceed 5 per cent, at high 
speeds. It does not affect the indicated efficiency, but only the 
final state and volume. The eorrection makes a difference of 1 or 
2 per cent, at most in the value of V", so that, unless very accurate 
values of V are required, it is usually best to calculate DH directly 
from 2 or AW", without applying any correction for U", especially 
when V" is nearly the same at the end of each expansion, so that 
it does not affect the values of DH, but only comes.i.i as a small 
constant correction in the absolute value of H". <■ 

Similar considerations apply to the external heat-loss Q*, which 
is usually small, but always very uncertain. The absolute values 
of H" and V" jis deduced from H' and AW", require a small 
eorrection for Qj,, Similarly if the total energy H"+ AU"*l2g is 
measured, a correction for Q* should be applied if possible in 
deducing AW"* But any effect of heat-loss on the efficiency is 
automatically included in the values of F and AW" as ordinarily 
measured. If, therefore, the object of the investigation is to cal-- 
culate the effect of different conditions on the efficiency, starting 
with some value of F experimentally determined under normal 
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conditions of running, it is often best to ignore on the prin¬ 
ciple of the independence of small corrections, and to work with 
vdpes of DH deduced from AW", since this ctmnot introduce any 
material error^in the rcZotioe values of the efficiency if M is constant, 
" In the case pf marine tuAines, there is often considerable 
uncertainV in the estimation of F and AW" owing to the difficulty 
of measuring the steam-feed and the power. Some of the steam is 
used for driving auxiliaries, the exhaust from which may be partly 
employed for heating the feed, the residue being taken through the 
low pressure turbine. Another source of uncertainty is leakage 
past the dummy or balancing pistons. The amount of such leakage 
is seldom known with any approach to accuracy. The mass-flow 
Af, instead of .being uniform throughout the turbine, is different 
in different parts, especially if the auxiliary exhaust is unequally 
distributed between two turbines in order to balance the pro¬ 
pellers oa either side»of the ship. •. 

Such variations of M in different parts of a turbine can often 
be estimated, without actual measurement of the leakage or auxiliary 
exhaust, by a method explained in a later chapter, provided that 
full details of the dimensions of the turbine are known, and that 
the pressure distribution is carefully observed under the actual 
conditions of running. Unfortunately the required data are seldom 
avaOable in published tests. 

As a rough illustration of the order of magnitude of the correc¬ 
tions involved, we may suppose that auxiliary steam amounting 
to l-Slbs. per horse-power-hour was taken through part of the 
low pressure turbine of the Mauretania in the trials quoted, and 
that the heat-drop of this part of the steam was half the total drop 
DH. The flow through the L.P. turbine being increased in the ratio 
18-8/12-8, neglecting all other corrections, the value of DH must 
be reduced in ■‘the ratio 12-8/18-05, or from 115 to 108-4 cals. C,, 
assuming that the effect of the auxiliary exhaust was included in 
the 84,000 H.P. This would reduce F from 0-686 to 0-60. It is 
evident that such corrections may be of material importance, but 
as previously remarked, they cannot be satisfactorily applied unless 
full data of the dimensions and pressure distribution are av^able. 
It would appear from the fuller details given in Chiapter XVI, that 
the auxiliary exhaust was not in fact utilised in this wayjn the 
L.P. turbine of the Mauretania, though this was common practice 
in battleships of the Dreadnought'class, the turbines of which were 
specially designed for the purpose. 
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123. Escample of De Laval Tiirbine. an example of a 
different kind we may take the single impulse wMeel of a De Laval 
turbine witfi a set of expanding nozzles of the type discussed in 
the last chapter, \ssuming that the expansion in the nozzle is 
from 160 lbs. (dry sat.) to 2 lbs. a^s., the adiabatic heat-drop fqjr 
Saturated steam would be 158-2 cals. C. Taking the less in* the 
nozzles at 15 per cent., of which about half would be due to sdper- 
saturation, there would remain a heat-drop of 1S4-5 cals. giving 
a velocity U'= 8481 ft./sec. 

In the ideal case, assuming no loss in Jhe wheel, if the nozzles 
make an angle j8 = 20° with the plane of the wheel, the maximum 
wheel-efficiency attainable would be cos“ jS = 0-883, and the 
leaving-loss 11-7 per cent, of 134-5 cals., or 15-7 cals. But this would 
require a rim velocity u = U' cos jS = 1685 ft./sec., which would 
be dangerously high. 

Supposing the rim velocity reduced to u =, U'/S = llOQ ft./sec., 
the mechanical stress would be reduced to one half, the velocity 
ratio z, or V cos ;8 /m, would be increased* from 2 to 2-820, and the 
limiting value of the kinetic efficiency in the absence of all fric¬ 
tional losses would be reduced to 

W/K = 4 (z - 1) cos2 )3/z« = 0-808.(11) 

The leaving loss would be increased to 19-2 per cent, of K, or 
26-8 cals. C. This might appear at first sight a serious reduction 
of efficiency, but, in point of fact, the other losses in the wheel 
reduce the leaving loss to less than half this value. The losses in 
the wheel, and the actual leaving velocity, can be estimated if the 
consumption is given. 

Supposing that the observed^consumption is 16 lbs. per brake 
horse-powjr hour, equivalent to an effective heat-drop of 88-4 
cals. C., if we add a correction of 2 per cent, for gear and bearing 
friction, we obtain 90-2 cals, for the equivalent of the nett work 
done on the wheel per lb. of steam, giving 90-2/184-5 = 0-671 for 
the wheel-efficiency, and 

• F = 0-85 X 0-671 = 0-670,.(12) 

for the indicated relative efficiency of the wheel and nozzle com¬ 
bined, • 

In addition to the loss due to gear and bearing friction, there is 
a mo% serious loss due to steam-friction, which must be allowed for 
in estimating the gross work IFj^lone on the wheel by the steam in 
the foriniila for the kinetic efficiency WjK. The nozzles occupy a 
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small part only of the circumference of the wheel, the greater part 
of which is runnitig idle the partial vacuum, and acts like a 
centrifugal fan, wasting power by setting the steam in*'circulation. 
Thdpower wasted in this way varies as the cube* of the revolutions, 
Sifid as the density of the mediu|ii. In the case of a single wheel the 
leakage isunegligible, and the loss due to fan-action can be estimated’ 
with some degree of precision by observing the total consumption Afo 
required to run the wheel at no load with normal speed and vacuum. 
If Ml is the consumption at normal load corresponding to the ob¬ 
served B.H.P., the po\jer required at no load is MJ(Mi — Mj) 
of the B.H.P., or MJm, according to the linear law, § 119. 

In the present case, if the power required at no load is found 
to be 10.per cent, of the B.H.P. at full load, the gross work done by 
the steam on the wheel may be estimated as equivalent to 
88-4 X 1-10 = 97-2 cals. C. 

which gives for the actual kinetic efficiency of the wheel, considered 
separately, 

WIK = 9r-2/184-5 = 0-728.(18) 

But the power wasted-fi; <'an-action does not appear, either at the 
shaft, or in the heat-drop, and cannot fairly be included in the 
“indicated” efficiency, as is frequently assumed. 

In order to estimate the relative velocity 17," with which the 
steam leaves the wheel, we have to substitute AW = 97-2 in the 
general formula (1) for IT in terms of the relative velocities. Since 
Vf cos j8'= U' cos - « = 8271 - 1160 = 2111 ft./sec., the work 
done by the impulse is equivalent to 

2111 X 1160/82-19 X 1400 = 54-8 cals. C. 

The work done by the reaction is equivalent to 
97-2 - 54-8 = 42-9 cals. C. 

Whence U," coS P" = 42-9/54-8 of 2111 = 1068 The tan¬ 

gential component of the absolute leaving velocity 17" is evidently 
1668 — 1160 = 508 ft./sec. The axial component of U" is 

U," sin ^"= 1668/2111 of V sin j8 = 941 fl./sec., 
whence !/"=■ 1069 ft./sec. The thermal equivalent of the actual 
leaving-loss is (1069/800)’ = 12-7 cals. C. *’ 

The drop of kinetic energy in passing through the wheel, 
represented by ({/'’ - t7"’)/2g, is equivalent to 121-8 cals. C.^ and 
is equal to the sum of the work dene, 97-2, and the energy wasted, 
24-6 cals. C., in the wheel. 
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We are now in a position to make a tabulw smnmary of the 
various losses incurred, which work out,as follows: 


Sumnfary of losses in De Laval turbine. 


Lobs in nozzles. 

23f 

cals. C. 


IS 

Loss in blade-rim 

24-6 

ft 

=: 

i6-6 

Leaving loss . 

12-7 

tf 


8-0 

Lioss due to fan-aotion ... 

7-0 

tf 

= 

4.4 

Gear and bearing friction 

1-8 

» 

s= 

1-2 

Equivalent of B.H.P. ... 

88-4 

tf 

= 

66-9 

Adiabatic heat-drop ... 

168-2 

tf * 

= 

100-0 


The actual distribution of the losses will vary in different cases, 
and under different conditions of running, but the pt'ove Analysis 
seems to afford a fair representation of the conditions assumed in 
the work. The relatively large losses in the nozzles and blade-rim 
result chiefly from taking the full pressure-drop on a single wheel 
of small size. They can be reduced in large machines by dividing 
the pressure-drop between several wheels and nozzles in series, 
but there is not much to be gained by the jadditional complication 
for low powers. 

The losses in the blade-rim may be attributed partly to'the 
breaking up of the steam jet by the inlet edges of the blades, which 
cannot be infinitely sharp, and require periodical renewal on 
account of wear at such high steam velocities. They are also partly 
due to the spreading of the jet occasioned by the driving pressure 
on the blades, which in this case would be of the same order of 
magnitude as the absolute pressure of the surrounding vacuum, 
and would necessarily cause reduction bf velocity and distortion 
of the flow.^ Such details must be kept in view by the inventor and 
designer, but it is seldom desirable to take account of all these 
separate causes of loss in the thermodynamical theory. In the 
case of an impulse turbine, it is possible to take the nozzle losses 
separately, but it is generally sufficient to include them with the 
wheel losses by^king a mean effective value of the velocity-ratio z 
for calculating the kinetic efficiency, or the gross work, corre¬ 
sponding to the speed-power parabola. Additional losses due to 
leakage, fhn-actlbn, etc., are included in the brake-efficiency. 

=* 123 ? Example of Turbo-Electric Generator. A turbine 
difving an electric generator affords special facilities for test under 
variable load at constant speed. The curves shown in the annexed 
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Fig. 28 illustrate the relation between mass-flow M in lbs. per sec. 
taken as ordinat^, and t|tal power in kilowatts KW t^en as 
absgissa, corrected for the Known efficiency of the electric generator, 
so as to give the equivalent of the shaft horse-power of the turbine 
at each load. The scale at the brse indicates thousands of kilowatts 
approxinmtely, but the actual observations have been slightly 
reduced to afford a more convenient comparison between two 
difleren'c types of machine. The horizontal crosses { + ) represent 
observations with a reaction turbine of the Parsons type, the 
diagonal crosses ( x ) copresent similar observations with an 
impulse turbine of the Curtis-Rateau type. 

In the case of the reaction turbine the regulation for constant 



speed was effected by throttling, and the points lie nearly on a 
straight line drawn through the highest and low^t observations. 
The steam-feed was measured at no load with the generator excited, 
and the abscissa of the lowest point represents the power required 
to drive the generator under this condition e£ normal speed, 
estimated from the known losses in the generator. The stqijan re¬ 
quired to run the turbine by itself under no load at normal speed 
can be estimated in this case iflth some degree of precision by, 
producing the straight line to cut the axis, and is seen to be about 
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8 per cent, of the steam required at maximum load. This includes 
bearing fricpon, and shows that the st am fric6on must be very ^ 
small at the low p^fssure. ' t ^ 

In the case of the’ impulse turbine the load was varied by 
cutting out nozzles, which is analogous to varying the cut-off in 
the case of a reciprocating engine. The steam at no load was not 
recorded, and could not have been measured without throttling, 
but was probably much the same as for the reaction turbihe. The 
power-consumption line is seen to be distinctly curved with this 
method of regulation, as in the analogous icase of the reciprocating 
engine when the cut-off is varied. 

The small deviations of the individtial observations from the 
smooth curves appear to depend on accidental vjyv’itionS in the 
conditions of superheat, pressure, and vacuum, and could no doubt 
be .corrected if sufBcient data were available. The systematic 
difference between the two machines in respect of conrumption 
per kilowatt hour, or mass-flow per kilowatt, appears to be due 
chiefly to the fact that the impulse turbine was tested wnth a super¬ 
heat more than 100° F. higher than the r^qjion turbine. This not 
only improves the consumption by reducing the density, but also 
improves the relative efficiency by eliminating loss due to siiper- 
saturation, as explained in the next chapter. The improvement ‘ 
does not appear to be due to any great inherent superiority of one 
t 5 rpe of machine, or one method of regidation, over the other, but 
it has the advantage for the present purpose of separating the 
curves sufficiently to avoid confosion. 

In addition to the effect of superheat, the total efficiency, in 
terms of consumption per kilowatt-hoUr, or the absolute thermal 
efficiency, jp terms of the ratio of the work done to the heat supplied, 
depends very greatly on the ability of the machine, to utOise the 
highest available vacuum without excessive leaving-loss. Improving 
the vacuum always improves the performance, but the full theoreti¬ 
cal advantage cannot be obtained unless sufficient area is provided 
for the increasejl volume. The record for axial flow machines is at 
present held by a reaction turbine with a double flow for the later 
stages of the low pressure cylinder, but the radial flow turbine 
rf Ljungstrom is credited with a still better performance, due in 
part natural ability to utilise a very high vacuum. 

For the same reason, improving the vacuum beyond that for 
nrhich the machine is designed? invariably reduces the relative 
iffidenoy F, whereas reducing the vacuum improves F to some 
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extent. It is obvious that F could not remain constant unless the 
dimensions were Altered w suit the vacuum. The actual effect of 
anj^ change in the vacuum can be calculated ,in any case if the 
dimensions of the machine are known. An example of a possible 
method of doi&g this will be gi^en in Chapter XV. 

•U 

124. Compound Impulse Wheels (often called “Curtis,” 
or “Velocity-compounded,” or “Velocity” wheels). When a low 
ratio of blade- to steam-velocity is a primary consideration, wheels 
with two or more rings erf blades are employed. The steam rejected 
from the first ring with tangential velocity (z — 2 ) u, is received by 
a fixed ring of guide-blades suitably shaped to reverse the tan¬ 
gential component and direct the steam back on to the second ring 
of moving blades, which effect a further reduction of the tangential 
component to (*- 4 )m. The addition of a third ring would leave 
the tangtntial component at (z- 6 )m, and so on. The leaving-loss 
need not exceed the theoretical minimum sin® j 8 , even if z is large. 
But owing to the length of path, and to the cumulative effects of 
imperfect flow, the effioiegiey of a double or triple wheel can never 
be so good as that of a simple wheel with a suitable velocity-ratio. 
It appears from experimental tests that the maximum efficiencies 
of wheels with one, two, and three rows of blades, under similar 
conditions, are approximately in the ratio of the numbers, 6 , 5, 
and 4, and are attained with values of z equal to 2,4, and 7 nearly*. 
According to these figures, a double wheel would replace four 
simple wheels at the same blade-velocity, but would give little 
more than three times the work of one. A triple wheel would 
replace about 12 simple wheels, but would only give the same work 
as eight. If efficiency were the only consideration, .compound 
wheels would siot be employed; but they possess great advantages 
when economy* of space or cost is essential, especially if fuel is 
cheap, and a low blade-speed is required, as in marine work. They 
are also frequently employed in the first stage of expansion with 
high-pressure or superheated steam, in order toc obtain a large 
drop of pressure and temperature in the first nozzle, so as to reduce 
the strain and distortion of the casing. The tl^ermodynamical 
theory is practically the same for a compound wheel as for a simple 
wheel, but the appropriate values of the heat-drop and effieienqr 

will be different, as already indicated. 

c 

* Deduced from Sguies given b; K. Baiimaim {Joum. /net. Sleet. Sag,, VoL 48, 
p. 828, 1912). 
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125. Hie Multistage Impulse Turbine. In order to avoid 

excessive steam-velocities, it is necessa^;^ to di^de the available 
pressure range between a series of nozzU^' and wheels. Each wheel 
runs in a separate chEunber throughout which the pressure is 
nearly uniform. The nozzles are fix^ in the partitidiis between the 
chambers, and are represented by a eomplete ring of gi«ye-blades 
in the later stages. The pressure at the exit from'one nozzle is the 
initial pressure for the next nozzle, and the areas of successive 
nozzles are adjusted to suit the volume by the condition 
X/M ^ kVIU. The velocity generated in any given nozzle is 
determined primarily by the pressure-drop between adjacent 
chambers, but it is desirable to allow for friction in estimating the 
final values of H and V in each stage, which serve as the initial 
values for the next nozzle. In addition to reducing the steam- 
velocity to a reasonable figure, the multistage arrangement pos¬ 
sesses the advantage that work spent in fluid friction in the early 
stages of t*he expansion is not completely wasted, but is partly 
utilised by reconversion in the later stages. The velocity of the 
steam rejected by one wheel may also be partly utilised by “carry¬ 
over” in the next nozzle, or guide-ring, so that the loss in the later 
stages is reduced. 

The number of stages into which a given heat-drop must be 
divided to suit a given blade velocity u, is readily estimated from 
the consideration that U' should not exceed 8m for a simple impulse 
wheel. Thus if the pressure range is 165 to 1 lb., and u = 400 ft./sec., 
V may be 1200, corresponding to a heat-drop of 16 cals. The avail¬ 
able heat-drop is 181 cals, so that 10 or 11 simple wheels would 
suffice, allowing a margin for loss of 'Steam velocity. Similarly 
if M = 200^ the same number of stages each with a compound 
wheel of two rings would be sufficient; but 40 sjjmpie wheels 
would,be required. As a rule the given data are, the pressure 
range, the revolutions, and the power; and the required con¬ 
ditions may be satisfied in many different ways wdth almost equal 
efficiency. The design adopted is frequently determined by cost 
of fuel or construction, or by mechanical considerations which 
are beyond the scope of the present work. The properties of 
steam are required chiefly in determining the choice of suitable 
areas ^or ihe nozzles corresponding to the subdivision of the 
heat-drop, and in the estimation of the efficiencies of different 
arrangements, which afford goodk illustrations of the methods of 
using the tables. 
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ia6. Flow through an “Expansion” in a Reaction 
Turbine. The nlbmber at separate stages, or pairs of fixed and 
moying blades, in a reacti(t^ turbine is rarely less than'^0 and often 
exceeds 200. These are grouped in “expansions,” each consisting 
of several stages with the same^lade-beight tc and annular area X 
Each expi>nsion may conveniently be treated as a single unit id 
calculating the flow when the dimensions are given. In some cases 
the blade-angle a is varied throughout the expansion so as to keep 
either the exit velocity V, or the tangential component V tan a, 
constant. But more oftfin the blade-angle is the same throughout, 
and the exit velocity V increases with the volume. It is sufficient 
in either case to take a mean value of tan a, or a mean value of 
the velocity )i®tio z, so that the solution of the problem depends on 
selecting an approfftiate method of finding the mean effective value 
of 2 in any case for the whole expansion. 

In piKsing from one expansion to the next, the annular area X 
is increased, so as to allow for the increase of V, and to bring the 
velocity back as nearly as'possible to the same value at the beginning 
of each expansion. The increase of kinetic energy during the ex¬ 
pansion being thus reje3e3 and reconverted into heat, the equation 
of steady flow for the complete expansion reduces to the form 

H'-H"=AW'\ . (14) 

if the external heat-loss is neglected as previously explained. 
The actual heat-drop from the beginning of one expansion to the 
beginning of the next is the equivalent of the nett work W" done 
on the rotor between the same limits, making allowance for all 
internal losses, such as le^ikage, or steam-friction, or fan-action, 
but not including losses external to the expansion, such as bearing 
friction, or dummy leakage. 

The expression previously given for the gross work AW in 
terms of z, may be held to include nozzle and blade losses, which 
vary as the square of the steam-speed and reduce the effective 
value of z. It may be applied to an expansion of N pairs, or stages, 
by writing it in the form 

AW'=(2z„-l)Nu»IJg, ... (18) 

where 2 ,„ is the arithmetic mean of the values of z'for the separate 
stages. This expression for AW gives the gross work per unit maas 
done by that portion of the steam which pursues the ideiS'path 
through the blades. It does not apply to the fraction that misses 
the blades owing to lateral spreading, or that leaks over the blade* 
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tips without adding anything to the work or the. heat-drop, and it 
takes no account of work wasted in fai^action Between the steam 
and the rot^r. For these reasons the n^t work W" per unit mass 
of the toial quantity of’steam passing through the expansion is 
necessarily less than the gross work W calculated from z. * 

• The ratio W"/W' will be called%e “Reaction Efflci«5icy.’'’and 
will be denoted by /". It may be regarded as representing the 
proportion of the theoretical reaction W due to the velocity which 
is actually realised as work on the shaft. The expression for the 
heat-drop per expansion in terms of z and/" is 

H - H"=f" (iz^ - 1) Nu^lJg .(16) 

The reaction efficiency f" will evidently be the same .for the 
separate stages of an expansion in so far as the dirat-hsions’remain 
constant, but will vary systematically from' one expansion to 
another when the dimensions are varied. It is convenient to 
separate the losses included in/" from those iftcluded in the kinetic 
efficiency/', because they depend on different conditions, and vary 
in a different manner. The systematic variation of the reaction 
efficiency/", as depending on leakage,,may most simply be 
represented by a formula of the type f"/®, where x i^ the 
blade-height and I a constant depending on the effective leakage- 
clearance. The term//' includes other effects of distortion of flow, 
and will have different values for different types of wheel, and for 
the case of partial as against complete peripheral admission. The 
kinetic efficiency on the other hand, depends chiefly on the velocity- 
ratio 2 , as previously indicated, and is, in the main, independent 
of the absolute velocity and of the linear dimensions. It is necessary 
to have some fairly simple expressions for the systematic variations 
of these coefficients in order to be able to compare thwry with 
experiment and to deduce the probable effects of‘different con¬ 
ditions on the performance. *■ 

127. Kinetic Efficiency and Available Energy. In a 

reaction tmbino, the kinetic efficiency for a single stage is related 
to the available energy aVdP by the equation 

f’aV flip =, (22 - 1) u^jjg = 17> tan* a ( 2/2 - l/ 2 *)/Jg. ...(17) 
JVhen the,pressure-drop dP per stage is small, it is sufficient to 
tM6 the mean value of V in the expression aVdP without integra¬ 
tion. The axial velocity V will wary direcUy as V from one stage 
to another in the same expansion in virtue of the relation 
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V -> kMVjX, If the blade-angles are gauged so that XJ tan a and 
z are constant, Wfe may tpume that/' will also be constant, and 
th^t dP will vary inversely as V. If on the other hanS, the blade- 
angle a is constant, as is usually the case, the velocity-ratio * will 
tary directly W V, and/' wil^vary from one stage to another in 
a systematic manner. ’ 

It is necessary in any case to have a simple rule for defining the 
mean Effective value of 2 , since the exact value of the discharge 
angle a cannot be predicted with any certainty from the form of 
the blades. For this purpose we shall assume (1) that the nozzle 
and blade-losses vary directly as the square of the tangential 
component of the steam-velocity for any given value of z, that is 
to say,' in tlv;, same manner as W when z is constant, in which 
case/' will be constant, and (2) that/' varies in the same way as 
W when U tan a is constant. These assumptions give the simplest 
relations! consistent with the main experimental facts, though they 
do not appear to be capable of formal proof for every type of blade 
and variety of condition.' 

Adopting these a s^mp tions as a working hypothesis, we have 
the following simple relations for finding/' and z in any case 

and f,'SaVdP = Nz„VlJg,...(IS) 

where// is the maximum value of/' when z = 1, and is a constant 
to be determined by experiment for each particular type of blade 
or wheel. The first relation gives the variation of/' in terms of z, 
and the second relation defines the mean effective value of z. When 
z and/' are variable, the mean value off for any expansion may be 
taken as that correspondirfg to the mean effective value of z. 

In the case of an impulse turbine, by similar reasoning, a 
similar relation will apply for defining the mean effective value 
of z for each wheel including both nozzle and blade-losses, so far 
as these vary as the square of the steam-speed. But owing to the 
diflerenee between the expressions for W in the case of impulse 
and reaction turbines respectively, the maximum value of /', 
denoted in this case by/,', occtu-s at z = 2. Thus we have 

/'//,'= 4 (z- l)/z*, and /,'JoFdP = zyi2Jg, ...(12) 

where zu represents the eflective tangential component ^{lif the 
steam-speed. Since the two types of turbine are essentially.^inikr 
as regards variation of kinetic efficiency with velo^y-hitio, 
especially in the later stages when the peripheral a<^i&ion is 
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complete, results deduced for one will ap{dy equally to the other 
so far as they depend on these'relations^ 

In the cise of the-reaction turbine, a^simple and useful expjes- 
sion for the pressure-drdp per stage, or per expansion, is obtained 
by substituting for V in aVdP from the relatiod V = UX/kM 
Mth U = Ma/tan a, thus, * '' * ■ 

Pressure-drop per stage*, dP = Muztmalfi'gX, .;...(20) 

Pressure-drop per expansion*, P'— P"= NMuz„ taxi ajfigX, (21) 
where represents the mean effective value of 2 , as in the corre¬ 
sponding formula for the heat-drop, wtien the blade-angle is 
constant. In the case when z is constant and a is varied, the same 
formula applies with the arithmetic mean value of tan a. Tlie two 
cases are equivalent, to the order of approximation here attempted, 
and give the same values both for the heat-drop and the pressure- 
drop, provided that .the mean value of 2 or tan a in eith^ case is 
equal to tire constant value in the other. These appear to be the 
simplest formulae capable of taking account of all the primary 
factors of the problem in a consistent manner, and are readily 
applied to the solution of any special cafe* when sufficient data 
are available. It might seem at first sight as though the expression 
defining the mean effective value of 2 were too simple to be true, 
but it evidently fits the fundamental fact that the mass-flow is 
practically independent of the speed. If M is constant, zu cannot 
vary without corresponding variations in aVdP. These and other 
points of correspondence with experiment serve as indirect means 
of verifying the working hypothesis. Thg observed variation of /' 
with speed also affords qualitative verification. 

128. ^^ariation of the Complete Stage-E^Bdency /. 

The variation of/ with veloeity-ratio 2 will be similar to that of 
the kinetic efficiency/', but the absolute value of/ being equal to 
the product/'/", will generally increase in the later stages owing to 
the systematic variation of/". The general nature of the variation 
is illustrated in the annexed Fig. 29. 

In plotting the relation between the kinetic efiftciency /' and the 
velocity-ratio 2 , it is best to take the reciprocal I /2 as the abscissa, 
because the curve then becomes a simple parabola, namely 
f'~ 4/,^1/2 — ( 1 / 2 )®), with its axis vertical, and with its vertex 

* These ezpiesalons easume that X Is i&asnred in sq. in. on the F.P.C. or P.P.F. 
systems, and in aq. om. on the KM.C. system. 
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at l/j5 = 0-5, in the case the impulse turbine. In the ease of the 
reaction turbine‘ the sanie curve applies, but the values of Ifz 
aip all doubled, so that tlfe maximum occurs at Ifz =■ 1. The value 
of the constant/,' for the curve marked/' in the figure is taken as 
0'85. The constant term /" m the expression for /" is taken as 
0'9S, Thfc<‘variable term V'jx is taken as 0-0084 for a typical lovr- 
pressure blade, and as 0-126 for a high-pressure blade, assuming 
the respective blade-heights to be in the ratio lS/1. The two lower 
curves represent the resulting variation of/ for the two cases con¬ 
sidered. The low-press^ire wheel has a maadmum efficiency of 
80 per cent, (which is probably about the highest attainable) at 
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Fig. 2%.^ Variation of Efficiency (and Power) with Speed-ratio. 

z = 2, or 1/z = 0-5, but the wheel would be run at" a lower speed in 
usual practice, owing to the great saving in mechanical stress, with 
little loss of efficiency. This curve happens to a^ee exactly with 
one given by Baumann (Joum. Elect, Eng., 48, p. 782, 1911), 
except that his curve is plotted against the ratio, u/c, or cos p/z, 
of the blade-velocity to the full steam-velocity, and therefore shows 
a maximum at ujc = (cos )3)/2 instead of at 1/2. Baumann’s curve 
is stated to represent “a fair average of test results actual^ being 
obtained in the low-pressure pert of modem Rateau turbines.” 
It appears to afford a good general confirmation of the theory here 
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proposed, but no details of the tests are given, so that it is difficult 
to say how far the correspondence i^ real. Tfie lower curve in 
Fig. 29, represen^g the bigh-pressul«^ wheel, has a maxu»um 
of 70 per cent., but is otherwise exactly similar to the other curves. 

The verification here attempt|d appears Jto show that, tlfe 
variation of efficiency with speed can be represented “tehin the 
limits of experimental error by a parabolic curve having its 
maximum at the theoretical value of z. This cannot be* exactly 
true if the loss due to a fan-action varies as the cube of the speed, 
unless there is some other compensating^ effect, tending to raise 
the point at which the maximum occurs. The effect on the reactioni 
efficiency of a loss varying as the cube of the speed is indicated in 
the last figure on an exaggerated scale by the brok'.n curve. This 
is obtained from the lowest curve in the figure “by deducting a loss 
equal to 10 per cent, at 1/z = 0-5, and varying as the cube of the 
speed at other values of 1/z. The effect in this case is to lower the 
position of the maximum to 1/z = 0-42, but the form of the curve 
is still so nearly parabolic that it would \)e difficult to distinguish 
it experimentally from a true parabola. T}je lowering of the maxi¬ 
mum is very marked in small machines, such as the 5 or 10 H.P. 
De Laval, which give the maximum B.H.P, at rim-velocities'Veil 
below the theoretical, but it would be difficult to detect in large 
multistage machines, say of 5000 H.P., where it would be impractic¬ 
able to analyse the losses very accurately for the separate wheels, 
or to vary the speed over a wide range without upsetting the 
pressure distribution. It is also possible that the blades may be 
shaped so as to increase the reaction, which would have the effect 
of raising the apparent position of the maximum, and is sometimes 
said to imjyove the efficiency. 

In many cases the effect of fan-action is comp«ratively im- 
important, and may bfi neglected unless the effect ’of variation of 
speed is in question. But it is of interest to consider the cases in 
which it may become important. It is generally agreed that the 
effect varies for fi. given wheel as the cube of the speed and as the 
density of the medium, but there is much conflict of opinion, and 
even of experimental evidence, on minor points. Some of the 
formulae proposed are obviously inadmissible, while others are 
more qpmpMcated than is justified by the nature of the evidence. 

129. Expression for the Eoss due to Fan-Action. Fan- 
action, or wheel-friction as it iS often called, appears to be mote 

19-8 
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important in the case of t^e impulse wheel at high pressures than 
•• ein the case of the reaction ^m, where tip>leakage is a more serious 
souace of trouble. The effelt depends on so ma^y conditions, such 
as the fineness^of the clearances and the shrouding of the blades, 
that,it is impossil^e to give a^omplete formula applicable to all 
cases. Th^ following expression is intended merely' to give a general* 
idea of the order of magnitude of the loss in the case of a wheel 
when the clearances are reasonably fine. Ifr.is founded on the 
assumption that the loss is proportional to the density of the 
medium, to the area of •the effective surface and to the cube of 
the velocity of each part relative to the casing. 

■Wheel-friction = (Or^ + SOrir)( m/ 1000)*/F, Horse-power, ...(22) 

where r is the mean radius of the blade-rim, and x the nozzle- 
height in inches, tt the mean blade-velocity in ft./sec., and V the 
volume ill cb. ft./lb. The term 3r® represents the effect of the surface 
of the disc, the term SOrx that of the blade-rim. If the lateral 
surface of the blade-rim were smooth like the disc, the numerical 
coefficient of rx would, 4p^he limit for short blades, be five-times 
that^of r® on the assumptions made. The surface of the blade-rim 
being discontinuous, this coefficient cannot be less than five times 
the first, but may be as great as 20 times or more, especially for 
compound wheels. The term representing the effect of the disc is 
the larger of the two at high pressures w'hen the blades are short, 
but becomes relatively negligible at low pressures on account of the 
diminution of density, and increase of blade-height. 

The relative importande of either is readily expressed in terms 
of the theoretical maximum power, 2 Mm% ft. Ibs./sec. at z = 2, 
for a single impulse wheel. The ratio comes out 0-0080 *;an o/)j, for 
the" blade-rim friction, and O-OOOSr tan a/i/a!, for the disc-friction 
(by substitutirtg M = I7Jl/144F, U - 2M/fan a, and Z = 7]27ttx), 
where ij is the arc of admission expressed as a fraction of the whole 
circumference when the admission is partial, and is equal to unity 
when the admission is complete. 

According to the expression 0-0080 tan a/ij for the effect of the 
blade-rim friction on the efficiency, the reduction of efficiency would 
be of the order of 1 per cent, only for the low pressure wheels at 
maximum power, and would be much the same for all, so )png as 
the admission was complete, and the angle a was not varied. The 
importance of this term would Increase in the case of the high 
pressure wheels with partial admission, espeeialiy if tana were 
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increased, as is often the case. The effect of the disc-friction would 
be of the same order of magnitude as that 0]^the blade-rim for 
intermediafe wheels when r = 10®, andjwould increase in a similar 
manner for the higli pressure wheels, except that it could be reduced 
by reduction of r. It is generally Mreed to be an advantage, so far 
*as wheel-friction is concerned, to Ifeduce the dfamcterjtrf the'high 
pressure wheels. This was often done in the earlier types, but has 
the disadvantage of increasing the number of wheels required, and 
has been abandoned in most of the later types in favour of a nearly 
uniform diameter, which is mechanicallj^ preferable. 

It would appear to be unnecessary to take account of wheel- 
friction in the low pressure stages, as the resulting distortion of 
the efficiency curve would be too small to detect. But it would be 
best for the sake of consistency to represent it throughout the 
turbine by a systematic variation of the type (1 + rjlOx) tan a/i; 
per cent, in/", provided that the speed were uniform and/;onstant; 
and to allow for variation of speed, if the effect of speed were the 
object of enquiry. • 

In the case of the reaction turbine, since the admission is always 
complete, the effect could probably Be included with sufficient 
accuracy in an expression of the type l"jx, as previously 
suggested. But the effect of tip-leakage is here the most important, 
and the constant^" would approximate closely to unity at low 
speeds, owing to the absence of disc-friction. 

There does not seem to be any satisfactory evidence that the 
effect of wheel-friction is proportionately greater in small machines 
than in large, or that it varies as the cube of the angular velocity 
as opposed to the linear velocity. SmaH machines of the axial flow 
type undoubtedly suffer from the excessive curvature of the blade- 
path, whiSi leads to distortion of flow at high angjilar velocities, 
but this cannot fairly be debited to wheel-frictioiv 

Although it is not possible in a formula of this kind to give 
exact values of the coefficients to suit all cases, it is most desirable 
that the dimensions should be correct and consistent for the separate 
terms in the expression. A formula for wheel-friction attributed 
to O. Lasche is' often quoted, which may be expressed in our units 
as follows, for & simple wheel with blade-height x. 

Whee».frifetion = 0-49 (R,P.M./1000)» rx/F, H.P. (O. Lasche.) (28) 

This formula seems to give results of the right order of magnitude 
if we take r = 20" and ® = 1", but requires about 870 H.P, , 
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or the wheel of a 10 H.P^ De Laval turbine at 20,000 revs./min. 
a steam at atmos{)heric pressure, which is about a hundred times 
Do^great; and does not d|stinguish disc- and nm-iriclion. 

Stodola’s original formula made the disc-friction proportional 
9 anh the rim-frictiop proportional to afilVIV, which 

ppears tc involve 'the anomaly That the rim-friction is independent’ 
f the radius for given values of u and V. Jude {Theory of the Steam 
'urbinei 1910) proposes the formula {u(v}‘/yF ior the rim-friction, 
ased on a reduction of the same experiments, in which the disc- 
iction is assumed proportional to rV/F, and the rim-friction 
deduced by difference. This method of treating the experiments 
cannot be avoided, but is so uncertain that it appears preferable 
to make the 4imensions rational and consistent by assuming the 
expression nru’/F aSs given in (22). So far as rim-friction is con¬ 
cerned, the effective blade-height would be rather less than the 
actual blrde-height, because the ends of the blades are screened 
by the rim and the shrouding. For this reason x is preferably taken 
as the nozzle-height, which'fits better with the experiments and the 
expression for the power, and avoids the necessity for the fractional 
index. 

When r and z are the same for the different wheels of a turbine, 
the disc-friction is simply proportional to 1/F, and cannot be 
altered by varying the arc of admission or the blade-height. 
A compound wheel has the advantage of reducing the disc-friction, 
but it increases the rim-friction and the loss due to lateral dissipa¬ 
tion of the jet, which is more important and varies roughly as 1/x. 
In practice the blade-height is varied in conjunction with the arc 
and angle of admission, to inake the sum of the two losses a mini¬ 
mum, with the condition lyjr/F tan a = constant. 

To obtain,an equivalent formula for the rim-fidction of a 
compoimd whed, the numerical coefficient 80 of/ai in (22) must 
be multiplied by the ratio of the sum of the blade-heights of the 
successive rings to the height of the first ring. Thus for a triple 
wheel, if the successive blade-heights are in the ratio 1, 2, 8, the 
appropriate coefficient of rx would be 6 x 80. This appears to give 
a result of the right order of magnitude, but the conditions of flow 
and variations of design are so complex that little reliance can 
be placed on a single formula. 



CHAPTER XII 

THE REACTION TURBINE 

130. Continuous Expansion. In the case of an impulse 
turbine, the expansion may be regarded ^ occurring in a limited 
number of discontinuous steps, with almost adiabatic drop of 
pressure in the nozzles, separated by intervals during which the 
steam changes its state at constant pressure while passing through 
the blades. The number of separate steps is often as low as five, and 
seldom exceeds 20 or 30. The final states in each stage will gener¬ 
ally lie dn a smooth curve, which may be reg£trded as the charac¬ 
teristic” of the type of machine, and may be employed for 
estimating the variation of efficiency. BUt it is often more satis¬ 
factory to calculate each stage separately, and there is no great 
difficulty in doing this when the number of stages is small. 

In a reaction turbine, on the other hand, each ring of blades, 
whether fixed or moving, constitutes a separate step in the ex¬ 
pansion. There are seldom less than a hundred such steps, and 
sometimes 800 or more. For all practical purposes the expansion 
is continuous, and different methods of treatment are appropriate. 
In particular, since the drop of H or P in each step is very small, it 
may usually in practice be treated as infinitesimal. The calculation 
for a number of stages of similar difliensidns, forming a group known 
as an “expansion,” can generally be worked out by the rules of the 
calculus with a considerable saving of time and troi\j3le. The state 
of the steam fro\p the beginning to the end of each expansion can 
be represented "by a continuous curve on the diagram. In some 
cases these separate curves for the several expansions may form 
parts of a single^continuous “ characteristic ” for the whole turbine. 
In other cases there may be differences depending on details of 
construction. But in any case it is usually sufficient to calculate 
the final state olily in ?ach expansion. 

In^evpresent chapter we will take the simple case in which the 
characteristic for the whole turbine is supposed to be continuous, 
and discuss relations between the efficiency and the pressure dis¬ 
tribution which are in the main independent of dimensional details. 
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At a later stage, the aiial}||sis will be pushed further, to include the 
effect of speed, and dimensions and details of construction, in 
m^fying the curve for e|eh expansion. ^ ' 

, 131. Tha Stage Efficiency. The expression for the first 
law'of tl^ejmodyiramics as ap]/lied to any elementary stage of th^ 
flow, corresponding to a small drop of pressure dP, may be written 
in the form dH^d^-i- aVdP ...(1) 

According to the usual mathematical convention of signs, dH. and 
dP represent increment ef H and P, and dQ, represents heat added. 
But it is often more convenient in practice to reverse the signs and 
to call dH drop of H, and dP drop of P, in which case dQ represents 
heat-loss; and heat generated by friction, or work wasted, is 
negative. The ten/i aVdP represents the thermal eqiiivalent of 
the work done by the drop of pressure in generating kinetic energy 
in unit mass occupying a volume V as it flows from a higher to a 
lower pressure. If dQ = 0, dH = aVdP, or the droj) of H is equi¬ 
valent to the kinetic energy generated; but if heat is supplied by 
friction or otherwise, the drop of H will be less than aVdP. Since 
friction can only generate heat, the drop of H cannot exceed the 
kinetic energy generated unless heat is lost externally. If no heat 
is supplied or lost externally, dQ represents heat generated by 
internal friction, or work wasted; and dH represents the useful 
work obtained. Since external heat-loss may often be neglected 
in considering any small stage of the expansion, we shall take dH 
as representing the work utilised, on the understanding that it is 
to be corrected for external heat-loss, whenever necessary in 
experimental tests, by deducting the external heat-loss from the 
heat-drop. , 

Neglecting external heat-loss on the above understanding, the 
general expressrion for the stage efficiency / at any point of the 
expansion curve, is the ratio of the work utilised to the work avail¬ 
able in a small drop of pressure dP, 

/= dHjaVdP .i..(2) 

If the work done is. proportional to the percentage drop of 
jtpressure, as appears to be approximately the case ip. some turbines, 
PdHjdP is constant, and /must vary inversely as PV, The expan¬ 
sion curve in this ease is given by the equation 
H,-H = k]pg(P^P), 
and is a straight line on the H log P diagram. 





XII] Tim REAGTION TimBmE 297 

In the more general case represented by the empirical formula 

afPV, = PjiHjdP = mkP”' %m{H- B") . 

whence/ — m(H — B")laPV. This shows that/canpot be constan]: 
hnless H — B" is proportional to Pit, which is very nearly the case 
for dry steam provided that B"= B = 464 (I'.P.C.), in which case 
/ = ISm/S. In the case of wet steam/ will also be nearly constant 
if B" is chosen so that the ratio of PV to H — B" is the same for 
the initial and final states. 

If on the other hand an expansion curve or the type PV = ftP" 
is assumed, the value of m is fixed by the initial and final conditions, 
and the value of / at every point of the curve becomes thereby 
determinate, since there is no other constant, to choose. The ex¬ 
pression for/is mdHjd (aPV), which is necessarily nearly constant 
for dry steam, but cannot in general be constant for wet steam. 
As a rule the variation of/is so considerable along a curve of this 
type, that no reliance can be placed on»this formula for the cal¬ 
culation of the constant mean value of / for any given F. The 
formula is obviously inadequate for lepresenting the results of 
experimental tests with regard to the variation of stage efficiency, 
because the assumption of a curve of this type is equivalent to 
the question at issue. 

The exact solution of the problem of the limit curve when 
J is constant, is purely a mathematical question if the relation 
between V and H is given. The result is of theoretical interest as 
a standard of comparison for other empirical curves representing 
different modes of variation of the efficiency. The problem may 
also be regarded as a useful mathematical exercise on the tables 
and equations, and on thermodynamical theory. 

132. The Limit Curve of Constant / for Dry Steam. 

The approximate forms of the equations, obtained by neglecting b, 
namely, 

Pv‘=k'P^I^», and H - B k"P^fl^» .(4) 

are sufficiently accurate for nearly all practical purposes. 4 

ITie exact forms, including b, are easily obtained by substituting 
for J* or dHIdP in the equation dHjdP = afV, from the general 
relation between H and V for d^. steam, namely 

aPV = 8 (ff - 5)/18 -I- lOaiP/18, 
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which gives differential jequations of a common linear type, 
namely, • 

PdVIdP - (1 - 8//18) r + 106/18, ' 

and' PdH/dP = 8f(H - R)/18 + 10a6/P/18.(5) 

fhe golutions oV wjiich are ^ > 

P (V - b') = A:'PV/“, and R - B = A"pv/w + ab"P, ...( 6 ) 

where 6 '= 105/(18 - 3/),6"=/6'= 106//{18 - 8 /),andA:"= ISak'IS. 

The values of the constants k' and k” are found in each case 
as required by substititting the given initial or final values of 
H, P, and V in the equations. For instance, the drop of H along 
the curve from P' to P" is given by 

H - H"= (R'*-- B - ab"P') (i - (P"/P')3//w) + a 6 "(P'- P"), (7) 

which reduces exactly to the usual expression for the adiabatic 
drop, as should, when/ = 1 , in which case b"— h. 

In the case of supersaturated steam, the same equations apply 
so long as the steam is dry; but when it reaches the siipersaturation 
limit, the relation between R and V changes, and the equation 
cannot be integrated. It is easy, however, to find the heat-drop 
at the supersaturation limit by a step by step process of integrating 
the relation dH = faVdP, by using Table III given in Chapter X, 
as in the case of the adiabatic at the supersaturation limit. 

Thus if the steam reaches the SS limit at 24 lbs., we have for 
the next step to 16 lbs., aP'V- 8S-80, DH =faPV x 8/20 = 8-47, 
if / = 0-60. This gives V"= 20-87, and aP"V”~ 34-85, whence 
DH = 8-468 as a second approximation; but it is very seldom worth 
while to go beyond the first. With the value 84-85 for aPV at 
16 lbs., the next step to 12 lbs. gives DH = 5-89, and so on. The 
process is ver^ easy, since no interpolation is required, except for 
finding the poiq,t at which the SS limit is reached. 

e 

133. The Limit Curve of Constant / for Saturated 
Steam. To find the equation of the curve for saturated steam, we 
have merely to substitute (R - st)IT (dpjdT) for aV in the general 
expression for/, which gives the differential equation 


T{dHldT)^f{H-a) ..(8) 

the solution of which, when / is constant, is 

H,^d + KTf ,- aTI ( l - f ) .(9) 


where st^+3TJ{l -f), is given by the initial state. 
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Jhe corresponding expression for O/jns immediately obtained 
by the simple substitution, Hf = T<bf — G, which«gives 

• (P, = KTf-^ - s/(l -/) + s ;Dg, r/278.(10)^ 

with the same value of the constant of integration K. Both ex¬ 
pressions take exact account of the variation of specific heat and* 
volume of the liquid according to tA equation for h employed in 
the present work. 

The results given by the above theoretical formula for are 
compared in the following table, (1) with those given by a formula 
of the type H - B -= kP”*, and (2) with ttjpse given by a formula 
of the type PV = ftP™, with F = 0-60, for the range 165 lbs. (dry 
sat.) to 1 lb., divided into ten equal intervals with a common 
pressure-ratio. The constants in the empirical formulae are 'deter¬ 
mined from the initial and final states as already explained. 

Table I. 

Comparison of formulae for the limit curve of constant/(saturated). 


Theor. 

664-49 

642-00 

630-06 

618-61 

607-65 

(1) 

Diff. 

fl 

664-66 

-1-0-06 

0-663 

642-09 

-1-0-09 

0-684 

630-13 
+ 0-08 
0-666 

618-66 
+ 0-06 
0-686 

607-66 
+ 0-00 
0-887 

(2) 

Diff. 

A 1 

666-26 
-1- 1-77 
0-480 

646-19 
+ 3-19 
0-492 

634-32 
+ 4-27 
0-806 

623-62 
+ 6-01 
0-619 

613-02 
+ 6-37 
0-837 


Theor. 

697-13 

687-03 

677-32 

667-98 

669-02 

(1) 

Diff. 

/i 

697-10 

-0-03 

0-666 

686-98 

-0-06 

0-666 

677-27 

-0-06 

0-684 

667-98 
- 0-03 
0-863 

669-02 

0-00 

0-661 

•(2) 

Diff. 

/» 

602-43 
-1- 6-30 
0-669 

691-78 
+ 4-76 
0-688 

681-02 
+ 3-70 
0-616 

670-12 
+ 2-14 
0-648 

569-02 

0-00 

0^88 


Initial values, P= 166, 5=667-66, / =0-661, /a=0 468. 

There is a slight systematic difference between (1) and the 
theoretical formula, but the values of H agree at the middle of the 
range as well as at both ends. The values of are very nearly 
constant, and the mean agrees very closely with the theoretical, 
which M 0-6651, for F = 0-60 over this range. We may conclude 
that ( 1 ) is Sufficiently accurate for all practical purposes. It is also 
much easier to work than the theoretical formula. In the case of 
formula (2) the differences are fifty times larger, and the value of 
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/i shows a wide variation| The method of calculation for formula (i; 
. is given in detail in Example 8, below, section 188. 

^ The Reheat Fador. The ratio of F to /, when' the latter is 
cohstant, is often called the “Reheat Factoy,’^ as it represents the 
■increase of Fdue to the partial reconversion in the later stages of 
woVk w^,ed in friction in tl^ early stages. Many attempts ha^re 
been made to find a general expression for this factor in the case of 
saturated steam. The majority of these are rough approximations 
which do not call for special mention. Morrow {Steam Turbine 
Design, 1911), under t^e heading “Approximate Equation of the 
Expansion Curve,” has given an exact expression for the entropy on 
the assumption that the specific heat of water is constant and equal 
to 1. <His exj^ression agrees very closely with (10) above, but he 
does not appear to give the corresponding expression for Bf, or 
for Fjf. Martin {Steam Turbines, 1913, p. 150) has given a similar 
expression for the yicrease of entropy due to friction during the 
expansion, from which the reheat factor is deduced by integration. 
His results are in praeticbl agreement with the author’s except that 
he has employed a less simple expression for the entropy of the 
liquid, which makes a small systematic difference. He takes the 
range Tq = 820° F. (dry sat.) to T = 560° F., and calculates F for 
the following values of /. 


Table II. Comparison of Theoretical values of Fjf, 


/= 

1 

0-9 

i 

0-8 

0-7 

0-6 

0-6 

jF (Martin) 

1 




0-6432 


F (Anthor) 

1 

Hi I] 

Hi : MrliH 


0-6428 


F,(§ 134) 

1 

0-9163 ' 

li iiH 

lilllJI 

0-6426 

■jiiil 


■ The values for the same range according to the authdr’s equation 
are seen to agi^ee as closely as could be desired. They are obtained 
ftxim the expression 

F=(H„-H,)/(H„-H*).(11) 

in which H, is the value of H given by the theoretical formula (9) 
for the assumed final state and value of /, and II^ is the final value 
of H given by the adiabatic. 

The values of F,. shown in the last line are obtained from a much 
simpler formula as explained in the next section. o 

134. Empirical Formular for the Reheat Factor in 
the case of Saturated Steam. The calculation of the value 
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of F from the theoretical equation (9) whfe/is given, is direct and 
fairly simple^ but the value of Hf is obtained^ the difference 
between two relatively large quantities requiring eyeful evaluation. 
The work is even more exacting when F is given, and it is requifM 
to find /. It is easy, however, to find a simplq rational formula, 
which serve either purpose with ^ degree of adcuraeyjfsjcceedSng 
anything required in practice. 

The ratio of F to f is that of the integral of VdP along the, actual 
expansion curve, to the same integral taken along the adiabatic. 
The ratio of corresponding elements of tl^e integrals is obviously 
the ratio of the volumes at corresponding pressiu-es. But 
in the case of wet steam we have the simple relation 

Fy/F* = 1 + - sf) = 1 + (1 - F)DH^{H^ - k), 

.( 12 ) 

where DH^ is the whole adiabatic drop to the point copsidered, 
and FDH^ is the actual heat-drop by the definition of F, The 
differential, d {FDH^\ of the actual heat-drop is afV^dP by the 
definition of/. The differential, dU^, of the adiabatic heat-drop is 
aV^dP. We thus obtain the exact relation 

d(FDU^) -f(V^IV^)dH^ .(18) 

By substituting for V^jV^, integrating, and dividing by fDH^, we 
obtain 

F/f=l + {l- F) DHJ2 (H^ -st)^\ + (l-F) x, ...(14) 

where x is used as a convenient abbreviation for the factor 
DHJ2 {Hj,— st). This expression/or the reheat factor would be 
exact if th^ ratio of (1 — F) to — st) were constant along the 
curve, as assumed in the integration. This condition is so nearly ' 
satisfied in all the cases which occur in practice, th^t the approxi¬ 
mation given by the above formula is almost incredibly close, 
considering its extreme simplicity. The small fraction x, depending 
only on an^ is known from the pressure range and initial 
conditions. is the final value of H on the adiabatic, obtained 
by subtracting DH^ from the initial value of H. The final tempera¬ 
ture t is known from the final pressure. 

Tl^ rajkio F//is readily expressed in terms of either F or/, thus 

Flf=l + (l-F)x^l + {l-f)xl(l+fx), .(15) 

which can be used for calculating either F or/if the other is given. 
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The fonnula may be l-erifled by comparison with the examples 
already given. Hor the case taken in example 1, 

F = 0-60,1^^= 180-89, 448-06; 

whence 

« fe 0-2019, (1 - 2^ ® = 0-08076, / = 0-5551; 
which happens to agree exactly with the theoretical value, and 
was in fact employed in estimating the value of/ to be used in the 
calculation, in order to make F come out 0-60. Similarly if we 
calculate F from / for the example taken by Martin, we obtain the 
values of F^ shown in the last line of the previous table, which are 
seen to agree extremely well with the theoretical values over the 
whole range. The agreement is almost equally good for any other 
practical range of pressure, and the values obtained are little 
affected by initial wetness of the steam, as shown in the following 
examples. 

* Table in’. Empirical Fonnula for Fjf (sat.}. 


PresBure range 

200 lbs. 

(dry) to 1 lb. 

r- _ 

200 lbs. 

(dry) to 14-7 Ib. 

Do. initial 
10% wet 

/ (assumed) 

0-5 

0-76 

0-8 

0-75 

0-5 

0-76 

F (theoretical) 

0-6479 

0-7848 

0-6274 

0-7704 

0-6273 

0-7702 

F^ (empirical) 

0-6478 

0-7843 

0-6271 

0-7698 

0-6269 

0-7696 

F (assumed) 

0-6 

0-76 

0-6 

0-78 

0-6 

0-76 

/ (theoretical) 

0-4620 

0-7119 

0-4728 

0-7286 

0-4730 

0-7288 

f, (calculated) 

0-4621 

0-7123 

0-4730 

0-7291 

0-4733 

0-7293 

Jm ** 

0-4677 

0-7162 

0-4747 

0-7303 

0-4749 

0-7304 


One of the best empirical formulae hitherto proposed for the 
reheat factor is that employed by Martin in constructing his table 
^ of Fjf. He assumes equations of the type PV^- K, foi; both adia¬ 
batic and expansion curves, and calculates the appropriate values 
of the indices y' and y" in either case from the pressure-ratio and 
the expansion-ratios, here denoted by p, and by p', p" respectively. 
This method has the advantage of eliminating most of the 
systematic error of the PF type of formula, and gives the symmetri¬ 
cal result 

^'//«=y'V-i)(p-/>")//(y"-i)0>-p').(16) 

Values given by this formula are indicated by the heading/, in 
the last line of the preceding table for comparison with the values 
of/, calculated by the previous .formula for the same values of 
F assumed. Martin’s formula is inconvenient for calculating F 
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from/„ because the final volumes are required. The comparison is 
accordingly made by calculating/„ from I?. The values of 
obtained deifiate from the theoretical in the same direction as those 
of/*i but to a muAi gfeater extent; aii'd the calculation of^^'is 
much more laborious than that off^, since it involves finding yi 
Aidy" from log p/log p', and logp/lctp", in addition to <ieding*the 
volumes from H, whereas the volumes and expansion ratios are 
not required for/j. ^ 

135. Reheat Factor for Dr7Ste|m. As might naturally 

be expected, the value of the factor for dry steam is quite different 
to that for wet steam. The difference F - /is about three times as 
great for dry steani as it is for saturated steam for the same/and 
pressure-ratio. This is of special interest in relation to the effect of 
superheating. If b is neglected in the equation for dry steam, we 
obtain as the relation between F and /, ' 

F = DU,IDH^ = (1 - (P,/Po)®^/‘®)/(l - lP,IPo)^l^») 

= (1 - {TflToYmi - T,IT,), ...(17) 

where Pf, T/, are the final pressure and temperature on the adia¬ 
batic for dry steam. The exact equation for the expansion curve 
at constant/is given in a previous section, 132; but the neglect of 
h makes very little difference in the present case, and is justifiable 
as a simplification, because it makes the result depend only on the 
pressure-ratio P//Po> which is denoted by r in the following table. 

It is most convenient to tabulate the difference P - /in place of 
the ratio Fjf, because the difference is relatively small, and the 
value of F when/is given, or vice versa, is more readily obtained 
by simple addition or subtraction, than by multiplication or division 
by a factor." The difference is given in the following tqbie for values 
of/from 0-9 to 0-45, as shown at the head of ea<di column. The 
logarithm (base 10 ) of the pressure-ratio is taken as the argument 
m the first column, because this gives very regular differences, 
M greatly facihtates interpolation. The decimal point is omitted 
^ P “/f which are always positive and less than 1 . 

When/is given, the procedure for findingP is obvious. When 
IS given, the value of/at the head of each column must be added 
to the Jabulated difference P - /, to find values of P between which 
to mterpolate. Thus to find / when P - 0-60, and r - 1/165, or 
log,, r 2-2175, we havewhen>= 0-45, P =. 0-5988for log r=- 2 - 2 , 

and P >■ 0-6058 for log r » - 2-4, whence P »= 0-5944 for r =• 1/165. 



804 PROPERTIES OF STEAM [cb 

I / « 

Similarly when / = 0-60,} we have F =» 0-6482 for r ■« 1/165. Bj 
interpolation when F — 0-60, we find / = 0-4557 for the givei 
pressure-ratio. ' 


TJable IV. Values of F —/for dry steam. 


■^Pf/P, 

iogu' 

5ft/* = 

0-9 

0-8 

-f— 

0-76 

Values of /. 

0‘7 0-65 0-6 

0-65 

0-5 

0-46 

-0-2 

10081 

IBW 

B 

E9 

BTfl 

0122 

0128 

0131 

0134 

013S 

- 0-4 

19146 


0166 

0196 

0220 


0263 


0266 

0263 

- 0-8 

27297 


0247 

0290 

0326 

0367 

0378 

0392 

0398 

0396 

- 0-8 

34627 

tiiKl 

9m 

0384 

0432 

ESS 


0621 

0629 

0627 

- 1-0 

41217 

0220 

liiriTil 

0473 

0636 

0886 

0622 

0647 

0660 

0658 

- 1-2 

47143 


0474 

0661 

0636 


0742 

0774 

0790 


- 1-4 

62472_ 


0548 

0648 

07.36 


0862 

0899 

0920 

0922 

- 1-6 

67263 


0817 

0732 

0832 


0977 


1047 

1060 

- 1-8 

61672 


0684 

0814 

0926 



1142 

1173 

1179 

- 2-0 

66446 

0408 

0750 

0894 

1018 

1122 


1263 

1298 

1307 

- 2-2 

•68932 

0442 

0813 


1107 

1223 

1316 

lEjTI 

1421 

1433 

- 2-4 

72066 


0874 

1046 

1193 

1321 

1423 


1642 

1668 

- 2-6 

74881 


0933 

1117 

1277 

1416 

1628 


■Tilifl 

1681 

- 2-8 

77413 


0989 

1186 

1359 

■tala 

1629 

1719 

1778 

1803 

- 3-0 

79688 


m 

1263 

1438 

1597 

1727 

1826 

1894 

1924 


The expression for F, on which the table is founded, assumes 
that the dry adiabatic is taken as the standard of comparison. When 
the steam is initially superheated, it may remain dry throughout 
the whole range of the actual expansion curve, but, for extreme 
ratios of expansion, the final state on the adiabatic will in general 
be saturated. To find the value of/ from F for the dry part of the 
actual expansion curve, the value of F or DH^ must be taken from 
the dry adiabatic. If the final value of H, namely Hf, is given on 
the actual expansion curve, and the steam is dry, the calculation 
of/for the ac|]:ual curve can be made without any assumption with 
regard to the adiabatic taken for calculating F. ^But if Hf is not 
given, and if the given value of F refers to the wet adiabatic, as is 
usual, the value of DH^ on the wet adiabatic must be employed for 
deducing Hf. In either case the required value of/is given in terms 
of Hf by the formula 

(P,/Po)*'/« = (H,-B)/(Ro-B), 

or \-r>m^I)Hfm,-B) .(18) 

For instance, if the value of DHf is given as 140 cals, t., and 
that of Ho as 756, the value of/ for continuous expansion over the 
pressure range r = 1/165, is found to be 0-6641, quite independently 
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of any assumption with regard to the Hslue of F, The value of/ 
is worked out in a similar way in section 143, for this example with 
ten separate stages^ and found to be 0-5686. For given initial and 
final states the value of/is a minimum jtvhen the number of stAges 
is infinite. The value of F referred to the wet adiabatic is 0-648,th@ 
Adiabatic heat-drop being 217-72 caifc. C. But the heat-dyop along 
the dry adiabatic to 1 lb. is only 202-20 cals. C., and the value of 
F referred to the dry adiabatic is 0-6924. The difference F —fin 
the latter case is 0-1885, as found from the above table. The neglect 
of b makes a difference of 2 in the last figure. But if the value of 
F is taken from the wet adiabatic, the difference F —f is reduced 
to 0-089. The difference F —f tot steam initially dry and saturated 
with the same value of / over the same pressure-range, is only 
0-0449. Thus, if we suppose / to remain the sansie, superheating will 
produee a considerable improvement in the relative efficiency. 

« ( 

136 . Effect of Superheating. In estimating the percentage 
improvement of F for the same /, it is oPcourse necessary to take 
the same adiabatic (either wet or dry) as the standard of comparison 
for F in both cases; When the steam is dry for part of the expansion 
only, this introduces inevitable complications, which reduce'the 
utility of the reheat factor as a method of calculation in such cases. 
Further complications may be produced by supersaturation, and 
by the variation of f in different stages of the expansion. Thus 
although values of F, calculated from tables of reheat factors on 
the assumption that / is constant, may afford a fair general idea 
of the nature of the effects to be expected, it is usually safer, and 
often less troublesome, to calculate the actual heat-drop for the 
given conditions. 

One of‘the most useful applications of the preceding table in 
practice is for the calculation of approximate valups of the adia¬ 
batic heat-drop DH^ for dry steam, and of the actual heat-drop DHf 
when/is given, by means of the formulae in which b is neglected, 
namely, 

DR* => (Ro- S) (1 - r«/w), and DH, ^F{Ha-B) (1 - rsA’)...(19) 

For this purpose the second column in the table is added giving 
values (deoiraal point omitted) of the factor 1 — by which 
Ro- R must be multiplied to find DR*. The table ako gives the 
values of F required for finding PHf when/is given. 

Thus to find the values when R*- 756, log r — — 2 - 2 , and 

o.a 20 



*96 PRbPMTIES OF STEAM [at, 

/«• 0-«6, we have DffJ= oWeS x 292 = 210 46, F = 0-6881, 
DH,=:U4,S2. » 

^ The calculation is more troublesome when a (fouble inter- 
pol&tion is required for 6 dd values of r ai\dy, but the method 
generally saver time as compared with the use of a table of log¬ 
arithms. , [t is m<sst useful fop plotting curves, for which purpost 
even values of log r and/can be selected. 

When part of the expansion curve is dry and part wet, the 
calculation must be made separately for eacK part. Thus for the 
dry part of the curve in Example 6 , Chapter XIII, with an initial 
superheat of 65° C., we have given the data, — B = 289-84, 
DHf= 66-04, logr = — 1-10874, and we may suppose that it is 
required to find F and / from the table for continuous expansion. 
By interpolatfon in<column 2 of the table we find 

1 - 0-44439, DH^= 106-58, whence F = 0-6195 (dry). 

c 

From the table, when / = 0-55, F = 0-6147 at log r — 1 - 0 , and 
F = 0-6274 at logr = — 1 ^; whence F = 0-6222 at log r = — 1-10874. 
Similarly when/ = 0-50, F = 0-5731 for the same value of r. Hence 
forF = 0-6195, therequireffvalueof/is0-5478,togiveDfl'y = 66-04 
in continuous expansion. For five separate stages the required 
value is 0-567, as found in § 148 below. 

If the value of / is to be the same for the saturated part of the 
expansion curve, starting at = 687-80, p = 12-845, and expanding 
to 1 lb. we have = 89-18. Taking the formula given in 
§ 184 for Fjf in the case of saturated steam, we find x = 0-0874, 
.F=‘f+ 0-0250 = 0-5728.. , 

The total heat-drop far the whole expansion at / = 0-5478, is 
thus found to be 66-04 -|- 51-00 = 117-04. The adiabatic heat-drop 
(final state saturated) is 194-05. The overall value of V is 0-6080. 
For steam initially saturated at 165 lbs. the value of F would be 
0-5922 by the formula of § 184. 

When the equation for saturated steam is assumed, the im¬ 
provement of F is seen to be relatively small for a moderate degree 
of superheat (65°), as compared with the previous example (165°), 
in which the improvement was 4| times as great. 

For extreme degrees of superheat, it is evident that the im¬ 
provement of F would reach a limit (as referred to the stodard 
adiabatic in which the final state is assumed to be that of saturated 
steam) when the final state on She adiabatic ceased to be below 
the saturation limit. Because, when the whole of the adiabatic, 
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as well as tlie ratpansion curve itself, is iilthe dry region, the relation 
between F and/depends only on the pressure ratio r, and is prac¬ 
tically inde|)endent of the temperature. ^ ' 

For the case* previously considered with r = 1/165, *and 
/= 0‘5541, the limiting value of F would be 0-6924, as found above, 
Yor the case in which the adiabatic is dry. The entropy of dry 
saturated steam at a pressure of 1 lb. being 1-9724, the superheat 
required in the initial state at 165 lbs. would be far aljove the 
limits of Table VI, Appendix III, but is easily calculated from the 
adiabatic equation P/2’"+‘ = K, which ^ives T = 1018° C. corre¬ 
sponding to a superheat of 555° C. 

It would appear from these examples, in which the usual 
equation for saturated steam is assumed, that the improvement in 
F due to superheat would proceed very slowly at Hrst, then more 
rapidly, and finally more slowly, reaching a limit at a very high 
degree of superheat, if/ remains constant. The results of^^practical 
tests appear, however, to show that the improvement of F by 
superheating is most rapid at first, and’is comparatively slow at 
the practical limit of 200° C. of superheat. This would indicate 
that the improvement in the early stages of superheat is largely 
due to the elimination of losses caused by siipcrsaturation and 
irreversible condensation, which are not taken into account in 
the usual theory. 

137. EHect of Supersaturation. It is possible, by using 
the reheat factor, to form an estimate of the effect of supersatura¬ 
tion, since it depends chiefly on the properties of the working fluid 
and little on the mechanism of the engine. For the case of con-^ 
tinuous expansion, we may suppose that the expansion proceeds 
down to’fhe supersaturation limit in the dry state, and that the 
recovery from sujiersaturation, which begins at t^is limit, is also 
continuous, though both may depend on the rapidity of expansion. 
Since the point at which condensation begins, as well as the degree 
of recovery, may vary with the rate of expansion, and since there 
are no experiments directly bearing on these points, the best that 
can be done is to calcidate a limit for the possible effect of super- 
saturation on the variation of F with superheat. The simplest 
available method appears to be that already adopted in a previous 
section, 107, in calculating the limiting form of the adiabatic for 
supersaturated steam. In place erf the adiabatic relation dH = aVdP, 
we have merely to substitute the corresponding relation dH ’=faVdJ- 
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for the limit curve in cohtinuoult expansion when / is constant, 
employing the reiation between H and V at the supersaturation 
liipit as defined in the section referred to, in place bf the usual 
relai:ion for saturated steaib. The following examples will sufficiently 
illustrate the method of calculation required. 

kccamph 1. Assuming/ = 6'55, and starting with dry saturated 
steam at 165 lbs. we find from Table IV by the method given for 
the dry'adiabatic: when logr = — l-O, 51'58, JIf= 616'98, 

P = 16-5lbs., R„= 614-70; when logr = -1-2, DHf= 60-n, 
Hf= 607-84, P = 10-41 jbs., H„= 611-68. By interpolation, the 
supersaturation limit will be reached on the expansion curve when 
logr = - 1-0455, DH,=^ 53-90, 618-66, P = 14-86lbs. The 

value of V fos, dry steam at this point is 22-61 cb. ft. With this 
value of V, the heaf-drop at / = 0-55 for the next step from 14-86 
to 12 lbs. is easily calculated by the formula 

DH ^ 0-55aP'V\P'- P")2/(P'+ P") = 4-04, H"~ 609-62. 
The corresponding value of V" is 27-66 at the supersaturation 
limit. The heat-drop for the next step in the table from 12 to 8 lbs. 
is calculated in the same wey with this value of V, and found to 
be 7;51. 

Proceeding in this way, we find the whole heat-drop from 
165 to lib. at the supersaturation limit to be only 98-0, for 
/ = 0-55, in place of 107-6 as calculated by the usual formula for 
saturated steam. In other words the value of P, referred to the 
standard adiabatic giving = 180-9, is reduced from 0-595 to 
0-542, which shows that a reduction of 9 per cent, in the relative 
efficiency is theoretically j^ossible as the result of supersaturation 
for steam initially dry and saturated over this range. A reduction 
of at least 5 or 6 per cent, may reasonably be expected cn practice, 
for moderate i-ates of expansion under working conditions. 

The value / = 0-55, giving F = 0-60 to 0-69 aceording to the 
degree of superheat, is lower than is often attained in many modern 
machines. If we make a similar calculation with / ■= 0-70, giving 
F = 0-787 to 0-82, we find nearly the same loss of heat-drop over 
the same range of expansion, representing a somewhat smaller 
percentage of the whole heat-drop. The mean peflteentage loss of 
heat-drop for different values of/, over the range usual in pij^ctice, 
appears to be nearly 7-8 per cent., which is the same as in the case 
of the adiabatic drop considered»in the previous chapter. Since 
there is necessarily some uncertainty about the exact form of the 
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curve representing the supersaturation limit, it will jirobably 
suffice in practice to take always the same jfercentage loss to 
represent the effect of.supersaturation. We therefore propose the 
following rule. * 

, B,ule. Find the heat-drop DHf for the given value of/assuming 
the latter part of the expansion to proceed at the ordinary satura¬ 
tion limit, and deduet 7-8 per cent, of that part of DHf which is 
below the saturation limit in order to represent the effect of super¬ 
saturation. 

The only difficulty in applying this rule is to find the point at 
which the expansion curve crosses the saturation line. This can 
be done with the aid of the preceding table for dry steam by cal¬ 
culating two values of DHf and interpolating for the saturation 
point, for which the nearest even value in SteaiVi Table II, Appendix 
III, may be taken. Starting from this point we require DH^ for 
saturated steam in order to find the fraction x for deducing the 
required value of F from/„, and to find the loss, which is taken as 
7-8 per cent, of F x DH^. In the example previously cited, § 186, 
the heat-drop for the saturated part pf the curve is found to be 
51-0 cals. C. The loss due to supersaturation, taken at 7-8 per cent., 
is very nearly 4 cals. C., reducing the whole heait-drop to 118-06 cals, 
at/ = 0-547, and giving the overall value, F = 0-5826, with 65° C. 
initial superheat. By the same rule, with steam initiaUy saturated 
at 165 lbs., deducting 7-8 per cent, of the corresponding value of F, 
namely 0-5022 for saturated steam, we obtain F = 0-546 at the 
SS limit, showing an improvement of 6-7 per cent, in F for 65° C. 
superheat, on the hypothesis of supefsaturation, in place of 1-8 per 
cent, only on the usual theory. 

Example 2 . If the initial superheat is such that the supersatura¬ 
tion limit is not passed, and the steam remains dry, we should 
naturally expect a considerable reduction in the loss observed. In 
order to test this point, we may calculate the heat-drop for the 
case in which the steam just reaches the supersaturation limit, 
H„ = 595-8, at & pressure of 1 lb., in which case the initial state Hq 
is given by the condition, H^- DHf= 595 - 8 . But from Table IV, 
for log r = 2 - 2175 , with/= 0-55, F = 0-689, we find 

DHf= (Ho- B) X 0-477. 

Whence H^ = 716-9, and DHf = 120-1. This gives f, = 272-5 or 
an initial superheat of 87° C., ^th Oo = 1-6657. With the usual 
equations for saturated steam the adiabatic heat-drop is 199-1, 
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and the actual drop for/ = 0'65 is 121-9. The corresponding values 
of F are, 0-612 fbr saturated, and 0-608 for dry supersaturated 
ste^, showing a great rec^pction in the loss duetto supersaturation 
for a moderate degree of superheat. 

' By calculatSig a few more values in this way for various degree^ 
of superheat, withj' = 0-6S, th^curves shown in the annexed Fig. 80 
are obtained. The curve marked S shows the variation of F with 
superheat when / is constant, in very slow esipansion, when the 
steam has time to follow the ordinary saturation state. The curve 
marked SS shows the same variation for the case in which the 
expansion is so rapid that no condensation occurs until the super¬ 
saturation limit is reached, and the steam remains at the super¬ 



saturation iimih for the rest of the expansion. <In the present 
example, the two curves meet at a superheat of 165° C., sufficient 
to keep the steam superheated throughout the whole expansion 
curve, so that supersaturation is no longer possible^ But the limit 
of the theoretical improvement of F due to superheat is not reached 
until F = 0-689 at a superheat of 555° C. 

The curve marked B is that given by Baumaim (Joum. Inst. 
Elect. Eng., No. 218, vol. 48, p. 828,1912), as the result of a ntjmber 
of tests on impulse turbines. It shows a rate of improvement 
intermediate between S and SS, fof moderate degrees of superheat. 
It might naturally be supposed that the rate of expansion in an 
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turbine was not sufficiently rapid to keep the steam at the 
SS limit. The loss due to supersaturation wouldtthen be less than 
the limit alJove calculated, and the improvement due to superheat 
also less, though greater than could be accounted for on the usual 
theory of saturation. There is also the objectiop to the reheat 
method that the reheat factor is aj^reciably less for discontinuous 
expansion in an impulse turbine than for continuous expansion as 
here assumed, and that the stage-efficiency / cannot be ponstant 
throughout the expansion in any given machine. These objections 
to the use of the reheat factor in calculating the improvement due 
to superheat are not without weight, and appear at first sight to 
explain the discrepancy between the curves B and SS to a certain 
extent, in a qualitative manner; but when examined quantitatively 
they are found to be quite inadequate, especially in the region of 
high superheat, where the effect of supersaturation is practically 
non-existent. ^ 

There is, however, a much more important difference between 
the conditions assumed in calculating'the curve SS and those 
applying to the experimental curve B, which is capable of ex¬ 
plaining the whole discrepancy and tends to show that the steam 
must remain very near the SS limit at the actual rate of expansion 
corresponding to curve B. In calculating the curve SS, it was 
tacitly assumed that the stage-elflciency / remained constant when 
the conditions were changed. This could not happen in practice 
unless the dimensions or the speed of the machine were altered to 
suit the change of conditions, which would usually be impracticable. 
The curve B illustrates the actual change of F for a given machine, 
designed for 130° F. superheat, lyhen the superheat is varied with¬ 
out making any modifications in the design or the speed. It is 
evident that if a machine designed for 150° superheat is run at 
800° F. superheat, it will not give the best resists obtainable at 
the higher superheat. An exact calculation of the effect for a 
given machine requires a knowledge of the dimensions and pressure 
distribution, as explained in a later chapter; but the calculation 
here made with the aid of the reheat factor, assuming/constant; 
affords a very fair qualitative estimate of the effect of supersatura¬ 
tion and the'advantage to be gained by superheating, if the 
dim^sioas are suitably modified. 

The dotted curve marked M in the upper part of the figure ■ 
represents the improvement offF calculated for a particular twbina 
of given dimensions, when the superheat is varied from 0° to 200° C, 
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without change of speed,' or pressure-range, or dimensionSi This 
curve is calculate by a method explained in a later section, in 
which allowance is made for the variation of the sta|[e-efflciency 
wftk superheat. The averse value off for this case is somewhere 
in the neighbcgirhood of 0'60 in place of 0-55, but / necessarily 
diminishes with snperheat wl^n the dimensions remain constant* 
It will be seen that curve M corresponds very closely with Bau¬ 
mann’s ^experimental results in the region pf high superheat, but 
shows a somewhat smaller improvement for moderate degrees of 
superheat. If the calculation were made for the same machine on 
the assumption that the dimensions were modified to suit the 
superheat in such a way as to keep / constant (though not neces¬ 
sarily constant throughout the turbine at any given superheat), it 
would show a riiuch greater improvement with superheat, approxi¬ 
mating more nearly with that shown by the curve SS. The great 
difference which exists between the two cases, M and SS, or B and 
SS, illustrates the importance of designing a turbine to suit the 
degree of superheat at which it is intended to work, if it is desired 
to obtain the full theoretical advantage of the superheat. It should 
also be remarked that if allowance had not been made for the 
effects of supersaturation in calculating the curve M, the result 
would have shown an appreciable dimimttion of F with superheat, 
which is quite contrary to experience. The fact that curve M shows 
a slightly smaller improvement than curve B for moderate degrees 
of superheat may be due to reduction of friction, which would affect 
curve B, but of which no account has been taken in the calculation 
of curve M. It appears that ■yheel friction is greater in wet than 
in dry steam under similar conditions (Stodola, The Steam Turbine, 
p. 187), and diminishes with the density. But the diminution of 
friistion does not seem to be sufficient to account for the whole of 
the improvement observed. 

138. The Condition of Equal Work per Expansion. 

A condition commonly assumed in design is that of equ«d division 
of work between the stages or expansions. Such a condition is 
mechanically appropriate, and has the advantage of simplifying 
the calculation, if a formula of the type H - B = kP'^ is employed, 
because the successive values of H — B can be written dongi by 
equal differences, and afford the simplest possible method of 
calculating p and V, If/is assumed, to be constant, the calculation 
is very simple, but the formula may also readily be applied to 
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Upresent any desired range of variation of/in a continuous manner, 
[n the majority of cases the formula affords a much more expeditious 
ind accurate solutijpn than can be obtained from any diagram, 
lecause, except in special cases, the expansion curve is diflScult 
o draw on the diagram, and the required measurements on the; 
^e when drawn do not admit of fthe same degree of. accuracy 
s the calculation. 

The method of applying the formula under these conditions to 
lie case of a reaction turbine is illustrated by the following examples. 

Example 8. In the case of a reactior. turbine with ten ex- 
lansions, if/is constant, and F = 0-60, find the pressures required 
it the nine intermediate points to give equal division of work 
letween the ten expansions, and calculate the corresponding values 
if the volume, taking the range 165 lbs. (dry sat.) to 1 lb. 

The order of the calculation is as follows: 

• / 

(1) Find DH^= 180-89, and ff*"-s/" = 448-06, from the 

fables. * 

(2) Find / from F//= l + (i - p) x. Here x = 0-2019, and 
■= 0-5651. 

(8) Find H’- H"= 108-58, and H"= 559-02, from F = 0'60. 

(4) Find V— 2-7801 from the Tables, and deduce V"= 802-08 
rom H". 

The above operations cannot be avoided in any method of 
alculation. The application of the empirical formula for inter- 
lediate points is as follows: 

(5) Find H"- B"= p"V"(H'- H")/(p’V'- p"V") = 209-81. 
T- B"= 817-84. 

(6) Add 10-858 nine times in succession to H"~ B", giving 
e values ot H — B" at the nine intermediate points required, 
hese are shown in the first line of the following table under the 
orresponding point numbers. The initial and final values already 
iven are omitted to save space. Similarly for any desired number 
I expansions N,,the common difference is (H'- H")IN. 

(7) Take the logs ot H — B" as shown in the next line. The 
aracteristic of the logarithm, and the decimal point, are omitted 

n ^b case, sined the characteristic is always 2, and is not required 
n the ojilcufetion. 

(8) Subtract log {JBL"- B"), = 2-82080, from each, giving the 

'alues m the next line. • 

(9) Knd log (p'lp") = 2-2175, and reduce all thejogs in the 
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ratio 1/m, where m = 0‘18141/2-2175 = 0-08180, being the ratio of 
log (W- B"), already found, to log (p'/p"^- This gives 

the logs of the p ratios in the next line. Si^ce the ratio 1/m is 
constant, the operation of reduction is very easily performed, 
•preferably with a Fuller slide-nile, which gives ample accuracy 
for th6 purpose. ® 

(10) Add logp" (in this case 0) to each of the values of 
log (p/p"). Take the antilogs giving the required values of p shown 
in the next line. 

(11) Approximate values of V, sufficiently accurate for almost 
any purpose, are most easily found from those of p and H — B" 
by the simple formula 

V = m(H-B")lafp, .( 20 ) 

since m/ffl/, = 0*08180 x 1400/144 x 0-S551 = 1-4880, is a constant 
factor in the present instance. The values so obtained are given 
in the next line, bedded V (approx.), and are more accurate than 
any which could be foimd from a diagram, in addition to being 
more easily obtained. By way of verification the correct values of 

V for each H and p have keen calculated from the tables by the 
ex^t formula, and are shown in the next line headed V (correct). 
But the exact method for V is far more troublesome than the 
approximate formula (20), owing to the necessity of interpolation 
for H, and V, and t at each point, and should be employed only if 

V is required for small differences, which is very seldom the case, 
unless it is necessary to calculate H from V, as in employing a 
formula of the type PV = kP”'. 


Table V. Results for Example 8. /.= 0-555 (constant), B"= 850. 


. P^t No. 

1 

2 

3 

4 

6 

6 

7t 

8 

9 

(E-B") 

306-89 

296-13 

286-28 

274-43 

263-68 

262-72 

241-87 



Iog{ff-B") 

48712 

47149 

46627 

42843 



-38368 

36364 

3421 

|og.(g-8") 

16632 

16066 

13447 

11763 



|n 

04284 


loKlP/p") 

2-0332 

1-8422 


igk?:Ti1 

1-2237 



0-6238 

0-268 

plb& 

107-94 

69-636 

44-066 

27-416 

16-738 


6-8633 


1-858 

Ffapprox.) 

4-076 

6-102 

9-278 

14-34 

22-67 

36-22 

69-21 


Hi 

K (oorreot) 

4-094 

6-113 

9-278 

14-32 

22-62 

36-11 



m 


The point of the foregoing method is that all the arit^etical 
operations are very simple and easily performed, and that the 
results possess nearly as high «n order of accuracy as could be 
obtained by the most exact theoretical equations, involving s 
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prohibitive amount of laboiur, A similar solution is obtained with 
almost equal,ease for any desired range of variatio'h off, a problem 
which would be ot^ierwise insoluble exf^pt by a very laboripus 
method of trial and error. The simplest method when^ is variable 
i« Illustrated in the following example. 

Example 4. With the same initial and final data as in’the pre¬ 
ceding example, find the pressures and volumes at nine inter¬ 
mediate points, required for equal work in each of ten expansions, 
and calculate the values of the stage efficiency at the intermediate ‘ 
points, if the ratio/'//" of the initial and filial values of/is 5/6. 

The work is the same as in the previous example with the. 
jxception of the determination of H"— B", and the intermediate 
ralues off and V. H"— B" is found from the p^ondition f'jf"- 5/6 
jombined with the general expression for/which jpves 

/'= m (//'- B")lap'V', /"= m (W- B")lap"V"„ 

whence 

U"- B"= Sp"V"(H'- H")l(5p'r'- 6p"V'') = 408-99, 

H'- B"= 517 59. 

The required values of H — B" are given in the first line of Jthe 
following table. Those of p are obtained, exactly as in the previous 
ease, by logarithmic interpolation. The values of pV given in the 
next line are obtained in the same way by reducing the logs of 
[H - B")l(H"- B") in the ratio of log (p'V'tp"V") to 
log(ff'- B")I{H"- B"). 

These are required for finding the inttrnlediate values of / and V, 
md are sufficiently accurate for this purpose, though not so accurate 
IS the values of p. The correct values of V deduced from H are 
fiven in the last line for comparison. •> 

Table VI. Results for Example 4. f— 0-506,/"= 0-607, R"= 150-0. 


aint No. 

1 

2 

3 

4 

6 

6 

7 

8 

9 

-B") 


4 W 8 I 

484-96 

474-11 

463-26 


441-66 

430-70 

419-84 



65-17 

KflM! 

24-67 

14-93 

8-921 

6-270 

3-071 

1-766 


441-8 

425-1 

408-7 

392-7 

376-9 

361-3 

346-1 

331-1 

316-4 





Emu 

EmU 


0-672 

0-683 

0-595 

,»pprox.J 

4-238 

6-623 


16-92 

26-24 


66-67 

107-8 

179-3 

(oonreotf 







66-33 

107-4 

178-9 


The maximum error of V hy the approximate method of 
calculation is only 1/2 of 1 per cent. The change in the assumpticm 
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fbr / makes a difference of 12 per cent, in the values of p and F at 
stage 5, for the sfcme value of H in both eases. 

. As further examples of the equal division o^ work in continuous 
expansion, we may take two simple cases in which the character¬ 
istic curves are readily drawn on the diagram, so that the solutiop 
may abo Ije obt^ned graphically. 

Example 6. The simplest case is that represented by the equation 
H — s'* =k logp, in which equal pressure-ratios give equalidivisi(Hi 
of work, corresponding to a straight line joining the initial and 
final states on the HlogP diagram. The constant B" is the value 
of H when p = 1, and the constant h = (H'— H")jlog ip'Ip"). The 
efficiency at any point in continuous expansion is/= 0'4848fc/qpF. 
The following<:able shows the values of p, V, and/, at nine inter¬ 
mediate points of t^e expansion from 165 lbs. to 1 lb. The values 
of p and V are the same as in Example 2 of the next chapter, but 
those of/differ sligHtly from those given in the exanq)le cited, in 
the case of saturated steam, because they are the values at each 
point in place of being the mean values over the preceding stage. 
The values of V (approx.), calculated as a geometrical progression, 
agree sufficiently closely for practical purposes with those of 
V (correct) calculated from H. 


Table VII. 

H-B"=k\ogp, H"-B"= 559-02, /'= 0-450, /"= 0-684, 
k = 48-94. 


Point No. 

1 

2 


4 

5 

6 

7 

8 

9 

B 

658-71 

645-85 


624-14 

613-29 


691-58 

580-73 

569-87 

P 


59-43 

35-66 


12-84 

7-710 

4-626 

2-777 

1-666 

T ^oorreot) 

4-447 

7-111 

11-37 

18-17 


46-36 


118-4 

189-2 

F (approx.) 

4-413 


11-36 

18-13 

28-98 



118<3 








0-679 

miiM 




Example 6. The characteristic curve obtained when F is assumed 
constant, is also easily drawn on the diagram ^by reducing the 
ordinates of the adiabatic in the constant ratio F/1. This is repre¬ 
sented for the case F = 0-60 by the curve AFC joining the points 
AC on the diagram. Fig. 82. The pressures corresponding to equal 
division of work are foimd by drawing horizontal lines to mfet the 
curve AFC at equal differences of H. The volumes can then be read 
from the diagram, and the valuea of / deduced from the slope of 
the curve at each point. But it is just as easy to perform the same 
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operation by calculation in the following manner, with the aid of 
the empirical formula H — B'= for the adiabatic IX (29), 
and a simiilr fom|^la H — B"= k"‘p^ for the expansion cunre. 
Since F is to be constant, we must havfe m = 1/9, and k"jk'=^ F. 
The logarithm of the ratio of the initial and final va]]fies of N — R'*, 
is (1/9) log ip'I p"). Taking F = 0-6(^ for the rmige 16j5 to lib., 
we find (H'- B") = 1-76355, or 

H"- B"= 108-58/0-76855 = 142-14. 

The values of N — B" for equal division ^of work at nine inter¬ 
mediate points are obtained by successive addition of 10-858 to 
H"— B". The required values of the pressure are then obtained by 
logarithmic interpolation as previously explained. The valaes of 
V may be deduced from those of H and t -it great aecuracy is 
required, but for most purposes it suffices to find the intermediate 
values of pV by logarithmic interpolation ^rom the ini^al and 
final values as previously explained. The values of/ are obtained 
from the formula/= m (// - B")japV = 1-080 {H - B")lpV. The 
values of/ and V deduced from the a^roximate values of pV will 
be in error by about 1 per cent, at point 5 in the present case, but 
since the effect of supersaturation may amount to 5 per cent.* or 
more, an error of 1 per cent, in V would not be serious in practice 
in comparison with the imcertainty of supersaturation, and with 
the large differences in both p and V occasioned by making different 
assumptions for the variation of /. 


Table VIII. F = 0-60 (const.), H"- R" = 142-14, m = 1/9, 
/'= 0-590,/"= 0-508. 


Point No. 

• 

1 

2 

3 

4 

6 

6 

7* 

8 

9 

B-B" 

239-82 


21811 


196-40 

185-65 


163-85 

152-99 

V 

110-8 


47-17 

29-80 

18-36 

■letll 

KW51 

3-693 

1-939 

fV (approx.) 

444-0 

429-1 

EiEBil 

398-8 

383-3 

367-6 

351-6 

335-4 

318-9 

V (approx.) 

4-008 

6-876 

8-776 

13-38 


33-39 

64-63 

93-34 

164-{ 

/ 

0-583 

lyiKiil 





0-537 

0-628 

0 -6U 


Comparing Examples 5 and 6, we observe that the value of the 
pressuijp at point 5, namely 18-86 on the assumption F constant 
in Example 6, exceeds that found at the same point in Example 5, 
namely 12-84, by 48 per cent. Th«se two cases represent two of the 
assumptions most commonly made for the expansion curve, and 
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illustraite the practical impor&unce of a more complete experimmtal 
investigation o^the question than has yet been attempted, 

C 

‘ 139. Graphic Cofnparison of Chai^cteristic Curves. 

The characte|istic curve of a turbine represented by the differentit^, 
equation dH = cfVdP, ma^ be defined as the relation between" 
H and P (or preferably between H and log P) resulting from the 
variation of the stage efficiency throughout the expansion. It is 
evident from the form of this relation that the H log P‘ diagram 
is the most appropriate for the exhibition of such curves over an 
extended range of pressure. Examples of such curves drawn on the 
diagram are exhibited in Fig. 32. When the form of the curve re¬ 
presenting the performance of any particular type of machine is 
known, the required calculations are greatly facilitated, especiaUy 



in the case where the stages are numerous. When the^ variation of 
/ is continudiis, it appears from the foregoing examples that the 
curve may most conveniently be represented by an'empirieal formula 
of the type H - B = kP”, which covers a wide range of possible 
varieties, and is very convenient for computation. 

The annexed Fig. 81 is intended to give &me idea of the 
differences between different cases for saturated steam, and to show 
how closely they can be represented by the empirical formula. The 
range of expansion is from 165 lbs. (dry sat.) to 1 lb., and |he case 
in which / is constant is taken as the standard of com^risem, 
represented by the horizontal bage line. The ordinates of the curves 
represent differences from this standard in cals. C. The scale of 
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pressure along the base line is iogafithmic. The initial and final 
states are the same on each cutvU, and eorrespcjnd to F = 0 60, 
.or a total h&t-drop of 108'58 cals. C. The curve coinciding most 
closely with the bale-line is the empiricfil formula (1) of Table i, 
;^howing deviations of less than 0-05 cal. on the -av^age from the, 
theoretical curve. The curve marked 8 repressnts the fcsrmula 
PV “ kP”, which shows deviations of 5 per cent, from'’ the curve 
of constant /, and gives a range of variation of / in th,e ratio 
/'//"= 5/7 nearly. This curve appears to represent with a fair degree 
of approximation the actual performance of some reaction turbines, 
and coincides very closely with the curve‘inarked 2, representing 
the empirical formula H — B = klogP of Example 5, which gives 
a straight line on the HlogP diagram. The latter formula is a 
special case of the general type H — B = fcF"’, ’shich’reduces to the 
logarithmic form when m — 0. The curves represented by the 
general formula, when drawn on the H log P diagram, h^ve the 
same kind of curvature as the adiabatic for positive values of m, 
but the opposite curvature when w is negative. It is probable that 
curves with negative values of m may represent the case of small 
turbines in which' the efficiency is verjP'low in the early stages. The 
curve 4 represents the intermediate case of Example 4 in which 4he 
range of variation of f is represented by the ratio f'lf"= 5/6. The 
lowest curve in the figure is the curve of constant relative efficiency 
F, which is of interest because it is often assumed on account of its 
simplicity, being represented by a straight line on the Mollier 
diagram. It lies below the theoretical curve of constant/, as shown 
in the figure, and would make/diminisA,continuously throughout the 
expansion (giving a range of variation rppresented approximately 
by the ratio/'//''= 7/6) which is highly improbable. The dotted 
curve representing the formula ff - B" = kpH*, of Example 6, is seen 
to agree very closely with the theoretical curve of constant F. 

The ciu^e marked PV shows the result obtained by calculating 
the heat-drop at intermediate points from the expression 
afmip’V'- p"V")lm 

for the integral of af^Vdp along the curve pV ■= kp™, in which the 
value o{f„ is taken as constant, and is deduced from F by the 
formula for tho reheat-factor given by Martin. This is fairly accurate 
in the darly stages, but has the disadvantage of leading to a dis¬ 
crepancy of 1'6 per cent, in the final state. The method applies 
only to the case / constant, and & more troublesome than that of 
Example 8, jn addition to being less accurate. 
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The above examples refer lo the ease of saturated steam, and 
show that an empirical formula of the type H-B" = kp”' possesses 
tjie required degree of flexibility and accura^ for practical pur- 
poles. It is equally apfiropriate in the case of superheated or 
■ supersaturated steam, because it fits more naturally with the' 
thioreticq^ equations than ^n the case of saturated steam, dn 
the other hand a formula of the type PV = AP", though so 
commonly employed for the same purpose, possesses no flexibility, 
and can only represent one particular type of expansioh curve, 
which may or may not correspond with experiment. 

If the characteristic curve is known for a particular type of 
machine, the diagram is useful for estimating the volume and 
heat-flrop at intermediate points of the expansion by observing 
the corresponding ^-essures. Changes in the state of the steam, 
or accidental defects of efficiency, may thus be detected. Un¬ 
fortunately the published data for intermediate pressures are so 
scarce and unreliable that it is difficult to find* satisfactory 
examples of actual casek. But if the dimensions are known, and 
accurate observations of pressure are obtainable, better results 
may be deduced by calculation, as illustrated in Chapter XVI, 
because the form of the characteristic curve may vary with 
changes of state of the steam and other conditions, and can 
seldom be predicted in minor details. 



CHAPTER XIII 

THE IMPULSE 'I'URBINE 

140. Subdivision of the Heat-Drop for a Multistage 
Impulse Turbine. The method usually adopted in theoretical 
works in conjunction with the entropy diagram, is to divide the 
adiabatic heat-drop, or the area on the TQ> diagram, or the PV 
diagram, representing the whole available energy, into a mfmber 
of equal parts, assuming that the efficiency isssenstant throughout 
the expansion. A method more commonly adopted in practical 
design is to assume equal pressure- or expansion-ratios /or the 
different stagfs, which simplifies the calculation. In either case it 
is important to maintain a suitable ratio between steam- and 
blade-velocity, and the subdivision of the heat-drop must be 
modified if there is any considerable difference between the stages, 
such as would be occasioned by the use of compound wheels,*or 
of simple wheels of different diameters. 

The most uncertain element in the calculation is the final state 
of the steam in each stage, or the residual supersaturation, which 
depends on the rapidity of expansion, and on the leakage and 
frictional losses occurring in each stage. There is little direct 
experimental evidence on the variation o? the efficiency from stage 
to stage, though it is generally admitted that the efficiency must 
be lower in the early than in the later stages, for reasons already 
discussed, 'rtiis difficulty is evaded in most of the folio wjpg examples, 
by assuming a particular type of expansion curve apd finding the 
resulting efficiencies, or by assuming the efficiencies themselves, 
in which case the result would be definite apart from the phenomena 
of supersaturation. 

In dealing with the effects of supersaturation, it is always 
possible to calculate upper and lower limits for the effect. For this 
reason many oLttie calculations are made for steam in the equi- 
libriumi^tate of saturation, giving the upper limit, as well as for 
supersaturated steam at the lower limit, and for certain combina¬ 
tions of these assumptions which appear to be possible or instruc¬ 
tive. Further light on this important question can be obtained only 
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by comparison of calculations oi uiis nature with the results of 
experimental tests. There are few satisfactory data available at 
present, but these seem to show that steam^ in rapid expansion 
ke?ps very close to the sfipersaturation limit. 

Since the (Variation of relative efficiency from stage to stage 
reihaki^ a^ a subject for exf^riment, and is probably different for 
different types of machine, it is impossible to give definite rules 
applicable to all cases for the subdivision of the pressure-range or 
heat-drop. The following examples are intended merely to illustrate 
the methods of using the tables in calculating the required quan¬ 
tities, and to show the effect of different assumptions for the varia¬ 
tion of the efficiency. To facilitate comparison, the same pressure- 
rangfl, namely 16S to 1 lb., starting with dry saturated steam, is 
assumed in the fin* series of examples, and the range is divided 
into ten parts in each case, so as to give an approximately equal 
division, of work between the stages. In order to simplify the cal¬ 
culation it will be assumed in the first instance, “(1) that the 
expansion in each nozziS is adiabatic and frictionless, (2) that after 
passing through the blades, and before expanding through the 
next nozzle, the steam is reduced to the equilibrium state of satura¬ 
tion corresponding to the actual heat-drop deduced from the 
assumption made with regard to the efficiency in each case. The 
velocities and nozzle areas calcffiated on these assumptions may 
require correction for friction in the nozzles and will be affected 
materially by supersaturation lag. But the above method of cal¬ 
culation represents a definite limit corresponding closely with the 
conditions generally assumed. 

The notation adopted for the different stages is as follows. 
The suffix j is used to denote the initial condition of the steam at 
P(flo before, expansion through the first nozzle, assuhiing £7 = 0, 
Suffixes 1, 2,8, etc. refer to the consecutive stages of the expansion 
at pressures Pj, Pj, etc. in the wheel chambers. "The initial state 
in each chamber on leaving the nozzle is indicated by a single dash, 
the final state before entering the next nozzle, by a double dash. 
Thus ffj— Hi represents the adiabatic heat-drop in the first 
nozzle, Hj"— that in the fourth nozzle. The adiabatic heat-drop 
in any nozzle may also be represented by tb: convenient ab¬ 
breviation DH^. Similarly, DHj" represents the actual hgat-drop 
in the first stage, and DH^" that in the fourth stage. The symbol 

is employed to denote the vdue of H on the adiabatic throu^ 
the initid state at a point corresponding to the pressure in each 
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chamber. The drop of temperature, p^essxire, or potential per stage 
may similarly be represented by the abbreviatioiw, Dt, Bp, DO. 

Emmple 1. Fii^ the temperatures along the adiabatic for 
saturated steam, corresponding to the subdivision of the adiabatic 
hfat-drop from 163 lbs. (dry saturated) to 1 lb. into t'>n equal parts. 
If the relative efficiency F is constant fnd equal td 0'60 throughout 
the expansion, find the actual efficiency/of each stage, and deduce 
the velocities and nozzle-areas. 

The whole adiabatic heat-drop in this case is 180'88 as previously 
calculated, and the values of correspondjng to the temperatures 
in each stage are obtained by successive subtraction of 18-088 
(a tenth of the total heat-drop) from the initial value, namely, 
7/j = 667-56., These values are given in the second line of the table 
below, under the numbers of the corresponding stages. The re¬ 
quired temperatures are most easily found from the adiabatic 
equation, T% = + G, since and d>o aj'® given, and G is a 

function of T only, tabulated for each 1° C. Thus for the first 
stage, substituting the initial values of H and O, we obtain as the 
equation for t, 140-82 + G/l-5691j which is easily solved by 
interpolation. Thus taking t = 168°, G = 43-83, we find t = 168-48°, 
and taking t - 169°, G = 48-81, we find / = 168-74°. By inter¬ 
polation, t = 168-62° is the solution. Proceeding in this way we 
obtain the values of t given in line 8, from which the corresponding 
values of p, H„ and V,, are readily found by interpolation in the 
Steam Tables II or III, App. III. The values of the constant in 
the equation for t in successive stages are obtained by successive 
subtraction of 18-088/1-5691 = ll-628«frdm 140-82. The required 
values of t may be obtained from the tables in many other ways, 
but the above method is probably the^simplest and most accurate. 
It is far pre^rable in point of simplicity and accuracy ta the division 
of the area on the entropy diagram into equal parts, which is so 
commonly recoriunended as a method of solving this problem. 

In order to find the values of the actual adiabatic drop DH^ 
in each nozzle, w^ require the values of H" at the end of each stage. 
These are readily found from the condition that F is constant and 
equal to 0-60, by subtracting the constant difference 

18-088 X 0-60 = 10-858 

, for each stage. The adiabatic drop DH^ might then be foimd from 
the usual formula DH^ = ^"Dt — BG, where IK is the temperature 
drop for the nozzle considered, by deducing from H" in each 
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case. But since w already hive the relation 18'088 - bo, 

we find 

DH^ = 18-088 + (<I>"-rfI>„)ZX= 18-088 + {m-B^)DtlT. ...(1) 

For the iirst'yozzle H "<= and DH^ = 18-088, For the second 
no&zle,,w| have®"—fl^ = ^-24 from column 1, i)<=* 16-81 from 
1 and 2, and T = 441-72 from 1, which gives 0-287 to be added to 
18-088a for the adiabatic heat-drop. It is advantageous to work 
the solution in this way, because the point of the problem is to 
investigate the manner in which the actual heat-drop DH^ in 
each nozzle deviates from the constant value 18-088 assumed in the 
division of the heat-drop along the adiabatic. The correction term 
is so’small that it can easily be worked on a small slide-rule with 
little chance of errertn the second decimal place, even if the values 
of Dt are not quite accurate, 

Tba stage efficiency/, given in the next line, is found by dividing 
the constant difference DH" = 0-60 x 18-088 = 10-858 by the 
value of DH^ for the nbzzle considered. It will be seen that the 
value of / diminishes considerably in the later stages as compared 
with the earlier. Since in all turbines the later stages are the most 
efficient, we infer that the assumption of constant relative efficiency 
F throughout the expansion cannot be correct, and that there is 
no advantage, even in simplicity of calculation, to be derived from 
the equal division of the adiabatic heat-drop which is so often 
recommended. 

The values of the initial velocity U' in feet per second given in 
the next line are obtained by multiplying the square root of DH^ 
by the constant 800-2, They show a nearly uniform rate of increase 
firom-stage to stage. Since the velocity carried over from stage to 
stage also t^nds to increase in the later stages, the fealisation of 
the conditionF = constant would require a very marked reduction 
in the wheel efficiency at low pressures, which is quite contrary to 
experience. 

The initial value of H' in each stage is obtained by subtracting 
^ DH^ from the final value of H" in the preceding*^ stage. The values 
of V' at the exit from each nozzle are deduced from those of B' 
by the formula for saturated steam, with the aid of V„ and ^ 
in the usual way. The appropriate nozzle areas per pouqd follow 
< from the relation X'/M — liiV'IV’. The pressures given in thn 
last line are not required in tiie calculation, but are useftd fqr 
purposes of comparison. Thus, in testing a turbine constructed (A 
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these liftes, it would {wobably be fout^ that the observed pressures 
did not con;pspond with the calculation in consequence of the 
erroneous assumptii^ made with regard to the relative efficiency. 


Table I. Results for Example 1. F.P.C. units. 


No. 

1 

2 

3 

’ 4 

6 

»« 

7 ' 

8 

, .9” 

‘ 10 


649-47 

631-38 

631-29 

696-21 

67,7-12 

R !| S 

640-94 

622-86 

604-77 

486-68 


168-62 

162-31 

136-64 

121-26 

iiGgn 

■f ^ u 

78-16 

64-64 


38-74 

r" 




624-16 

613-30 

Ri>J * 

691-69 

680-74 

669-88 

669-03 


18-088 

18-366 

18-643 

18-924 

19-211 



20-097 

Hlgniil 

20-722 

0-600 

0-691 



BMlil 

0-666 

SBaSi!! 

0-640 

0-632 

0-624 

r 

1277 

1286 

1296 


1316 

1326 

1336 

1346 

1366 

1367 

r 

649-47 

638-34 

627-21 

616-08 


693-80 

682-66 

671-49 

lifillJiEl 

649-16 


3-913 

6-703 

8-492 

12-94 


32-39 

63-66 

91-40 

161-4 

296-4 

:'IM 

0-441 

0-639 

0-944 

1-427 

2-213 

3-617 

6-774 

9-780 

17-14 

31-22 


111-3 

73-66 

47-63 

29-97 

18-41 

11-00 

6'&68 

3-667 

1-927 

1^ 


By way of contrast we may take another example which, corre¬ 
sponds more nearly with the variation of the efficiency in practice, 
and gives a much simpler method of calculation and of subdivision 
of the heat-drop. 

Example 2. With the same initial and final data, and F = 0'60, 
divide the pressure-range into ten equal intervals by ratio. As¬ 
suming that the work done is the same in each wheel-chamber, find 
the stage efficiency, (1) for supersaturated, (2) for saturated steam. 

Since log 166/1 = 2-21748, the logarithm of the pressure-ratio 
for each nozzle is 0-22175, or the ratio P'/P" is 1-6668 for successive 
chambers. The corresponding pressures are given in line 1 of the 
next table. Neglecting external loss of heat, the actual heat-drop 
in each chamber is by hypothesis 10-868,< which gives the values of 
H" in this next line. Assuming that^after passing the wheel, the 
steam h^''i?covered its equilibrium state of saturation, the values 
of the final volume V" in each chamber are deduced.from those of 
H" by the usual relation for wet steam, and are given in the next 
line. To find the adiabatic drop DH^ in case (1) for supersaturated 
‘ steam, we may §eglect 6 as l^ing beyond the limits of possible 
accuracy, and take the formula, a{n+l)PaVg(l-(PIPt)*^*), 
given in Chapter IX, equation (85). Since P/Po is constant and 
equal to 1/1-6668 for each stage, the expression for DH^ reduces 
to the jc<%wrenient form PoFo/20'185. For the first nozzle, P„ = 16S, 
and Vq >» 2-781. For the next nozzle P,= Pi, and Fo= Vi", and 
so on for successive nozzles. ' 

The resulting values of / for each stage are obtained by dividing , 
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10'868 by the successive values of DH^, These show, in contrast 
with the preceding example, a rapid increase of efiS^iency in the 
later stages. The increase may appear excesyVe, but is probably 
exceeded in practice in many rases, especially in small machines, 
which are apt to be very inefiBcient in the early stages. On tfeie 
otkei' haiyl, in tile later stages, efficiencies of 0-80 appear to have 
been reached imder favourable conditions. 

Ta find the corresponding nozzle-areas, it is first pecessary to 
calculate the values of V for each stage. These are obtained from 
the formula for supers^turation which gives the ratio 

v"jv'— (P7P")“/“, 

so that each V is obtained by simply multiplying the previous 
V" by the cdhstai»t>l-4813. The values of X'jM follow from the 
formula 144F/17', or 218-8F'7l7'. 

(2)^ If the adiabatic equation for saturated steam is employed 
for finding the heat-drop and the volume V, the cfElculation is a 
little more troublesome,“since G and <I> are required, but the results, 
as shown in the next five lines of the table, do not differ materially 
in character. In either case*the stage efficiency/must vary nearly 
as 1/PF if DH” is proportional to log (P'jP"). The actual values 
off are a little smaller, and those of V, V, and X', a little larger, 
for saturated than for supersaturated steam; but it is probable that 
the supersaturated condition more nearly represents the facts of 
the case in rapid expansion, and it has the additional advantage 
of simplifying the calculation. 

Example 8. Another assumption that appears to be often made 
in designing turbines is that of equal expansion ratios by volume 
between successive stages. This may be combined ^ith the as¬ 
sumption lofrequal pressure ratios, by using a formula of the type 
PF** = K, or PF = AP”, for the expansion curvoi The value of the 
index to or y is selected to fit the same final values of H" and F" 
as in the previous example with P = 0-60. The values of F" are 
then calculated as in line 2, and those of H" deduced from F", 
giving the nearly constant differences for DH" shown in the next 
line. The values of Dff* supersatiurated differ very little from those 
in Example 2 (1). Those of/are all a little higher, %ut the expansion 
curves assiuned in Examples 2 and 8 are so nearly coincideniSor satu¬ 
rated steam that the results differ remarkably little in character. 

It will be seen that the assftmption of a formula of the type 
PF^— E.for the relation between the values of P and F in sue- 
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Table II. Results for Example 2. 



cessive stages, fits very closely with the hypothesis that equal 
pressure and expansion ratios give a nearly constant value of the 
heat-drop DH", or the actual work performed in each stage, in the 
case of saturated steam. Or conversely,.that if equal values of the 
heat-drop DH" are assumed, the successive values of the volume 
for saturated steam wiU show a nearly constant expansion-ratio 
for a constant pressure-ratio, as is easily seen by comparing the 
values of V" given in Examples 2 and 8. The difference is so small 
that careful calculation is required to detect it. 

The most troublesome part of the calculation in Example 2 is 
" the deduction of the values of V" from those of H" by the tables 
for saturated steam. Since the exact state of the steam is uncertain, 
it is permissible in the present case to simplify the calculation by 
assuming a cpnctant expansion-ratio for V, which gives a constant; 
ratio ^r successive values of PV, and DH^, and V, and/, and U'. 
It is not, howeyer, permissible to assume, as is sometimes done, 
that the expansion-ratio is the, same as the pressure-ratio. This 
would be equivalent to assumii^ the expansion curve PV - K, 
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with y °* woKild Iead% an absurd value of the final volume 
and tt". It is essential to calculate the value of. the index y to 
fit the final value otthe volume deduced from the given value of F, 

In Example 8, it is much more troublesome to deduce accurate 
values of H" from V", than to deduce F" from H" in Example £{ 
I^ecause the rapid variation of V makes interpolation more difficult, 
and because it is necessary to work*both V" and V, to at least 
five significant figures, in order to obtain consistent values foi 
the small difference DH", and to show the nature of the systematic 
variation. The result is instructive as showing that the assumption 
of an expansion curve of the type PV^ = K, cannot possibly be 
consistent with a constant value of the stage efficiency/for satur¬ 
ated steam.' 

Graphic Representation on the H log P Diagram. The pressures 
required in Example 1 are readily found on the diagram by dividing 
the heat-drop along the adiabatic AB into ten equal part? at the 
points 1, 2, *3, etc., of which the first six only are shown in the 
annexed Fig. 82. The corresponding points on the actual expansion 
curve for P = 0-60 (constant), are found by reducing the adiabatic 
heat-drop at each point in the constant ratio 0-60. The points 
representing the final states lie on the continuous curve ^C, 
which is the same as for continuous expansion (Chapter XII, 
Example 6), at constant F; but the actual expansion in ten dis¬ 
continuous steps follows a zigzag course, consisting of adiabatic 
steps such as A 1, representing the expansion in the first nozzle, 
followed by vertical steps, representing loss of heat-drop in passing 
through the wheel, which bring the pnal state back to the curve 
AFC before the next adiabatic step. In order to avoid confusion, 
these zigzags due to discontinuity qf expansion, are not shown on 
the other Airves in the figure. ^ 

The straight line AC joining the initial and fin^l states, repre¬ 
sents the final states in each chamber according to the hypothesis 
of Example 2. The heat-drop is the same, namely 10'858, in each 
stage as in Example 1, but the pressures differ considerably, as 
shown by the horizontal lines joining corresponding points on the 
straight line AC and the curve AFC. The pressure at point 5 on 
AFC is greater than that at point 3 on AC by 48 per cent. 

. Th, .curve representing the case of Example 8 coincides so 
closely with the straight line AC that the differences cannot be 
shown clearly on the scale of th« diagram. The prestores at corre¬ 
sponding points are the same. The curve for Example 8 intersects 
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the straight line AC at point the maximiun difference at point 8 
being only 0-7 c«l. It appears that a straight line on the H log P 
djagram represents very fairly on the average the characteristic of 
a turbine when the steam fe assumed to be in the state of saturation 
throughout th^ expansion. But this is not the case when the steam 
is superheated orisupersaturated, and changes in the form of the 
characteristic may be expected when the state changes from dry 
to wet.^ 

141. Subdivision of the Heat-Drop for Given Values 

of/, There is no great difficulty in finding the subdivision of the 
pressure-range or the heat-drop on similar assumptions to corre- 
8pon<^ with any arbitrary values of/ for the separate wheels. It is 
necessary, however, in this ease, to calculate the final state in each 
stage before proceeSing to the next, and some adjustment of the 
velocity, or the number of stages, is usually required to make the 
final state fit the giv^n data. The most appropriate method in each 
case will depend on the given conditions. As a simple illustration, 
we may take the case of finding the subdivision of the pressure- 
range, and the required noczle-arcas, for ten stages, when the 
velwity and efficiency are assumed to be the same for all stages, 
in which case both DH^ and DH" must be the same for all. The 
pressure-drop is deduced from DH^ instead of vice versa. If the 
final state is given by F and p, DH" is known for each stage, and 
DH^= DH"lf, but the value off requires adjustment to fit with 
that of F, by a method explained in a later section. On the other 
hand, if the final value of H" alone is given, in place of F and p, 
an arbitrary value of/ma^ be selected. 

Example 4. Divide the pressure-range from 165 lbs. abs. (dry 
sat.) to 1 lb, ipto ten parts to give the same velocity anti efficiency 
in each, assunpng that F = 0-60, (1) for saturate, (2) for super¬ 
saturated steam. ‘ 

Since F = 0'60, the actual heat-drop DU" in each stage must 
be 10'858, as previously calculated, but the required values of 
/to fit with the given value of F, will be different in cases (1) and (2). 

(1) In the ease of saturated steam, the required value of / is 
0'560, and the value of DH^ for each stage is 19'88, giving IJ'—- 1822. 
The temperature drop for the first nozzle is calculated frtm the 
equation 19-88 = Ojfll - DG.(2) 

(as in Example 1, above) which fixes the final state in the ^t 
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chamber in conjunction with the given value of DH". The final 
value of required for the next nozzle, is easily obtained, since 

(H"- = (19-88 - 10-8S8)/T = 8-527/r. .(8Jr 

The temperature for the next chamber may then be found- 
V' and X'jM are also found as in |bcample l,tand p is obtained 
from f. ■ 

(2) In the case of supersaturated steam, a higher valqe of the ,, 
stage efficiency / is required to fit with the given value of F, on 
accoimt of the loss due to supersaturation. The required value in 
the present case is 0-576, but the value 0-575 was estimated, and 
employed in the calculation, which has the effect of making the 
final pressiuc come out a little too low. The difference 0-OT.6 in / 
for the same F, is far from representing the-limit of possible loss 
due to supersaturation, because we have supposed the steam 
restored to the state of saturation at the epd of each st%e. This 
might approximately be the case at low speeds in large marine 
turbines, but in many cases the whole* expansion from boiler to 
condenser pressure is completed in less than the hundredth part 
of a second, and the temperature of the steam is probably nearer 
the SS limit throughout the expansion, which would involve a 
much greater reduction in the efficiency, or a still higher value of 
/for the same F. Taking/ = 0-575 gives DH^ = 18-88 for the adia¬ 
batic heat-drop per stage, and U = 1804 for the velocity. The 
pressure-drop is given by the equation 

. 1 - (J“/Po)=/‘“= 8 X 18-88/18aP„F|,= 42-86/P(,Fo.(4) 

• 

neglecting b, as is permissible in the case of supersaturated steam. 
The calculation is a little more troublesome than in Example 2, 
because ft has to be repeated for each stage. Havipg found P, the 
value of V" is taken as in (1) for saturated steaip with the given 
value of H". The pressure ratio for the next nozzle is then found 
from the product pV". The initial value of F' in each stage is 
deduced fromjthe final value of V" in the previous stage by the 
relation, V'= V"(P’IP") (P"/P')®^“. which is put in this form 
because the last factor has already been calculated. 

If the results in Examples 1, 2, 8, and 4, are compared with 
thos# previously given in the corresponding cases for continuous 
expansion in Chapter XII, Examples 8, 5, 6, it will be seen that 
there are slight characteristic differences between the two sets of 
examples, but that the general effects of the assumptions F con- 
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slant, or/constant, or PV =%P", are very similar, whether tot 
continuous or discontinuous expansion. The mann^ in which 
^^aries from stage to stage produces a much m(^% important effect 
on the pressure-distributidili and on the proper dimensions of the 
qozzles, etc. th^n discontinuity of expansion. 

Table III. R<&ults for Example 4. 

(1) Saturated steam. F = 0-60, DH"= 10-858, 0-560, 

Dff^ = 19-88, U = 1822 (all constant throughout the expansion). 


No. 

1 

1 ® 

3 

*4 

6 

6 

7 

8 

9 


B" 

656-71 

646-86 


624-16 

613-30 

602-44 

691-69 

680-74 

669-88 


t 

167-46 



118-64 

103-76 


76-11 

63-15 

mmn 

38-74 

*" 

1-6884 


cl-6294 

1-6612 

1-6739 

1-6976 

1-7217 

1-7472 

1-7736 


r 


6-994 

9-060 


22-08 

36-44 

68-12 

97-66 

167-9 

297-1 

XIM 

0-437 

0-663 

0-987 


2-406 

3-862 

6-333 

mm 


32-38 

P 

IC^ 

69-71 

44-21 

< 

27-601 

16-78 



3-3361 

1-863 1 



(2) Supersaturated. ff''same,/ = 0-575, DH^ = 18-88, U = 1804, 
F = 0-599. 


? 



44-61 

27-72 

.16-91 


6-874 

3-336 

1-842 

0-988 

V" 



9-189 

14-17 

22-28 

36-83 

68-87 


171-7 

mm 

r 

?-837 


8-602 

13-23 

msm 

33-16 



156-6 

277-2 

XjM 

0-424 




2-289 







Results for Example 5. Superheated. Pq = 165, = 850° C., 

Ho =756, F = 0-648, Z)H"= 14-00, /= 0-568, Z)H^ = 24-645, 
U. = 1490 (all constant). 


No. 

1 

2 

3 

4 ' 

6 

6 

7 

8 

9 

10 

B" 

742 

728 

714 

■9 

686 

672 

668 

644 

630 

616 

P 

112-7 

76-49 

49-39 

31-62 

19-66 

11-74 

6-797 

3-772 

ijl-993 


T 

6-336 

7-64fl 


16-06 

24-27 

37-73 



174-9 

319-3 

XIM 




1-661 

2-346 

3-646 



16-90 

30-86 

r 












142. The Case of Superheated Steam. The method o: 
calculation in the case of superheated steam is very similar to that 
in the case of supersaturated steam when similar data are given 
The chief difference is that, if the final state in any stage is dry, th< 
volume F", if required, can easily be deduced from H" oM P 
which saves a great deal of trouble and reference to the tables, 
‘ ^,But it is seldom necessary to calcidate F" in the case of dry steam, 
because DH^ tor the next stage can be deduced directly ftom H" 































MS 

by the alternative formula in term! of H for dry steam, DC (82), 
or Steam Tables, § 198, which cannot be employe^ when the steam 
is wet, because th^ relation between' H and V is different for wet, 
steam. The value, of H" in any stage shews at once if the steam’is 
saturated. The values of ( are not required in the calculation for 
superheated steam, but are given in the last line qf tiie table l^^use 
they are useful in practice for coiAparison with obsfer^ed tem¬ 
peratures. 

In order to avoid the difficulty of the transition from dry to 
wet steam we will take first a case in which the steam is superheated 
throughout the expansion, but in which thb calculation is otherwise 
similar to Example 4 (2). 

Example 5, If the initial steam is superheated to 8*S0° C., 
divide the same pressure-range to give equSl Velocity and work in 
all stages with an actual heat-drop of 140 cals. C. 

In this q^e //„ = 756, and the successive walues of U" «fe given 
at the head of the table. The adiabatic heat-drop to 1 lb. is 217-72, 
and the value of F is 0'648 approximately. Since = 1-7845, the 
final state on the adiabatic is satu^ted. The required value of/ 
is 0-568 to the same order of accuracy as F, giving 
14-00/0-568 = 24-645, 

and 17'= 1490 (F.P.C.). The successive values of P, given in the 
next line of the table, are obtained from the equation for the 
adiabatic heat-drop for dry steam in terms of ff, which is inverted 
to give the ratio P/Pj, when DH^ is given as 24-645, thus 

1 - (P/Po)»/“ = (24-645 - ab (P^- P))KH,- B- abP,)....{5) 
The terms depending on b are here taken into account in order to 
make th^ results exactly consistent with the tables, but since ab 
is only 0-00165, the correction is very small, and gives little trouble. 
The successive valiies of required in the formula are those of H" 
already given, but the ratio P/Po is not constant, and has to be 
worked out for each stage in succession*. V" is easily found from 
H", but is not required in the calculation. The values of V required 
for the nozzle areas are given by the formula 

V'-li^2-lim{Ho-B-abP„){PIPo)»I^^IP, .( 6 ) 

in wl^ch Pa, are the initial values for the nozzle considered, 

* Tlw oaloulation of P/7, from or vice verm, is most essily efboted 

by sm^ying a iabfe, such as that givta in § 13S, but with more nnmsroos steps in 
the leqmted interval 




ibe separate factors have i^lr^y bem found In calculating P. 
The nozzle areas are directly proportional to V, since U' is constant. 
^,lt will be observed that the final area is nearly the safiie as in the 
pifieyious example, but the initial areas are &out 20 per cent, 
larger. This shows that, if the nozzle areas are right for saturated 
^tea^, there will be an appreeiable change in the distribution of 
pressure and velocity when the steam is superheated. But since 
similar modifications occur when the load, or the pressure, is 
changed, the design is necessarily a compromise, unless'the machine 
is required to run always under the same conditions. 

It is instructive to compare the eBect of superheat, according 
to the assumptions here made for discontinuous expansion, with 
the eBpct calculated in the preceding chapter (§ 185) for the same 
case with continuous expansion. For the same value, F = 0-648, 
of the relative efficiency, the values of the stage efficiency in the 
case of superheated steam are, / = 0-5686 for ten stages, and 
/ = 0-55ll for continubus expansion. For steam initially saturated, 
with the same pressure range and P — 0-60, we have / = 0-5551 
for continuous expansion, and/ = 0-560 for ten stages, if the steam 
is saturated in the nozzles, but / = 0-576 if the steam is super¬ 
saturated. For the same value of / in each case, the improvement 
in F due to superheat is appreciably less for ten separate stages 
than for continuous expansion under the same conditions. If the 
steam is supersaturated in the nozzles only, there is an additional 
improvement due to superheat amounting to 8-5 per cent, as 
compared with the usual assumption of saturation. There is so 
tnuch evidence in favour,of supersaturation in the throat of a 
nozzle, that this 8-5 per cent, may be regarded as a lower limit of 
the effect of supersaturation. The upper limit of the eBect was 
found to be nearly 9 per cent, in the same case for o»ntinuous 
expansion with the steam at the SS limit. A similar increase of 
the efiect would be found in discontinuous expansion if the steam 
were assumed to be at the SS limit throughout, in place of being 
restored to the state of saturation at the end of each stage. 

The improvement in P, due to the higher valiffe of the reheat 
&ctor in the case of superheated steam, and due to the elimination 
of supersaturation loss, is additional to the improvenjent in absolute, 
thermal efficiency due to the higher temperature, and is rela^vely 
more important even at the lower limit of supersaturation loss here 
assumed. Thus the thermal efficiency of the Bankine cycle in. 
Example 6 is 0-808, while in Example 4 it is 0-287, or 5 per cent>- 



less. With the same stage efflia^y,/-0-6V2 in both cases; 
Example 5 shows an improvement over Exany>le 4 of nearly 
9 per cent, in F, ai^ of 16 per cent, in absolute thermal efficiency, 
which results chiefly from the improvement of F. , ° 

The expansion curve o”f Example i, representing the case 
/constant, when drawn on the H log P diagram, ^s fi the preceijing 
Fig. 82, lies about midway between the curve AFC, representing 
the case F constant, and the straight line AC, but there is no simple 
geometrical method of constructing the curve of constaAt / on 
the diagram, short of calculating the values of DH and plotting 
the curve. The curve PQS in the upper part of the figure has been 
drawn in this way to represent the case of Example 5, for highly 
superheated steam with / constant, but thefe is no advantage in 
using the diagram in such a case, except as. an illastration of the 
general nature of the curve. The curve of constant F between the 
same initial and final states would lie a little below the cijive of 
constant /, and could be deduced graphicalfy from the ^iabatic 
as in Example 1. But the expansion curve of any actual machine 
would lie above the curve PQS, since / is always less in the early 
than in the later stages of expansion. It would be very difficult 
to draw such a curve with different values of/in each stage ex^pt 
by calculating the values of the heat-drop successively for each 
stage. 

An appropriate use of the diagram in the case of superheated 
steam would be for plotting the actual expansion curve from 
observed values of P and t in each stage. This would give useful 
information with regard to the variation of the stage-efficiency, 
but does not appear to have been attempted hitherto on acemmt 
of the difficulty of measuring the temperatures, the uncertainty 
of the valSes of H, and various other reasons. 

The following Examples 6 and 7, in which half’the expansion 
curve is below the saturation limit, are illustratetf in Fig. 82, by 
the straight line DEJ, representing the characteristic 

Il-B"=k\ogP, 

and by the broken line DEG, representing the expansion cturve 
PV» = K, shewing a discontinuity at the point E where the state 
change from superheated to saturated. The continuous curve 
DEK, which lies slightly below the straight line from D to E, 
represents the characteristic H r- of Example 7, with 

F — 0^64, which affords a more probable solution of a case of this 



iSe' proIertdes of steam |ch& 

kind in practice. It is importint to realise that a curve of the t}rpe 
PV> - K, with % single value of y throughout, cannot be employed 
k if there is a change in the state of the steam, (v 

o ' ( 

Example 6. With an initial temperature of 250° C., if the 
<same pressurecfange is divided into ten equal intervals by ratio, 
an^ the s^eam i^ just satuiiated at the end of stage 5, find the 
variation of /, if DH" is the same in each stage. 

Initial state, = 260° C., =» 708-84, Oo = 1-64318, (?„ = 167-40, 

Fo-8-2787. 

Pressure ratio, l-6g68 per stage, = 12-845, 11^"= 687-80 
(dry saturated). 

Heat-drop per stage, DH"’= 18-208, adiabatic drop, 194-06, 
F = 0-6806. „ 

Superheated, = 0-11115 — o6Po) + ab (P^—P), (7) 

Supersaturated, 

DH^ = 0-04953PoFo (neglecting 6 at low pressures). ...(8) 

The values of V" are dbtained from those of H" by the formulae 
for dry and wet steam respectively. Those of V in each stage are 
found by multiplying the V" of the previous stage by the constant 
facJtor 1-481. The results are compared in the following table with 
those obtained by assuming a formula of the usual type, PV^ = K, 
instead of taking equal values of DH” per stage. 

Table of results for Example 6. Superheated, 250° C. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

B" 


677-42 

664-22 


637-80 

624-69 

611-38 

598-18 

684-97 

671-7« 

r 



12-61 

19‘61 


48-29 

76-79 

122-2 

194-4 

Kcgl 

F" 

-4-849 

7-656 

11-96 

18-68 

29-06 

44-98 

71-64 

113-8 

181-0 

288-C 

DHi 

26-74 

25-24 

23-76 

22-27 


19-32 

18-44 

17-60« 

16-80 


f 


0-6SS 

■iSmul 

0-593 



■iMM 

■iBr/ilil 



D' 

1662 


1463 

1417 

1369 


1289 

. 1260 


1203 

X'lM 



1-176 

1-898 




13-00 

21-19 

34-47 

Tsking F 

" from PF> = 

K, with 


F" 

6-1111 

7-9798 

12-468 

16-461 


47-413 

74-024 

115-67 

180-44 

281-71 

B" 

686-03 


661-84 

649-44 


614-77 

591-86 


646-41 

523-93 

DB*' 

14-81 

13-99 

13-16 

12-40 

11-65 


22-91 

22-81 

22-64 

22-48 

PBi, 

28-74 


23-48 


20-62 

19-34 

18-11 

16-96 

16-90 

14-99 

S 





liiia 

1-19 

1-27 

« 1-34 

1-42 



The second part of the above table is intended to illustrate the 
fact that it is not possible to assunje a formula of the type PF^ - K, 
with a constant value of y, when part of the curve is dry and paHt / 
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wet, because this gives a discontinuity in the curve at saturation, 
and leads to impossible values of/ at lower temperatures, besides 
being very inconvenient for calculation. 

The two assum^ions here made fcK' the expansion, though 
agreeing closely in the case of saturated steam, are entirely dis¬ 
cordant when applied to a case in which the steam is initially 
superheated. If we keep the assumption that DH" is the same in 
each stage for equal pressure ratios, a fair approximation to the 
expansion curve can be obtained by using two formulae of the 
type PV = hP^, with different values of m, denoted by m' and m", 
for the superheated and saturated portiohs. In this case / will 
be constant and equal to 18m/8 for the superheated portion, but 
will increase from stage to stage in the saturated part of the curve. 

The assumption made for DH" in Example 6, though fairly 
satisfactory in many cases for saturated steam, is too inelastic 
in the general case, and gives highly improbable results with 
initial superhfeat. For these reasons it is preferable to employ the 
more general type of characteristic, U — ®"= AP™, as illustrated 
in the previous chapter, which gives a very simple expression for/, 
and is capable of representing any continuous variation of / with 
a reasonable degree of approximation. ' 

In applying this formula the most convenient methods are, 
either (1) assume equal division of work (i.e. equal values of DH"), 
and find the values of the constants m, and B" to suit the desired 
range of variation of/, as illustrated in the previous chapter, or 
(2) divide the pressure-range into equal intervals by ratio, and 
adjust the values of the constants to ipahe the curve pass through 
some point near the middle of the range in addition to the initial 
and final values. In case (1) values of the required quantities -at 
intermediaftt points are obtained by logarithmic interpolation as 
previously explaiped. In case (2), if floi •®'> t^uee values 

of H corresponding to the initial and final states and to the geo¬ 
metric mean pressure P', we have the obvious relations 

(Ho -• H')I(H'- H") = (PolPT- (P'lP'T .(9) 

The. heat-drop in this case is divided into parts forming a geo¬ 
metrical progression with a common ratio, which facilitates cal¬ 
culation The previous example affords a convenient illustration 
of this method of applying the formula, since H' is given at the 
mean point P', but the values ofeDfl" per stage will no longer be 
e^ual. 
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Example 7. With the s^e initial data aa in the previous 
example, find tho variation of/by the formula H - p"= fcP“, if 
and the steam is just saturated at tire end of stage 5. 

The whole heat-drop Is here 194-06 x 0-6i0 = 124'20 cals. C. 
The given heat-drop to stage 6 is 66'04. That from 5 to 10 is 68-16^ 
Thef logarithm of the ratio 66'04/68'16 is m times the logarithm cj 
the ratio PtIPf, namely l'lf)874; whence m = 1/20 very nearly, 
and th? logarithm of the ratio for successive valuer, of DH" is 
0'0110874, Dividing the whole beat-drop into ten paris with this 
common ratio we very easily obtain the following results. 

C 


Table V. Example 7. F = 0-640, 687-80, m = 1/20. 

o • 


No. 

1 

2 


4 

5 

6 

7 

8 

9 

10 

P 

99-02 

59-43 

35-66 

21-40 

12-84 

7-709 

4-626 

2-776 

1-666 

1-000 

DB" 

1S*89 

13-54 

13-^ 

12-86 

12-64 

12-23 

11-92 

11-62 

11-33 

11-04 

B" 

689-95 

676-41 

663-20 

650-34 

637-80 

626-67 

613-66 

602-03 

690-70 

679-66 

V" 

6-131 

8-030 

12-54 

19-54 

30-37 

48-38 

77-12 

123-0 

196-6 

314-1 

DBi 

26-76 

26-17 

23-64 

22-16 

20-72 

19-32 

18-47 

17-69 

16-92 

16-22 

/ 

0-519 

0-538 

0-559 

0-680 

0-606 

_ 

0-632 

0-645 

0-657 

0-670 

0-681 


With the exception of the subdivision of the heat-drop into 
equal logarithmic intervals in place of equal differences, the method 
of calculation is precisely the same as for Example 2 in the case of 
supersaturated steam. A comparison of the results appears to 
represent the effect of superheating in a fairly satisfactory manner, 
on the assumption that/is increased by reduction of friction. The 
relative efficiency P is raised from 0-60 to 0-64, while the stage 
efficiency / remains nearly, unaltered in the later stages, when the 
steftm is wet, but is raised by the nearly constant quantity 0-042 
in all the superheated stages. 

In an actual turbine, the efficiency may vary from stage to 
stage in an irregular manner depending on diffefences of wheel 
construction or diameter. Such variations cannot be represented 
by the formula, which can only represent systematic and con¬ 
tinuous variation. Admitting this restriction, the formula has a 
considerable range, and is easily adaptable to suit different cases. 

143. Di^ontinuous Expansion with/ConstantO As an 
: illustration of the adaptability of the formula, we may take the 
ease in which it is required to find the characteristic curve whm 
/is assumed constant. 
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In the cate of dry steam, the expression for the adiabatic heat- 
drop, if 6 ij neglected, is exactly similar to that given by the 
empirical formula %>r the actual heat-drop, namely, 

(ffo - - B") = 1 - (P'7Po)“.(10) 

• 

but in the formula for the adiabatic heat-drop the<eihpirical constant 
B" is replaced by IS = 464 cals. C., and the empirical index m by 
8/18. It follows that if B" is taken as 464, and if m is taken to fit 
the final state, the resulting values of / will be exactly constant, 
if b is neglected in the equation of the adiabatic. The neglect of 
b makes so little difference in the adiabatic* that the values of/will 
be sufficiently nearly constant for all practical purposes even if 
the exact values of the adiabatic heat-drop are employed. The 
required value of m is obtained in any Ci^se by inserting in the 
above formula in place of H" and P", the values Hg. and Pg, corre¬ 
sponding to the final state given by the value of P. 

For the fiase in which / is constant, and B, the values of 
F and/are given by the expressions * 

/= (1 - r“/^)/(l - and P = (1 - - r»/“),...(ll) 

where N is the whole number of stages, and the pressure-r«tio 

per stage. 

Thus in Example 5, N = 10, 756, Hp= 616, r = 1/165. 

If B - 464, we have w log r = log (152/292) = — 0*28854 
from (10), log }®/^= - 0*028854 = 1*971646, whence 0*98680. 
Similarly 0*88885. Whence 

/= 0*06820/0*1111^ = 0*5686.(12) 

The value taken in the calculation was 0*568, but should have been 
a little la^r, since b was not neglected. The advaiitage of using 
the empirical fqrmula in such a case is that all tlje intermediate 
values of P and V can be worked out by logarithmic interpolation 
ftom the initial and final states, as fully illustrated in Example 8 
of the preceding'chapter, without going through the very trouble¬ 
some process of calculating each stage in succession by means of 
the exact formulae, and with almost equal accuracy, since only 
b is neglected. • 

In\he 'case of supersaturated steam, the method of calculation 
is precisely the same so long as the steam is dry. But when it has 
reached the supersaturation limit, the value B ■= 464 no longer 
applies, since the relation between H and V is different for wet 
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. steam. The value of V in theifinal state must first be calculated 
feom that of R bgr the appropriate formula, according,as the final 
*state is assumed to be either at the saturationdimit or the super- 
satuSration limit. The valife of the index m and the constant B" 
are then obtained from the relations 

> PjrV^IPoVo .(18) 

' If dry supersaturated expansion in the nozzles is assumed, as is 
most appropriate when the initial state of the steam for each 
nozzle is taken to be at the ordinary saturation limit, as in Example 
4, the constant value of/ required for each stage is given by the 
expression 

/- (11- B) (1 - .(14) 

Thus |n Example 4 the required values of the constants are. 

r“= ©•6584, B''= 349-8, /= 0-575 ..(16) 

If the mpersaturaiion limit is assumed in the later part of the 
expansion for the final state in each stage (since there is very little 
timi for the recovery of complete equilibrium while the steam is 
passing through the blades), adiabatic expansion at the super¬ 
saturation limit, as calculated in Chapter X, may appropriately be 
assumed in the nozzles as the other extreme. The final value of 
E given by F remains the same, but the corresponding value of V 
is taken at the supersaturation limit. The constants m and B” 
may be calculated as before, but will no longer give so good an 
approximation to the curve of constant / because the first part of 
the expansion, starting with dry saturated steam, is not at the 
supersatfiration limit like the rest. A constant value bf / could 
not be expected in practice under such conditipns, unless the 
dimensions were specially adjusted to suit. A similaer result foUows 
if part of the expansion is taken in the superheated and part in 
the saturated region. But such problems are rather of academic 
than practical interest, since a single continuous curve cannot 
accurately represent both states without impracticable com¬ 
plexity. I 

The value of m is calculated from the condition PV/PJ^-^ f", 
because this is the condition required to make the initial and final 
values of / equal, § 181, or to mi&e the successive values of the 
adiabatic drop DH^ approximately proportional to those of DE" 
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given by the expansion curve H" B"= kP^. But the formula 
PF/Po^o=/" *^0®® represent the expansion curve, as commonly 

assumed, and woiiid give values of DH" quite inconsistent w^tk? 
the desired result/= constant, as shoiim in Example 8. The* two 
purves are so widely separated on the diagram as to give very 
different results for the small difference DH", but the valuM of PF 
change so slowly with H at constant P that they remain nearly 
the same for both curves at the same pressure. The formula ^ 
jl"- B"=, }cP^ represents the curve of constant stage efficiency 
sufficiently closely for all practical purposes, but if more exact 
results are required, they may be obttEined by the method of 
Examples 4 and 5. 

In the ease of saturated steam, if an adiabatic of the type PV* = K 
is assumed, with y = 1’1804, the exprgsyon fcif the adiabatic 
heat-drop is the same in form as for supersatiirated steam, but 
with the index coefficient 3/26* in place of^8/18. The vajuo of m 
required to fhake/constant in the expansion formula H — B"= kP^, 
may be obtained in the same way from tht condition PF jPfP o “ '“i 
andl has the same value as for supersaturated steam for the same 
initial and final states, because we have merely changed the ex¬ 
pression for DH^ by inserting a different value of the constant, 
e.g. from PF/20-185 for supersaturated to PF/19-605 for saturated 
steam under the conditions of Example 4. The required value of 
/is changed in the same ratio as the constant, namely, from 0-S73 
to 0-559. 

If the steam is superheated for the first half of the expansion, and 
supersaturated for the last half, as in Examples 6 and 7, it is not 
possible with the empirical formula to represent the curve of 
constant / quite so closely with a single value of m obtained as 
above delbribed. If F - 0-60, the value of m obtained from the 
final state is 0-IP84. The empirical formula for the ^pansion curve 
gives / increasing at first from 0-56 to 0-58, and then diminishing 
to 0-56. By finding m for the two parts of the expansion separately, 
constant value| of / may be obtained for each, but these are 
necessarily different unless the intermediate or the final value of 
H is chosen to make them the same. Thus with Hf - 687-80 (dry 
sat.) in Example 7, we find / = 0-567 (constant) when m => 0-1275 
for th8 superheated stages. To get the same value of/constant for 


* This is a satisfsotozy spproximstloa for smdU ranges of pressure ss explained 
in a preyiota section (94), and is good for a single stage. 
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the supemturated stages, tbfe final value oi H must be 587*8, 
with TO * 0*0794» 

i44. Effect of SpeSd and Dimensions. It is of interest 
*0 enquire howr far results obtained by purely theoretical assiunp,- 
tioiis wjth regard" to the form of the characteristic curve by the 
methods illustrated in this chapter, can be realised in practice, 
and ho}v they may be related to the speed and dim^ensions of the 
machine. A consistent method of doing this is afforded by the 
relation between speed, dimensions, and efficiency, given in § 127, 
Chapter XI. ' 

The assumption made in the present chapter that the initial 
velocity 17' of the steam in each stage on leaving the nozzle is the 
equivalent of the adi«fc,atic heat-drop DH^ in the nozzle, without 
any deduction for friction or allowance for velocity carried over, 
may “be compared Ayith the assumption made in the previous 
chapter that the energy of the tangential component V' sin a of 
the effective steam-velocity is a certain fraction /j' of the whole 
energy jaVdP available in the stage considered. Comparing the 
two equations, 

U'^ftJg, and f^laVdP = C7'» sin“ aftJg .(16) 

we observe that, since ^aVdP must be nearly equal to DH^ for 
any nozzle, the two assumptions are in good agreement, provided 
that/,'= sin“ffi, which gives the value 0*85, if sino = 0*922, or 
if ^ = 22° 47'= 90°— a, for the angle which the steam jet makes 
with the plane of the wh&l.«Taking this value of the constant for 
purposes of comparison, it is easy to deduce corresponding values 
of/',/", *, and u for any of the examples taken in this chapter. 

Taking Example 1 by 5 vay of illustration, in wlfich it was 
assiuned that .F was constant throughout the expansion, or that 
the characteristic could be represented by a straight line on the 
HO diagram—one of the assumptions most toquently made 
on account of its simplicity—^it is instructive tp consider three 
possible cases, (1) that the machine is designed so that the velocity- 
ratio U'/u is constant throughout, (2) that u is constant, (8) that 
the reaction efficiency /" is constant. • 

(1) If Wju is constant, z and /' are also constant, and/**—^/’; 
Witii U'lu = 8, we obtain the results given in the following tabde, 
which show that tt must increSse with U', and that /" must 
diminish in the same ratio as/throughout the expansion. 
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Table VI. Variation of tt, *,/' a£nd/" in Example 1, § 140, 




So. 

1 1 

2 

rr 

4 

6 

6 

• % 

7 

8 

9 

nr 

V 

1277 

1286 

1266 

1306 

1316 

1326 

1336 

1346 

13661 

1387 

f 

0-600 

0-659 

0-682 

0-674 

0-666 

0-666 

0-648 

O-fiO 

0-63210-61^4 


(1) If V'ju = 3, z = 2-766, /'= 0-786, /" = fjO-m. 


u 426 429 432 436 436 442 445 446 462 1 466 
/" 0-766 0-763 0-741 0-732 0-721 0-709 0-699 0-688 0-67710-867 


(2) If « = ooiiBt.= 461, z = 177600,/"= l-149/(z - 1),/'=///". 


z 2-6641 
/' 0-813 
/" 0-7391 


2-672 

0-808 

0-731 


2-692,2-612 
0-806! 0-804 
0-72210-713 


2-632 

0-802 

0-704 


662‘f2- 


2 

0-800 

0-695 


672 

0-768 

0-687 


2-692 

0-796 

0-679 


2-712 

0-793 

0-671 


2-734 

0-791 

0-663 


(3) If/"= oonat.= 0-800,/'=///", z from/', a = 0-922I7'/z. 


0-760 

0-739 

0-727 

0-717 

0-706 

0-6951 

|iy-686 

0-676 

0-666 

0-666 

3-04 

3-12 

3-22 

3-31 

3-39 

3-49 

3-67 

3-65 

3-74 

3-83 

387 

380 

371 

364 

368 

360 

346 

• 

340 

334 

.329 


(2) If the mean blade-velocity u is the same in different ex¬ 
pansions, as is often the case in modern machines,/' will diminish 
slightly in consequence of the increase of U' and z, but/" will still 
diminish excessively. 

(8) The assumption /" constant requires an excessive diminu¬ 
tion of u in the later stages, and this effect would be further ex¬ 
aggerated if allowance were made for the probable increase of/" 
It seems highly improbable that any existing machine could give 
a characteristic of the type F = constant. 

Th6 values of V and /, required in the calculation, are taken 
from § 140, Example 1, and repeated at the head of Table VI to 
save ref^ence. W^en « is given, the value of/" is deduced from 
that of DH", which is 10-838 for each stage in thilt example. The 
value of z is mbst easily obtained from/', when jlhis is known, by 
means of a curve, which saves solving the quadratic. 

'The expression given in Chapter XI, § 127 (21), for the pressure- 
drop in one expansion of a reaction turbine, does not apply to the 
case of the impulse turbine because we require the final value of 
z after expansion through the nozrie, whereas z„ in (21) is the mean 
vdf^ ^uring expansion in the several stages. 'This relation is 
replaced by its equivalent 1443f F'= V'X’, for the impulse turbine. 

. If we treat Example 2 in the same way, taking a uniform blade- 
speed, u >= 461 ft./sec., we obtain the following results. 
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Example 2. u - 461,* - U'/MO,/"- l-149/(* - 1)./,'= 0-86 
r=0176. 

, * 2-860 2-800 2-744 2-688 2-634 2-680 2-62^ 2-470 ^ 2-420 2-870 

f . 0-772 0-779 0-788 0-'?}3 0-801 0-809 0-814 0-819 0-824 0-829 

/" 0-618 0-638 0-669 0-681 0-703 0-727 0-764 0-782 0-809 0-839 

• * 1-6 2-0 I 2-6 1-0 1-4 2-0 2-8 4-2 6-7 10 " 

tJ' 0*610 ,0-638 <.-666 0-681, 0-724 0-762 0-787 0-808 0-824 0-832 

The values of » here show a decrease corresponding with the 
' decrea&e of V, and those of /' a small increase. The values of /" 
show an increase as expansion proceeds corresponding closely with 
those of/in the original table. These are compared with a formula 
of the type I"joe, in which the constant /" is taken as 

0-85 4n the later stages when peripheral admission is complete, 
and as 0-726 in«the first three stages, when the admission is assumed 
to be partial. The "relive values of the blade-heights given in 
the line x, are taken from an existing machine. The resulting values 
of/," show good general agreement with the values of/" obtained 
from the particular type.of characteristic assumed in Example 2, 
except that the rate of variation given by the curve is too nearly 
imiform throughout, and is vnore rapid than we should expect 
in^ the later stages, where the efficiency should approach a 
maximum. 

In practice, with a turbine of this type, a superheat of at least 
100° to 150° F. would be employed, and the efficiency of a large 
machine would be a good deal higher (about F — 0-70 with super¬ 
heat) than the value F = 0-60 taken in the example for saturated 
steam. The variation off ^rom stage to stage would be more nearly 
represented by the curve of'Example 7, but unfortunately there 
are no data available in tfie published tests for the calculation of 
the‘effiejicney for the separate stages. Allowing for tht effects of 
supersaturation, the efficiency in the later stages might be appreci¬ 
ably reduced, Especially as no allowance for this eftect would have 
been made in the design. But supersaturation would not be nearly 
io important with initial superheat as with steam initially saturated, 
fhe examples in the next chapter are intended to 4how the general 
lature of these effects, so far as they can be predicted. 

The methods described in the two preceding chapters, depending 
)n the assumption of a particular type of characteristic cueve, or 
}f particular constant values of the stage-efficiency, may be applied 
Tor. rough calculations of the relative dimensions of a machine, pr 
jf the pressure-distribution corresponding to the assumptions 
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made. Conversely, in experimental tests, when the dimensions 
and speed are known, and the pressure>distribution is observed, 
if the actual form the characteristic can be determined from^, 
the tests, or assumed from previous, experiments on similar 
machines, it is possible to deduce the efficiency in the separate 
stages, and to estimate the effect of any improvemeiats made injth^ 
design. ■ " 

In using the H log P diagram, the efficiency at any point of 
the curve may be determined by drawing a tangent and mefeuring 
the slope tand from the ratio of the vertical and horizontal 
intercepts in millimetres. The value of Ohe stage-efficiency / is 
deduced from the observed slope on the actual scale of the diagram 
by the numerical formula, 

/= 528 tan .;.(17) 

if the product PV is taken at the required point in F.P.C. or 
F.P.F. units, 

It is very often assumed that the efficiency of each separate 
stage, or the relative efficiency of the whole, will remain constant 
Under different conditions of load, or vacuum, or superheat; but 
this assumption appears to give results materially at variance wth 
experiment, as shown later. The reason is that any variation in 
the conditions of running will entail corresponding variations in 
the velocity-ratio, which affects the efficiency of the separate stages 
in the manner shown by the curves in Fig. 29. The object of the 
formulae explained in § 127 is to meet this difficulty by taking 
accoimt of the variation of the kinetic efficiency/', with variation 
of the velocity-ratio 2 . The efficiency constant/g', and the reaction 
efficiency /", may be assumed to Jiemain constant for each stage 
under Various conditions, and the equations then permit the cal¬ 
culation of the appropriate values of z, DH, DP,’and /, for the 
various stages The method of calculation is illustrated by the 
following example. 

• 

Example 8. Taking the data of Example 6, with equal division 
of work and available energy between the stages, find how the 
distribution pf pressure will be altered, at tt = 500 ft./sec., if M is 
reducwl.to 1/2 by cutting out some of the first set of nozzles, the 
other conditions remaining unaltered. 

In finding the effect of change of conditions, it is frequently 
permissible to introduce simplifications, provided that both parts 
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of the calculation are made in the .same way. The steam being dry, 
we may neglect 6, and take OaPF- SDHllB - 8'280 for each 
^ stage. The available energy, faVdP for each ftage is 25-87 cals. C. 
The index m in the expansion curve PV =>tkP^ is constant and 
equal to 3-28/25-87. The values of aPV form an arithmetical 
‘ pi^gpssion, flom which the values of P at intermediate points we 
readily deduced by logarithmic interpolation, as in Chapter XII, 
Example 8, by the formula, 

m X log (P’lP") = log (P'V'IP"V"]: 

The values of P thus obtained at the intermediate points are shown 
in the following table, and do not differ materially from those 
previously given in Example 5, though obtained by a much simpler 
metiiod oh slightly different assumptions. 

‘ ^ 

Table VIII. Pressure Distribution for Normal Conditions. 


Point No. 

1 

2'^ 

3 

4 

6 

6 

7 

■ 8 

9 

aPV 

64-35 

61-12 

57‘’-89 

64-66 

61-43 

00 

o 

44-97 

41-74 

38-61 

P 

112-3 

75-00 

49-00 

31-20 

19-34 

11-61 

6-727 

3-768 

1-994 

100*/F" 

60-03 

36-17 

24-26 

t6-,36 

10-78 

6-906 

4-288 

2-682 

1-484 


' For simplicity, the stage-efficiency /is preferably defined as the 
ratio of DII to the whole avulable energy in each stage, in place 
of the adiabatic heat-drop in the nozzle. This gives 


/= 14/25-87 = 0-562 (constant). 

0-85, as in (16), in the equations, 

JaFdP = aV/2Jg/'', and DH = i{z-\) uY'I^Jg, ...(18) 

\ 

we must have z — 2-788,/"= 0-706, both constant under normal 
conditions, ^n general, /" would increase in the later*stages, but 
the assumption, / = constant, is so commonly made that it may be 
adopted for simplicity in the calcidation, since the variation of/" 
is immaterial for the present purpose. 

The value of z in any stage follows from the’definition (§ 114), 

z = V tan «/« = V’ sin afu = 144MF' sin ajuX', ...(19) 

from which it appears that z/F" will vary nearly^in the same yray 
as M when a, u, and X' remain constant, as in the present ejcample. 
Thus the final value of aPV for stage 10 at 1 lb. being 85-28, the 
final value of F" is 848-0, and the^atio z/F"= 2-788/848 = 0^00818, 
imder normal conditions. When M is reduced to 1/2, the v^ue of 
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*/F" for this stage will be reduced 0'00406S, and similarly for 
the other stages, for which the normal values of s/F" are given in 
Table Vni. 

To find the inteitnediate pressures when ikf is reduced to I ji 
sjpce m will no longer be constant, it is most convenient to start 
with an assumed value of the final volume, and calcClate the stages* 
in succession. With the above value of zjV" for fiie last stage, if 
F"= 852, we have * = 1-481. To find DH, DaPV, and DP, we 
have from (18) the simple numerical formulae, • 

DP ^ P"l{0-SO«iaP„VJz’‘-ll2), 
and DH = 7-88 (a - 1) = 18DaPF/3,.(20) 

in which the approximate expression aP,J''„,DPI{P"+ DPjS) is 
taken for jaVdP, which) as previously explainsd in § 107, is 
near enough, provided that DP is not ^ater than P"j2. Thus 
we find, for the last stage, with P" = 1 lb., DH = 3-38, DaPV = 0‘76, 
aP"V"= 86-40, aPJ'„= 86-79, DP = 0-2(f0, P'= 1-200) From 
aP'V'= 87-18, we find F' = 801-8, giving a = 2-236 for the next 
stage. Since we are concerned chiefly with small differences, all 
the operations may be very quickly and easily performed with a 
small slide-rule. The value of a comes out nearly constant for |he 
next seven stages, varying only from 2-67 to 2-68. Except for the 
last two stages, the values of P are all about 2 per cent, less than 
half the values in Table VIII. The pressure in the first chamber 
comes out 54-6 lbs., giving a drop of 110 lbs. for the first nozzles. 
By hypothesis X is changed for these nozzles, so that a cannot be 
deduced from F", but must be calculated from (18) using the log¬ 
arithmic formula for JaFdP, with the given value of DP. This will 
give fairly probable values of a and,DJ^, assuming that the nozzle 
is designed to suit so large a range of pressure-drop. A nozzle with 
a long and nearly uniform throat, as shown by the cinve X„ in 
Fig, 24, would be suitable for a considerable range, but more 
details would be required for an exact calculation. 

Owing to thh diminution of pressure at M = Mo/2, there is an 
appreciable reduction of available energy and heat-drop in the 
last nine stages, but the efficiency of these stages is slightly im¬ 
proved owing to the reduction of z. The heat-drop in the first 
8tage*is doubled, but the efficiency is reduced to /= 0-405. Thq 
total heat-drop, under the conditions assumed, is reduced from 140 
at M = Mo, to 184 at M - Mo^2. 

It is often desirable in the case of turbo-electric generators to 
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siaintain a high efficienc}r ^ low loads, with a maximum some* 
where betweeij 1/2 and 8/4 load, as shown by tiie lower c»irve 
Fig. 28. One of the simplest ways of doing this, in the present 
ixample, would be to replace the first wheel by a compound wheel. 
Phis would involve a slight reduction of efficiency in the first st^ 
it fpll load, assuming that the steam-velocity remained the same, 
)ut the efficiency would irfiprove with increase of Steam-velocity, 
reaching a maximum in the neighbourhood of % - 4, and main- 
tainifig a high value at low loads, when the heat-drop in the first 
stage is a large proportion of the whole, according to the method 
of regulation by cutting out nozzles. 

The reason why a reciprocating engine, when regulated by 
varying the cut-off, gives a curve of a similar type, with a maximum 
efficiency at intermediate loads, is that, beyond a certain point, 
the increase of cylmher condensation and leakage more than 
coi^pterbalances the improvement due to increase of expansion- 
ratio. ‘ 

Regulation by Throttling. When the regulation is effected by 
throttling the initial pressure in place of cutting out nozzles, the 
same method of calculatiofi applies. If the same final state is 
assumed, the numerical results will be the same for the last nine 
stages, and the pressure-drop for the first stage may be calculated 
in the same way as for the other stages. With a final volume, 
852, as above, the initial pressure comes out 80-4 lbs., but 
the initial value of H is only 788-8 in place of 756. If the initial 
value of H is supposed to remain constant and equal to 756 when 
M is reduced to JV/o/2 by throttling, we require a final volume 
F"= 874, and the initial ^pressure is found to be 82-9 lbs., or very 
nearly half that at full load. 

It appears, according to this method of calculaticfa, that the 
flow M is ve^ nearly proportional to the initial pressure when the 
regulation is effected by throttling at constant ff. This is closely 
confirmed by experiment, and may generally be assumed in making 
the calculation in the opposite order, starting with the initial state, ‘ 
for any given fraction of the normal mass-flow. 

The heat-drop becomes negative for values of z less than unity 
in the later stages at low loads. Work is wasted in friction, giving 
an increase in place of a diminution of H, apart from ftctemal 
heat-loss. The following table shows the effect in question, which 
begins to appear in the neighbourhood of quarter load in the 
present example. 
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Table IX. Regulation by Throjitling. M - MJi. 



1 

2’ 


4 

6 

6 

7 


9 

10 


2-763 

2-761 


2-758 

2-758 

2-757« 

2-665 

2-184 

1-445 

0'840 

)S 


13-79 

13-78 

13-78 

13-77 

13-76 

iBgif 

9-27 

3-48 

-1-25 

y 

41-43 

28-22 

18-88 

12-33 

7-872 

4-883 

2-936 

m 

1-239 

1-056 


P' is the initial value of P in each stage. The initial value of H 
is taken as 766, and the final value of V" is 414 cb. ft. at 1 lb. The 
total heat-drop is 107'2. The same equations (20) are employed 
throughout for DP and DH, but the values q,f */F" are 1/4 of those 
given in Table VIII. If the regulation is effected by cutting out 
nozzles in place of throttling, the calculation is the same, except 
for the first stage, but the final volume is 880, and the total hkit- 
drop may be as high as 124 nearly, if full egieieftcy is assumed for 
the first nozzles in spite of the excessive pressure-drop. 

The cut-oijt method will always give better efficiency tSan 
simple throttling at low loads, because it utilises the full pressure- 
drop. For this reason among others, the first stages of a reaction 
turbine are often replaced by impulse-jvheels. The effects obtained 
in the early stages depend greatly on details of design, but the 
two types are essentially similar in the later stages, so that similA 
methods apply. Many of the results obtained for reaction turbines 
in the two following chapters apply with slight' modifications to 
impulse turbines. 








CHAPTER XIV 


REACTION TURBINE ANALYSIS 

145. Calculation of the Flow Through an Expansion.. 

The equations given in Chapter XI, § 127, for the flow through an 
expansion consisting of, N similar pairs of fixed and moving blade- 
rings with the same annular area X, can be applied to the solution 
of apy thermodynamical problem relating to the flow through a 
reaction turbi(\e when sufficient data are available. 

The equations fn ^estion may be summarised as follows: 

Available energy, faFdP = (Nu^/Jg) z„V/t'= .(D 

Heat-drop, DH = //'- //"= (2z„- 1)/"Z.^.(2) 

Pressure-drop, DP = P'- P"= NuMz„ tan a/gfi'X .(8) 

where z„ denotes the mean* effective value of the velocity ratio 
z = U tan a/u, and Z is used as a convenient abbreviation for the 
energy constant Nu^jJg of the expansion considered. The method 
of applying these equations depends on the object of the investiga¬ 
tion and on the available data. It will be convenient to distinguish 
three general cases among many pos.sible varieties. 

(1) Efficiency Tests. When the dimensions are known, and the 
heat-drop, pressure-drop, mass-flow, and speed are observed, the 
equations can be employed for finding the efficiency constants 

and the velocity ratio z„. 

(2) Variation of Conditions. When the efficiency cowstants are 
known frohi lests under standard conditions, the equations may 
be employed lor investigating the effect of variation of conditions 
of running, or state of the steam, such as (a) Speed, (b) Initial or 
Final Pressure, (c) Superheat, Wetness, or SupeSrsaturation. 

(8) Choice of Dimensions. When the constants' are known from 
tests of similar machines, the equations can be employed for 
choosing suitable dimensions for any desired ^purpose, having 
regard to the limitations of speed and pressure-range, anA-to the 
probable state of the steam. 

It is proposed in the present cl^ipter to give examples of different 
methods of solution in various cases, and to discuss the limits 
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within which t&e equations may legit^ately be applied, either to 
a single expai^ion, or to a complete turbine. , 

Dimensional Cot^arUe. For thermodynamical purposes, the 
material dimensions uf an expansion cambe summarised by two 
copstants, which, with the speed R in revs./min., suffice to define 
the properties of the expansion, independently j,of^ the absolute 
dimensions in many respects. '■* ’ 

The Energy Constant, Z = Nu^/Jg, in thermal units (cals. C., 
or B.Th.U.), enters into the expressions for the available energy 
and the heat-drop. Z varies as the square of the speed, but since 
all the values of Z for the expansions on any’’one rotor are changed 
in the same proportion when the speed is varied, it is most con¬ 
venient to include the speed in Z by calculating the values’ for 
normal speed, and reducing them by a constant ^ctor, proportional 
to B\ when the speed is changed, ^ 

The Expansion Constant, Z'= Nu tan ajX ~ NR tan al7‘>J0x, 
determines the pressure-drop DP in conjuncfion with M and z„, 
and incidentally the appropriate expansion-ratio. If M and 
are the same for the different expansions on one rotor under normal 
conditions of running, the values of DP will be simply proportional 
to those of Z', a condition which is readily tested at any time. ■> 
The Discharge Constant, Z"= aZ'^/gZ = 144N tan“o/Z*, is nOt 
an independent constant, since it can be deduced from Z and Z', 
but is useful in calculating the discharge M. Z" has the advantage 
of being independent of the speed, and is useful for finding the 
pressure-distribution, as explained in the next chapter, when M 
is the same, but z„ different, for the different expansions in a 
turbine. - ^ 

The effects of tip-leakage, as explained in the next chapter, are 
of considei^Hble importance in modifying the flow and,the efficiency 
in a high-pressure turbine, because they affect the different ex¬ 
pansions in different degrees. Fortunately the expansion constant 
Z', and the discharge constant Z", are readily corrected for tip- 
‘ leakage by simpty substituting x + 21 for x, where I is the tip- 
clearance. This correction does not affect the relative values! for 
a single expansion, and will therefore be omitted in the present 
chapter, since it may be supposed to be included in the given values 
of the Constants /" and x. 

As an example we may take the first expansion of a large 
sbw-speed marine turbine (SS.oMauretania) with the following 
dimoisions; 
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Rotor diameter, 96 in., oyjpnder, 101-6 in., area, X - 838 sq. in. 

Number of s^^s,Ar= 16, discharge angle, a >= 70°,^tt=2-7475. 

At 194 revs./min.,« = 88-6 ft./sec., Nu^jJg(>= Z = 2'480 cals. C. 

We wiU first find the Values of/j', /", and for the following 
.conditions, which correspond closely with the normal conditions 
of running: f 

Initial pressure, 150 lbs. (gauge), final, 115 lbs., bar. 80 in. 

Mass-flow, Af = 116 Ibs./see., heat-drop, DU = 6-28 cals. C. 
which give the following values of P, V, and H : 

Initial state (dry sat.<),P'= 164-7,ir'= 667-54, P= 2-785 (F.P.C.) 

Final state (supersat.), P"= 129-7, jff"- 661-26, V"- 8-424 „ 

Substituting the given data in equation (8), we find 
"DPgX/NuM tan a = 2-255. 

Putting this value in equation (1) with JaFdP = 11-09, we find 

* ' 11-09/2-255 X 2-480 = 1-988, . 

whence f^'- 0-880, /'= 0-664. 

Finally from equation (2), we obtain/"= 0-854,/ = 0-566. 

When all the required data are given, the calculation of the 
constants is very simple, but there are some points which require 
discussion. 

146. The Available Energy. The value of faVdP in 
equation (1) may be taken roughly as aP'V (P'— P")2I(P'+ P"), 
when V" is unknown, but this is insufficiently accurate for large 
ranges of pressure. It gives 11-22 cals, in the present case, which 
is a fair approximation, because the pressure range is small, but 
it is better to use the formula, 
iaVdP - (aP'V- aP”V") log {P'jP")l\og (P'V'IP"rii) 

^D(aPV)lm .(4) 

< ■ 
as explained in Chapter X, § 107, which gives very accurate results 
for the available energy, even if the value of V" is only approxi¬ 
mate, or if the actual expansion curve does not a^ee very closely 
with'the formula PV = kP^. Any small error in the difference 
P"F" is compensated by the corresponding error in the- 
difference between the logarithms of the same numbers, and does 
not give rise to a proportionate error in the value found Ibr the 
integral. The ratio of the difference of the logarithms of PV to that 
of the logs of P' and P" gives the value of the index m in the formula- 
PV — kP”, which is often required. If the heat-drop DH is vati# 
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in the present case over the extreme? range from zero to the adia¬ 
batic value 10‘9e, the available energy varies onl]j from 11*265 to 
the same adiabatic ^alue, a variation of less than 8 per cent., 
that it fa not necessary to Icnow DH vwy accurately in order to 
get a good value of z„ from equation (1). 

The formula for the integral of aVdP takp no account, o^ 
possible variations in the form of the expansion curve between 
the initial and final states, but this makes very little difference to 
the value of the integral (especially for small ranges of pressure), 
as is most easily appreciated by taking a numerical example. For 
given initial and final values of P and V, thfe form of the expansion 
curve can be represented very closely in all practical cases by an 
equation of the type H — B”- kP^. The integral of aVdP along 
a curve of this type in the case of dry steani fa accmately given by 

SaVdP =. (8/13) (B"- 464) log, (P'/P") + 8Dff/18m 

+.0-00127 CP,....(S) 

which is easily calculated. With the initial and final states above 
given, the expansion curves differ quite appreciably for the two 
cases, 

(1) z = 1*988 (constant), «„,= 70°, 
and (2) a = 70° (constant), z„= 1-988. 

The corresponding values of the constants in the formula 
H - P"= fcP™ 

are: 

(1) P"= B = 464, m = 0-18120, 

(2) P"= 627-26, m =0-7t)9S, 

which are widely different; but the values of the integral of aVdP 
along eithgr curve are very nearly the same, namely, (1) 11-089, 
(2) 11-087. The fact that the available energy varies*so little under 
different conditfons when the initial and final sta'tes are given, 
makes equation (1) a very convenient and consistent method of 
calculating the mean effective value of z in any case. 

• 

147. The Velocity-Ratio z. The usual method of 
calculating the ^alue of the velocity-ratio in each expansion for 
normaVJblades is to take the effective aperture of the guide-blades 
as one-third of the, annular area X, which gives 
V'lu — 482MF/1kZ =» U sec «/«, 

which fa not quite the same as z. This fa equivalent to taking the 


a a 
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<^harge angle a as 70° 82'.ebut the firaction of the degree above 
70° is unimportent for the present purpose, 

, The value of a required in the formula forra, namely, 

z IMMV t&n ajuX, *. .••■(0) 

*is the angle which the direction of the discharge makes with thlit 
of the'axis, in thfe clearanc^pace between the blades. This cannot 
be measured with great precision, but may be assumed to remain 
constaiit for any particular blade-ring when any of the other 
conditions are changed, and to remain uniform, throughout the" 
expansion if the bladqrangle is uniform. The blade-angle may be 
varied in different ways, but it will suffice for the present purpose 
to consider only two cases, (1) that in which the blade-angle is 
varied in sucl\,a way as to keep z the same for each step in the 
expansion, (2) that in' 'Which the discharge angle is the same for 
each step. 

(1) 'If z is to be uniform, it is evident from (6) that the product 
V tan a must be the same for each blade-ring at exit; and it follows 
from (1) and (8) that the common value of the product must be 
F„' tan ttn, where VJ is the mean value of V at equal intervals 
of P, given by V^'DP = JFdP, and tan is the value of tan a 
employed in equation (8). The method of solution previously given 
will be exact in this case, which is of theoretical interest on account 
of its simph'city, but is seldom adopted in practice. 

(2) If the blade-angle is uniform throughout the expansion, it 
is evident from (6) that z must vary directly as V, and from (1) 
that the pressure-drop in, each step will also be nearly proportional 
to V. It follows that the dhrp of PjV will be nearly the same in 
each step, and that the lAean values of V and z for the expansion 
must be taken at equal intervals of PjV. The required mean value 
of V along the curve PF= AP™, is given by the formula, 

(2 - »») {P'- P")I(P'IV’- P"IV") = (2 -»m) DPlD(Pir). 

.(7) 

0 

The mean value of tan a, if required in case (jl), may similarly 
,'be found by taking the mean value of IjV at equal intervals of PF, 

(I/Hm” DP/SVdP = 144iJlf (tan a)„lzi^, .(8) 

which is seen to be simply the reciprocal of F„'= jVdPfDP, as 
stated above. 

Owing to the difference between F„" and V„' there will be 
jdight differences between case (1) and case (2), which 
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disciissed in detail in a later section, but the oorrection required for 
case (3) in th^previous example would be only 1 in fOO on DH or M, 
and is seldom of mitch importance in any practical case. 

, 148. Correction for Discontinuity of Expansion. It, 

might naturally be expected that the employmijnt? of metl^ods of 
continuous integration would give ri§e to material discrepancies 
in the calculation, since the expansion is really discontinuous^ taking 
place in 2N separate steps. It follows however from the form of 
the equations that this will not introduce any material errors in 
the proposed method of calculating dr BH, but it may be 
necessary in exceptional cases to apply a correction for discon¬ 
tinuity to the value found for M in case (2). It happens horfrever 
that the correction is of the opposite sign to that discussed in the 
previous section, and is nearly of the same order of magnitude, so 
that both may be neglected in the majority ^of practical qpses, so 
far as JIf is Obncerned, unless the object is to test the limit of ac¬ 
curacy of the method of calculation. * 

The value of F„'' given by the continuous integral in (7) is very 
nearly the mean of the values of F at tfie middle points of the separate 
steps, but differs slightly from the mean of the values of F at Mie 
ends of the steps, which is the mean required for deducing M from 
by equation (6). If F, is the initial value of F, and if Fj, 
F,....F^, are the final values of F in each step, it is evident that 
the value of F„" given by (7) satisfies the formula 

2NF„/'= F„/2 + F, -f- F,+ ...,+ r,^., + Vj2, 

• 

since the mean value of F for each step js very nearly the mean of 
the initial and final values when the steps are small. Thus the 
correction*to be added to F„" in order to obtain the mean of the 
values from Fj tp excluding Vg but including is evidently 
(F^— Fq)/4iV, which may conveniently be written DVjiN, where 
DV is the difference of the initial and final volumes for the whole 
expansion. This ^correction has the effect of reducing M in case (2) 
by the fraction DV/iNV^", which amounts to 1 in 800 in the 
previous numerical example. The correction discussed in the 
preceding sectiol has the effect of increasing M in case (2) by half 
the peAentage difference between F„' and F„". Both corrections 
increase with the expansion-ratio, but they become equal and 
opposite when F„'- F„" is equdl to DVftN, which would happen 
in the previous example if the expansion-ratio w»e nearly doubled, 

28—2 
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It follows that both corrections may usually be neglected for 
practical piu^w^s through unfairly wide range. 

«49. The Efficieney-Constant/i'. The preceding com- 
jiarison between the two cases, (1) z constant, and (2) a constanj, 
rests jon the af^upiption that the coefficient is independent of 
the dtschafge angle a, whicl/cannot be exactly tme. It is probable, 
however, that there is a maximum value of fi somewhere in the 
neighbourhood of o = 70°, so that/may be taken as constant when. 
z is constant for a moderate range of variation of a. It is evident 
that for very fine anglef of discharge (a near 90°), the losses due to 
the axial clearance, to the thickness of the blades, and to the 
curvature of the blade-path, must increase considerably. On the 
other hand, when tho blades are opened out (a diminished), the 
value of tends to dilhinish, because the tangential or effective 
contponent of the velocity is reduced in comparison with the 
whole velocity on wfiich the frictional losses chiefly'depend. We 
may safely assume that the angles adopted in practice represent 
an empirical compromise between these conflicting interests, and 
give a fair approximation to Vhe condition of maximum efficiency. 
The published data do not afford sufficient evidence for the proper 
investigation of this point, but it seems fair to assume the approxi¬ 
mate constancy of in the case of normal blades. In the case of 
wing-blades, when the reduction of a is pushed to extremes, there 
will doubtless be an appreciable reduction of efficiency, which 
appears to require further investigation. 

In finding the value of // from experimental observations, it 
will be seen that an error qf 1 per cent, either in the observed value 
of M, or in the assumed value of a, will introduce an error of 
2 per cent, in/he resulting value of It may for thif reason be 
preferable, if the values either of M, or of a, are uncertain, ek is 
sometimes the case, to employ the equation with ars assumed value 
of/i' for deducing either M or a, or the product M tan a, if both 
are uncertain. It is often possible to obtain reliable results with 
regard to the variation of other conditions, without an exact know¬ 
ledge of the absolute values of //, M, and a, provided that the 
conditions are such that these quantities can be ^%garded as con¬ 
stant. Even when the observations are incomplete in 'bertain 
respects, it does not necessarily follow that they are useless for the' 
purposes of analysis. Unless otherwise stated the value 0>888 will 
usually be taken for^' in a slow-speed marine turbine, 
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150. To Find the Final State given and /". When 
the efflcienc}^ constants are given, in addition to^the dimensions, 
speed, and initial sibte, the final state, required for the beginning 
of the next expansic»i, can be found witfe the aid of any one of the 
remaining unknown quantities, namely, jaVdP, or 2 „, or DH, 
or DP, or Jlf, or/, or/'. The quantity most readily'observed is P", 
giving DP; but in many cases M only is given, and is'subject to 
uncertainties of dummy-leakage, though it may remain constant 
for several successive expansions. In the case of superheatedf steam, 
H” or DH may be observed in addition to P" by observing the 
temperature, but DH or jaVdP generally oecur as data in the 
inverse problem of finding the dimensions to suit equal division 
of the heat-drop or available energy. The simplest case is that in 
which 2 „ is given, which readily permits direct ‘Solution of the 
equations in the case of dry steam. If Jal^P, DH,f, or/' is given, 
z„ is easily found, but, in the case of saturated steam, it is necessary 
to proceed by trial and interpolation, with the aid of the tables. 

Taking the dimensions and speed given in the previous example, 
with the values/j'= 0-880, and/"= 0-842, the three equations 
reduce immediately to the following numerical forms: 

JaFdP = 2-818z„2 ...(1), DH = 2-088 (2z„- 1) ...(2), “ 

DP = 0-1520i1fz„ ...(8). 

If z„ is given, DH, f, /', are easily found. P", and hence DP 
and M, are obtained by inverting the formula for faVdP, thus, 
log (P'/P") = 2-818z„“ log {P'V'IP"V")l(aP'V'- aP"V"). 

In the case of dry steam, the drop of af^V is given in (F.P.C.) units 
by the exact formula, 

DaPr= aP'V- aP"V"= 8CR/18 + 0-00127Z)P,.(9) 

in which tke last term may usually be neglected, * 

In the present example, suppose that it is required to find DP 
for the case in which z„= 2, with the initial state P'= 164-7, 
aP'F'= 47-17. from (2), DH = 6-624, whence DaPV = 1-445, if 
0-00l27flP is neglected. 

log (P'/P") = 11-272 X 0-018512/1-445 = 0-10540, 

P"= 129-21, ilf = 116-7. 

If the %mall term is not neglected, DaPV = 1-490, P"= 129-19, 
M = 116-8. The small change in DaPV, changes log (P'F'/P"F") 
to 0-018940, in nearly the same proportion as DaPV, so that the 
result is very little altered. 
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If DP - 8fl'61 is ^ven intplace of s!„,— 2, we have first to find 
an approximate^ value of z„ from the formula 

faFdP = aP'F'2DP/(P'+ p!'), 

e 

which gives JaFdP = ll-iO, 2-011, in the present case. Fropn 
VhicU^ we Arid,, DH = 6-81, DaPV = 1-500, JaVdP = 11-272, 
z„— 2-000,'' DH = 6-264, M = 116-8. The approximation is so 
rapid that it is seldom necessary to go further. 

On'the other hand, if ilf = 116-8 were given in place of DPg 
it would be necessary to solve a quadratic in in order to find an 
approximate value. It is easier in this case to guess a pair of trial 
values of DP and to fit equation (8), and to use the trial value 
of z to find DH and DaPV from (2), and the corresponding value 
of DP to find jvVdp and 2 „ from (1). If the first trial values were 
DP = 85, z„= 1-971, weShould find from (2) DaPV= 1-462, giving 
laV^P = 11-092, 2 „ = 1-984, from (1), showing that higher values 
of z anS DP are required. The trial value of a must be raised by 
rather more than twice "the difference between 1-984 and 1-971, 
suggesting z = 2-00 for the next approximation. If the second trial 
should not give exact agreement between the values of aVdP 
from (1) and (2), the correct result is easily found by interpolation. 
But by using the more exact rule given in a later section (§ 158), 
the first trial gives so close an indication of the final result that it 
is rarely necessary to make a second trial except as a verification. 

151. Effect of the State of the Steam. The state of 
the steani is taken into account in the equations in deducing V" 
from H", or DaPV from DH. The steam is usually dry (superheated 
or supersaturated) in the early stages, which greatly simplifies the 
woric. It the ^tate of saturated steam is assumed in ptuce of dry 
supersaturated, it makes little difference to the r^ults in the first 
expansion, starting with dry saturated steam, because the curves 
have a conunon tangent at the starting point, and the volumes 
diverge slowly at first. But in the later expansidns the difference 
may be considerable, as already indicated, and appears to afford 
a rational explanation of effects which have hitherto been regarded 
as anomalous. The calculation for saturated steam is made in the 
same way as for dry steam, except that V" must be found frbm H'‘ 
in order to find DaPV, and similarly for the supersaturation limit 
as previously illustrated in Chapter X. - ^ i 

As a numerical example of the effect of the state of the steam. 
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we may take the same expansion, with the speed and dimensions 
already given, but assuming that the initial state of the steam, 
instead of being drjisaturated, corresponds to a v&ue H'- ei8'78 
at 160 lbs. abs., whiob makes the wetnes^ 10 per cent, if the steann 
i^ saturated, and gives the value of H' corresponding to the super¬ 
saturation limit, if the steam is dry. Such cases iprobably pcQur* 
in actual practice, as a rule at lower pressures and higher speeds, 
but the general effect of the assumption with regard to the state 
of the steam is the same, being independent of the particulaf speed 
and dimensions assumed. The initial values are; 

For saturated steam, V'=i-57&,aP'V' =*42■39(10 per cent. wet). 

For supersaturated steam, F'= 2-182, aP'V’= 85-91 (dry). 

The numerical values of the coefficients in the three equations are 
the same as those given in the last secti<jn'; If wfe' take the final 
pressure 120 lbs. in both cases for convenience of calculation, the 
first rough approximations to the values of the final volume F‘' in 
either case from equation (1) are: ^ 

Saturated, JuFdP = 12-11, * = 2-078, DH = 6-57, F"= 8-857, 
aP"F"= 41-48. 

SS limit, laVdP = 10-26, z = 1-908, DH = 5-88, F"= 2-888, 
aP"F"= 35-58. 

From which the following final results arc obtained by (4), 

Saturated, jaVdP = 12-056, z = 2-068, DH = 6-547, M = 127-2, 
/= 0-543. 

SS limit, JaFdP = 10-282, z = 1-910, DH = 5-887, M = 187-8, 
/= 0-578. 

The first approximation is so little trouble, and agrees so 
closely with the second, that it is seldom worth while to go further 
than the fifst when the exact state of the steam is uncjertain. It will 
be observed that the flow M for the same pressure-drop is 8-4 per 
cent, larger at the SS limit than at the saturation ^mit, but the 
steam-speed is also lower by 7-6 per cent., so that the efficiency / 
comes out appredably higher when reckoned in terms of the actual 
energy available at the SS limit, which is nearly 15 per cent, 
smaller than at saturation. But the apparent efficiency at the 
SS limit, reckoned in terms of the energy theoretically available 
at the bsual satm-ation limit, is only 0-488, showing an apparent 
drop of 10 per cent, in efficiency due to supersaturation, ^e loss 
would be large; if allowance weae not made for the reduction of 
steam-sp^. 
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In order to detect the di%rence between saturated steam and 
Iry supersaturated in the firtt expansion when the initial volumes 
rre the some, it is necessary to take the seeof d approximation to 
\aJ[dP, since the first approximation, being simply 2aP'V'l7 in the 
present instance, takes no account of the difference between the 
lival^volumes. (The first approximation to «is also the same for botit, 
3ut ^ves »■» value of the heat-drop, DH — 7-04, which is of ample 
iccuracy to determine the appropriate value of the small difference 
DaPV in either case. It will be seen from the table below that the, 
ralues of DaPV are appreciably different. That for dry steam is very 
jasily found from DH by formula (9) given in the last section with 
i small slide-rule, but in the case of saturated steam it is necessary 
to find V" from H" with the aid of the tables, and to use a Fuller 
slide-rule, or fige-figuiy logarithms, for finding the product aP"V". 

In order to illustrate the effect of superheat, values are added 
for^the same pressure-range, dimensions, and speed, with initial 
temperatures of 200“, "250°, and 800° C. These show an appreciable 
reduction off with supeiheat due to the increase of steam-speed, 
and support the view given in Chapter XII, § 187, that the effect 
of sujjerheat for a given maciiine at a constant speed cannot fairly 
bg deduced by the method of the reheat-factor assuming that / 
remains constant. In order to keep f constant, it would be necessary 
to increase the blade-speed in proportion to the steam-speed, which 
might often be impracticable. 


Table 1. Effect of Superheat at given speed and dimensions. 


t°C. 

r 

2aPVIl 


DaPV 

aVdP 


M 

DH 

/ 

184-16 

2-862 

13 -46 

2-186 

1-14 

13-383 

2-179 

J20-8 

7-011 

0-624 

184-16 

2-862 

(Dry supersat.) 

1-68 

13-303 

2-173 

121-1 

6-986 

0-626 

200 „ 

2-991 

14-06 

2-233 

1-73 

13-908 

2-222 

118-4 

7-lG 

0-617 

2S0 

3-386 

16-89 

2-374 

1-86 

16-732 

2-363 

111-4 

7-78 

0-496 

300 

3-76Q 

17*63 

2-601 

1-98 

17-466 

2-490 

106-7 

8-31 

0-476 


The above results are for the same pressure-range, 160-120 lbs. 
abs., as the last. In a complete turbine, the pre&ure distribution 
will vary with superheat, and is determined by calculating the 
pressure-drop for each expansion in succession with the same value 
of M for each, if M is the same throughout. 


152. Variation of Speed. It follows from equation (1) at 
the beginning of the chapter, thakthe steam-speed depends chiefly 
on the available energy, and is nearly independent of the blade- 
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speed, provided that the dimensionf? remain the same. This result 
is by no me^ obvious, apart from the assumptions made, and 
it is easy to imagin* cases in which it would be vely far from true; 
but it appears to aceord well with practical experience in the pafe 
qf reaction turbines, though it is difficult to make a direct test 
over a wide range on account of other limitations. .1 , * 

In the case of a complete turbine, \ariation of speed wiU usually 
produce secondary variations of pressure in some of the expansions. 
We will therefore take first the simpler case of a single cx{>ansion 
in which the initial and final pressures are assumed to remain 
constant when the blade-speed is varied. Taking the same dimen¬ 
sions and pressure-range as in the last example, with the initial 
state dry sat. at 160 lbs., the values found, at « = 88'6, .were 
z = 2'178, M = 121-1, DH = 6-986, /= 0:525. Jf the speed is 
changed, the available energy, in the case^of dry steam, varies only 
from 18-54 at m = 0, when Dll = 0, and M — 120, to a minimum 
18-21 at 0 = 1, M = 181-1, at which point thfe heat-drop and mass- 
flow have their maximum values DH = 9-80, and M = 121-5, with 
/ = 0-742. Further increase of speed to 2 = 1/2 gives again DH = 0, 
with u = 866, M = 120. But this is far beyond the practical range. 
These equations neglect the effect of fan-action, which varies^as 
the cube of the speed. According to the estimate made in Chapter XI, 
§ 129, the loss due to this cause would amount to about 2 per cent, 
of the available energy at 2 = 1, or about 0-25 per cent, at the 
normal speed when 2 = 2. It is therefore seldom of sufficient 
importance to be taken into account in the case of a reaction 
turbine. Other factors, such as the form of the blades, have more 
influence on the variation of DH and M with speed. 

It is evident that the efficiency'and the mass-flow would be 
inerease(>by any modification of the blade-form, especially of the 
inlet angle, which permitted an increased proportion of the energy 
rejected in one stage to be carried over to the next. This would 
be represented in equation (1) by an increase in the value of the 
constant fi, givflig a proportionate increase in 2 *, and in the product 
Mz in equation* (8). 

It is evident that the value of is capable of including the 
effect of moder|tte variations of the blade-form on the mass-flow, 
but iff is a debatable point whether the expression fi{z — 1)’/*** 
varying as the ratio of the squares of the tangential components 
of the relative velocities of entiance and discharge, will suffice to 
represent the variation of the loss with speed. It seems probable 
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that, apart from leakage, the cgiost important part of the loss occurs 
at entrance, or in carry-ov* from one blade-ring to the next. 
Martin estimate the loss at 60 per cent. ofi>the kinetic energy 
l/'"?/2g at entrance. This g^ves nearly the sameiresult as the formula 
here proposed when the value of z is in the neighbourhood of 2^ 
“but gives a rattier slower rate of variation of the loss with speed. 
It would appear, however, that the percentage loss in carry-over 
should not be constant, but should increase with the obliquity of 
entrance. It is possible, for this reason, that the formula here 
proposed may prove preferable in practice to the assumption of a 
constant percentage of ^oss, because it makes some allowance for 
the increase of loss with obliquity. But the main point in its favour 
is that it leads to the simplest possible expression for the variation 
of efficiency with speed, consistent with the experimental result 
that the mass-flow is appioximately independent of the revolutions. 
Thi§ result cannot be generally true unless the percentage loss in 
carry-over increases with the obliquity in the manner speeified. 
The simplest way of testing this point is by taking an extreme case 
in which all losses are supposed to be absent except the loss imder 
discussion. * 

, Taking the same data as in the last example, but with = 1, 
and/"= ], to eliminate other losses, and with the same value of 
JaVdP, namely, 18-21 at » = 1, we find m = 198, M = 184-2 in 
place of 121-1, showing the effect of the increase of /. But the 
initial pressure has been taken as 164-7 and the pressure-drop has 
been increased to 41-5 lbs., for comparison with the next example. 
Under the same conditions with « = 0, and DH = 0, we find 
laVdP = 18-68, and the tangential component of the steam-speed, 
m =,196-4, giving M = 182 for the same pressure-drop DP. The 
diminution of with increase of steam-speed may appetj .at first 
sight anomalous, but is exactly accoimted for by the increase of 
mean volume from F= 8-097 at 2 = 1, to F= 8-208 at u «« 0, 
owing to the fact that the final value of H is 18-21 less when 2 =■ 1 
than when « = 0. *■ 

The approximate constancy of the steam-spee<i and mass-flow 
illustrated in the above example, depends on the percentage loss 
increasing with obliquity in the ratio of the square of (a - l)/2, 
which gives the nearest approach to constancy which chn be . 
obtain^ on any simple hypothesis for a given pressure-range, 
since both M and m 2 cannot be exactly constant owing to the vmia' 
tion of the mean volume. If the percentage loss in carry-ov«r is 
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independent of the obliquity, the s^am-speed ceases to be inde¬ 
pendent of the blade-speed, and the variation of the mass-flow in 
some oases may beivery considerable. The variAion is greatest 
when there is no loss* in carry-over, or if^rictionless adiabatic flo^ 
ij assumed, as in the discussion of the analogous case of discharge 
through a nozzle. ^ ^ ^ ' 

When the flow is assumed to be fiictioniess, the prqssurS-drop 
for the first ring of guide-blades, starting from rest, is obtained in 
. terms of M by the usual formula for a nozzle. The flow through 
each successive blade-ring after the first is given by the equation, 

aVdP {1 - (1440/18g) (MjX'fVjP) = (!ft - l)u^l2Jg = AW, 

.( 10 ) 

which expresses the fact that the available energy has to supply 
the equivalent of the work done by the chaiige of felative velocity 
from U' at discharge to V at entrance, and the additional kinetic 
energy due to the increase of V with V at eacl^ successive bl^e-ring. 
The form of the equation shows that the mass-flow will reach a 
limit when 

(MIX'f = (18g/1440),P/r {F.P.C.).(11) 

which is the usual expression for the maximum discharge throqgh 
a nozzle in terms of P and V in the throat, where X'= X cos a, 
in terms of the annular area X, neglecting the thickness of the 
blades. This maximum will be reached at the first blade-ring when 
« = 0, if the pressure-ratio exceeds the critical value P"/P'= 0-5437; 
in which case the corresponding value of Jlf for .Y = 858 sq. in., 
or Y'= 291'7, will be 704 lbs./sec. ^ with P'= 164-7. With the 
pressure-drop DP = 41-5 lbs. (less than the critical value), as in 
the last example, the value of M, when m = 0, will be 635 Ibs./sec., 
diminishing rapidly to 269 lbs. at M=41-8ft./sec.,^and to 176lbs. 
at M = 88-6, and reaching a minimum M = 184-2, the same as the 
maximum in the previous example, when z = 1, at tt = 198 ft./sec. 

The wide range of variation of M in this case, from 683 Ibs./sec. 
at « = 0, to 184 Ibs./sec. at a = 1, resulting from the assumption 
of absence of Iots in carry-over, illustrates the importance of this 
loss as aSecting the variation of M with speed; but the condition 
of frietionless ^w differs so widely from that actually obtaining 
in a rAction turbine that the result might be regarded as without 
practical significance. The range of possible variation of M with 
speed is greatly reduced when &«onsUmt percentage of loss in carry¬ 
over is assumed, but the same type of variation still persists to a 
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marked extent even when tl^ loss is as high as 50 per cent. In 
order to represent a loss of 60 per cent., we have merely to add the 
term V"^l4Jg ti the right-hand side of equation (10) for frictionless 
iioiv. Repeating the calculation for the samet pressure-range with 
this addition, we find that M varies with speed from 171 lbs./sej. 
"wlveq li ■= 0, tcijl29 Ibs./sec. when * = 1, and « = 186 ft./sec. If M 
is to Be approxiniately independent of the speed, we are driven to 
the conclusion that the percentage loss in carry-over cannot be 
constaht, but must increase with the obliquity of entrance, as . 
appears probable on theoretical grounds. It is quite possible that 
the effect may vary in- slightly different ways in different cases 
owing to secondary causes which cannot be represented in the 
fundamental equations of flow, but it appears probable that the 
simple assumpt^n involved in equation (1), which greatly facilitates 
calculation, will be sufiieiently accurate for all practical pmposes, 
in the majority of cases, as representing the effect of variation of 
speed on the efficiency. It must be understood that the application 
of the formula is not confined to the case of variation of blade- 
speed at constant pressure. The variation of blade-speed is usually 
accompanied by variation of steam-speed in some of the expansions. 
Ay such variations are taken into account in a simple and consistent 
manner by the proposed method of calculation, which includes all 
primary causes which may affect the velocity-ratio, whether varia¬ 
tions of speed, or pressure, or dimensions, or state of the steam. 

153. Variation of Pressure. In the case of a eomplete 
turbine, variation of initial or final pressure may affeet different 
expansions in very different ways owing to the condition of con¬ 
tinuity of mass-flow; but it will be advantageous to consider first 
the case of a sipgle expansion under arbitrary conditions, in order 
to prove the applicability of the method in extreme cases, which 
are very suitable as a means of testing the formula, though they 
may seldom occur in actual practice. 

To take first a simple case, we may suppose the‘available energy 
to remain constant while the initial pressure P' is varied. If the 
blade-speed u is also constant, equations (1) and (2) show that 
2 „, DH, and /, will be constant, and equation (8^ shows that M 
will vary directly as the pressure-drop DP. If we suppose iA addi¬ 
tion that the initial pressure is regulated by throttling, the initial 
value of H will remain constant, and the pressure-ratio P'/P" will 
abo be nearly constant, in which case the pressure-drop DP will 
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be nearly proportional to the initia^ pressure P', so that M will 
vary as P'. p H' varies (e.g. with Superheat) while P' and P" 
are constant, will increase with H', and M ^^11 diminish. If 
H' increases, while P'lP" remains cons%int, will increase, ari3 

will increase less rapidly than DP or P'. The variation of M is 
readily deduced from the equations for any givenjcase that^ may'’ 
arise, but it is necessary to beware ofeassuming generally that M 
will be proportional to P' if P'lP" is constant. This result is very 
nearly true for regulation by throttling at constant speed,* and is 
of interest as explaining the straighthess of the power-consumption 
line illustrated in Fig. 28, § 123, for that particular case. 

If we substitute z,„= (144M tan ajuX) from (6) in equation 

(8), we obtain 

i>P/F„.= (I)P)VJFdP = ...(12) 

which shows that the proportionality of Af to DP when ^aVdP is 
constant res^s on taking the mean value of F by thecfonflula 
F„'= jVdP/DP at equal intervals of P. It remains to consider 
how far this assumption may require modification in extreme cases. 

If we make the same substitutiop for from (6) in equation 
(1), the equation for takes the form 

/F<iP/F„“= (UiNIgf^') (Mtan a/Z)*.(18* 

which shows that M varies directly as the mean density and as the 
square root of the available energy, which is equivalent to assuming 
that the losses vary as the square of the velocity, the only practic¬ 
able assumption in a case of this kind. It is evident from the 
manner of their derivation that equations (12) and (18) should 
be identical, so that they afford a convenient test of the conditions 
under which (1) and (8) are consistent in extreme cases. 

It hasiblready been shown that, if the blade-ang(ps are adjusted 
by the condition F tan a = F„' tan a,^, equations h) and (8) are 
exactly consistent for all pressure-ranges or values or N, in the case 
of dry steam, because the expansion curve in this case is of the type 
PF= kP^I^^, and requires the mean volume F„'= JFdP/DP. This 
case is of special interest for theoretical purposes, because it is 
easy to imagine the angles adjusted by this condition to secure the 
maximum effim^ncy. But in the case of a given machine, the adjust¬ 
ment ?ould be exact only for a particular pressure-range, so that 
the case in which the blade-angle is constant is of greater practical 
interest in considering the effect of the variation of pressure in 
extreme cases. 
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Wheii the blade-angle constant, the same value of V„' 
affords a sufficient approximation for most practical purposes for 
the normal ran’ge of one expansion, or for a<y smaller range, as 
previously iUustratcd, buf it may be desirable to push the approxi¬ 
mation further in special cases. Neglecting for the moment tlje 
correction fore discontinuity depending on the value of N, the 
appropriate value of v|hen a is constant, is that denoted by 
V„" and given by equation (7), corresponding to equal intervals 
of P/P. The value of in equation (18) has to btf taken at the 

same intervals, but represents the mean of the squares of the 
values of V which is net quite the same as the square of the mean 
value F„". It happens however that the mean of the squares of 
the values of V taken at equal intervals of PjV along the curve 
PV — kP”‘, is »accurately represented by the product V^V^' 
between the same limitii. 

^It follows that equations (12) and (18), or (1) and (3), remain 
consistent also in the'case in which a is constant, provided that the 
appropriate mean values of V and z are employed. The appropriate 
value of in equation (12) is V^'' from equation (7), and the 
appropriate value of in‘equation (18) is and of 

iq equation (1) is zjzj'. The same value of s„, namely z^" corre¬ 
sponding to F„,", is required in both equations (2) and (3), but in 
order to find z„" from equation (1), it is necessary to insert the 
factor zj'lz^'= giving 

z„"»=A'SardPV„"irjZ = q/i'(2 - m) (DPfjZIHPIV). ...(1 a) 

Eliminating zJ'jDP between (1 a) and (8), we obtain the equation 
forM", 

144N (M" tail ajXf^ gfiD(PIV)l{2 - m) .(14) 

Hie y^ue of M" obtained from this equation is thp same as 
that given by equation (8), or (12), or (13), but requires correction, 
as shown by (^3), for the effect of discontinuity of expansion on 
the values of V„' and F„", by dividing M", as given by (8) or (14),^ 
by the square root of the product of the coiTection factors, 

1 4- DVjiNVn' and 1 -f DVjiNV^", which may Usually be taken 
as equal to either factor separately, when the correction is small. 

In applying these equations, the value of is first foimd from 
(1), (2), and (8) in the usual way, which will give sufficiently adcurate 
values of F" and m for finding F„', F„", and deducing the small 
corrections. But, except in extreme cases, the corrections may 
usually be neglected. 
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Another instructive method of ^obtaining equation (14) for 
M", when a is constant, is to write the equation for a single step 
in the form " o ® 

aV^dP - (s/F)* W’^Wg = V (1 + «V2/g,. 

\fhere F„ is the mean value of V required in aVdP, and V" the 
final value for the step considered. The ratio zfV^ is* constanj, and 
proportional to M, as shown by equation (6). The correciion factor 
1 + dFjVm is taken as a sufficient approximation to (F"/F„)*. 
. Transferring to the left side of the equation, and integrating 
dPjVm on the assumption PV = feJP” for the 2N steps of the ex¬ 
pansion, the equation takes a form identiciil with (14) except that 
the correction factor for M" becomes 1 + log, r/4N, where r is the 
^ expansion-ratio. This factor is practically the same as that previously 
given, but is a little less accurate in extreme casesiiThe correction 
factor must be omitted from the value of M" required in equation 
(8). Conversely, the observed value of M must be multiplied Jiy 
the correction factor before insertion in (3) for finding z„" and DH, 
when DP and M are known. 

As a numerical example of the application of these corrections 
in an extreme case, we will take the expansion previously con¬ 
sidered, with X ■= 858 sq. in., Z = 2-480 cals. C., but we toU 
suppose the pressure-range extended from P'= 164-7 (dry sat.) to 
68 lbs. abs., making the logarithm of the pressure-ratio four 
times the normal. We will also suppose the number of stages reduced 
to a quarter, N = 4 in place of 16, the speed u being doubled to 
keep Nu^ the same. The corrections in this case will be about 
twenty times as large as for the normal range, and will afford a 
better test of the accuracy of the method of calculation. Since the 
value of f is unimportant for the present purpose, we may put 
t. The numerical formula for M from (13)kbecomes 

Af*= BSSrSaVdPirj. 

From equations (1) and (2), with a preliminary estimate z •= 4, 
• we find as a second approximation, 

z = 4“l74, DH = 18-22, DaPV = 4-88, 

SaVdP = 48-21, VJ = 4-181, V" = 6-612. 

Whenqp, by substitution of this value for z in (8), with a = 70*, 
we obtain M = 864-2, which is the correct answer for the case in 
which the blade-angles are adjusted by the condition 

V tan a = V„' tan 70*. 
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The same result is obtained fijom (12^ or (18) by putting 

F„'=. 4181, 

^ found above. No correction for pressure-r&ge or discontinuity 
is Squired with this me'Aod of adjusting the blade-angles. The 
„mean of the actual values of tan a for the separate blade-rings will 
not bs tan TO^fbut is readily obtained, if required, from the mean 
of 1/F, sihce (tana)„= tan 70° (1/F)m. where 
(1/F)„=1/F„'+Z)(1/F)/4N*, 

giving (tan a)„= tan 70° (I - 0-0536). If the actual mean value 
of tana were given &s tan 70°, the value of M would require 
reduction by the same factor, giving M = 864-2 — 19-5 = 844-7. 
When z is constant, the values thus obtained will be exact in the 
case of dry steem, because the expansion curve coincides so very 
qlosely with the type PV = fcP™, giving F,„'= jVdP/DP for the 
required value of F,„. They will also be practically exact for saturated 
steam m the present ease, because the actual expansion curve, 
with DH = 18-2, falls only 7 cals. C. below the saturation line, 
so that there would be little change of volume' even if the steam 
did not remain dry and sifpersaturated, as would probably be 
the case in practice. 

For the case in which a is constant, we must substitute F„'F„" 
for F„® in equation (18), and z„'z„" for in equation (1), because 
the variation of z is considerable when the pressure-range is large. 
Using the value of F" already found at P"= 68, with 
m = DaPVIfaVdP = 0-1002, 

we obtain F„"= 8-896 frorfi (7), giving z,„"= 4-058 from (1 o). 
This requires a smaller value of DH from (2), and gives finally, 

= 17 62, /aFdP = 48-29, F„'= 4-J88, 

F" = 6-685, F„" = 3-900, D {PIV)= 49-65. 

With m = 0-0970 (corrected), we obtain M"= 874-8 either from (18) 
or (14), uncorrected for discontinuity of expansion. The correction 
factor 1 + DVjiNVn^ 1-0556, which gives finally 
M ■= 874-8/1-0556 - 855-0. 

The correction factor l-(-log,r/4iV comes to 1-0548, and gives' 
M-855-4. ^ „ » 

It will be seen that the correction for discontinuity becomes 

• D (l/F)=l/7"- 1/F'= -0-2078 (native), ezolnding the initial valne l/F, 
but including the final yidue XfV'*t iu the mean 
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quite appreciable in extreme casei when the pressure-range is 
large and the number of stages smalh but the required correction 
is easy to apply, and the whole calculation is very similar to finding 
the discharge through a nozzle when the^nressure-ratio is less thdB 
tjie critical. It will also be observed that the arrangement with 
z constant is appreciably more efficient than with-ta constatfi: for'' 
large pressure-ranges, giving in the present case a largfer jieat-drop, 
18-22 in place of 17-62. But for the usual range of one expansion, 

. neither the correction for discontinuity nor the differehce of 
efficiency may be expected to exceed a fraction of 1 per cent. 
Both may safely be omitted unless either i.s the subject of special 
investigation. 

154. Step by Step Method. When a is constant and M 
is given, it is comparatively easy to find tlie correct result for any 
pressure range or value of N by calculating each step in succession, 
especially when the number of steps is small. This method fs useful 
and instructive as a verification of the corrections required in the 
case of the continuous integral, but would be unnecessarily tedious 
for practical application, because the separate steps have to be 
calculated to the same order of accuracy as the final result in order 
to avoid cumulative errors. 

Taking the previous case as an example, with eight steps, and 
M = 855, we have for each step the relations, 

faVdP = 0-80064F"* ...(1), DH = 0-810 (2z - 1) ...(2), 
and a = 0-9845F"...'(6). 

The simplest way of performing the verification is to start with 
the final state and work backwards, since F" and a" and DH are 
given for each step in this case. But it is more in^ructive as an 
exercise in interpolation to start with the initial state, because F" 
has to be estimated for each step in advance. 

The procedure is as follows. Estimate F", giving a from (6), 
DH from (2), DaPV or DPF from (9), whence OlogPF. 
Log (P'jP") is tfien found from (1) by writing it in the form 

Dlog P - 0-80064F"» D log PVjDaPV, 

givingftg P andV". F" is then calculated from P" and H— Baa 
verification. If the result differs from the first estimate of F", 
the calculation should be repeated with a second estimate, from 
which the cqrrect result can always be found by interpolation, if 

24 
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&0 mistakes have been made. |Jhe foHowih^taWe the krttuage^ 

ment of the work, but no interpolation was required, except in 
the last step, 'ilhere it was necessary owing tb the rapid increase 
S V", and the difSculty.of estimation. The/irst line of the table 
gives the initial state. The first column gives, first the estimated 
‘ value of V", atid second that found from P" and H — B&t the end 
of the calculation for the (Step. The differences DH, DaPV, and 
D log P, are found with the slide-rule as already indicated, but the 
difference under logoPF is obtained from the difference of the. 
logs of the initial and final values of aPV, which difference must 
be taken to four significant figmes to give sufficient accuracy 
in the calculation of D log P. The differences of P are not required 
in the calculation, but are given to show the rapid increase. 


Table II. 

Step-by-step Method, with eight steps, a — 70°, M = 855, 
X - 858 (F.P.C.). 


No. 

V" 

* 

H-B 

aPV 

% 

log aPV 

logP 

P 

PIV 

{aVdP 

ft 

2-785 


203-64 

47-17 

673666 

21669 

164-70 

69-14 


1 

2-920 

2-875 

1-472 

0-361 

003244 

02368 

8-74 

6-72 

2-662 


2-919 


202-068 

46-819 

670422 

19301 

166-96 

63-42 


2 

3-080 

3-032 

1-670 

0-374 

003483 

02656 

9-24 

6-76 

2-862 


3-078 


200-498 

46-446 

666939 

16646 

146-72 

47-67 


3 

3-270 

3-220 

1-687 

0-402 

003776 

03019 

9-86 

5-83 

3-216 


3-271 


198-811 

46-043 

663164 

13626 

136-86 

41-84 


i 

3-614 

3-460 

1-836 

0-437 

004142 

03519 

10-66 

6-92 

3-713 


3-614 


196-976 

46-606 

669022 

10107 

126-20 

36-92 


B 

3-832 

3-773 

2-029 

•0-483 

004624 

04226 

11-70 

6-04 

4-414 


3-832 


194-946 

46-123 

654398 

06881 

114-60 

29-88 


a. 

4-282 

4-216 

2-304 

'0-648 

008307 

06337 

13-24 

6-22 

6-611 


4-281 


192-642 

44-676 

649091 

00644 

101-26 

23-66 


7" 

4-997 

4-92P 

2-741 

0-662 

006399 

07368 

16-80 

0-66 

7-605 


4-997 

189-901 

43-923 

642692 

93178 

86-463 

17-11 


8' 

6-600 

6-467 

3-719 

0-887 

008860 

13078 

22-221 



6-618 


186-182 

43-036 

633832 

80100 

63-242 

7-62 

13-26'^( 

8" 

6-700 

6-596 

3-870 

0-901 

009001 

13482 

22-807 


6-674 


186-031 

43-022 

633691 

79696 

6?-656 



8° 

6-641 

6-538 

186-12 

— - 1 

43-030 

633771 

79934 

63r00 

9-49 

43-029 


It will be seen that the results agree very closety with that found 
. by the integral method. The final pressure being the same, Sheftaal^ 
volume differs by only 1 in 1000. The differences of PjV are n«aly, 
constant at first, but increase sqpiewhat rapidly towards the ^d;*^ 
The value of F" required for the next step in each case is d^ist 
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readily estainii^ ivomalPVl\PlV), ^ince PV changes slowly. Thus 
to estimate the value required for^the fourth step, the drop of 
PjV was estimatedsas 5'98, giving PjV = 8S'91, Aid the value of 
PV was estimated as iS-Gi/a, giving F* = 9-722 x 4S-61/85-91, ffr 
V “ 8-514, which came out right. The value of faVdP from the 
table comes out 48-08, which is only 0-25 less than that calculated^ 
by the integral method, in spite of thf wide range* of v^uiiation of 
m shown by Table II, from 0-1870 for the first step, to 0-0674 for 
the last step. The percentage error in V^' is the same as tljat in 
faVdP, but that in F„" is somewhat greater owing to the error 
of the assumption that the intervals of P/F are equal. As a result, 
the actual mean value of 2 „" from the table, namely 4-004, is 
somewhat less than the value 4-058 calculated from F^", and the 
actual heat-drop DH = 17-42 is also less than the q^lculated value, 
DH = 17-62, but this makes an error of only 1 in 1000 in the final 
volume, the effect of which on D (PfV) or M is inappreciable. 
Since the integral method is capable of givin|[ a satisfactory result 
in such an extreme case, it is a reasonable inference that it will be 
sufficiently reliable for all ordinary purposes, although it may appear 
at first sight unjustifiable to apply such a method when the 
differences are so far from being infinitesimal. » 

Equation (14) for M does not contain u explicitly, and the value 
of M will be independent of variation of speed except in so far as 
it affects DH and F". But if N is varied while Nu^ is kept constant, 
DH and F" will remain the same for a given pressure-range, and 
M will vary inversely as the square root of N, apart from the small 
correction depending on DVjiN, In this case the limiting value 
of My'N when N is large, depends oiiiy on the pressure-range, and 
the value of M for any value of N may be deduced from the 
limiting %ilue of M-\/N by dividing it by ■s/N and bj the correction 
factor (1 + DVjiNVJ). The limiting value of M-\/N is readily 
obtained from (14), and will give good results in all practical cases; 
but when N is very small in comparison with the pressure-range, 
e.g. ^ = 1, correction DVjiN ceases to be accurate 

because the diJference between the mean volume and the final 
jolurae in each step can no longer be taken as equal to dF/2. If 
iccurate results are required when ^ = 1, it is preferable to cal- 
julafe ithe two steps separately, and is nearly as easy as working 
)ut the values of F" and m by the integral method. The integral 
nethod holds accurately in the limiting case when N is large, and 
dfords a convenient standard of reference for other cases. 

24r-a 



8n PROPEBTIES OF SmSl 


{CB> 


155. Maximum Value of the Discharge AT. Vfhm the 

final pressure is reduced, kee{»ng the initial pressure constant, for 
an expansion of’A^ stages, the value of the diaeharge M reaches a 
dia^imum, as in the cas^ of a nozzle, but ak a much lower final 
pressure, owing to the loss of available energy in work and firietio^. 
‘The curves shpwn in the annexed figure illustrate the variation 
of ibPVithJncrea^e of press^^-drop DP for the cases considered in 



the previous section, taking the initial pressure as 160 lbs. abov| 
atmospheric, or 164-7 abs. Up to a pressure-drop^of 60 or 70 ibs., 
or a presSure-ratio P'jP"= 8 / 2 , exceeding the limit uiiud in 
practice for a single expansion, the differences between difie^nt 
cases when the dimensions are g^wen, rarely amount to so |nu^ as 
I per cent., and are seldom worth considering for ordinary purpo^i 
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Beyond this point the curves begin to diverge, and are of special 
interest fSrom the theoretical standpoint. 

The curves in tils figure are drawn for the dimensions X = 100 
sq. in., a = 70°, and Z =»10 cals. C. Since M is proportional to 
jT/tano, corresponding values for other dimensions are readily 
deduced. The quantity actually plotted in curvest (1) and /S) i^ 
not M, but the limiting value of M-x/Ni when N is large.,The actual 
value of M for any particular value of N is obtained by dividing 
the ordinate of the curve by and by the correctiorf factor 
1 + DVjiNVn when required. The upper curve, marked 1, in the 
figure represents the limiting value of M-yN when a is constant 
as given by equation (14). There is a maximum at a low pressure, 
about 8 lbs. abs., but the values at such low pressures are somewhat 
uncertain owing to the variation of m. The orde^ of uncertainty 
is roughly indicated by the thickness of the line. 

The intermediate curve (2) in the figure represents the e^ct 
of dividing the ordinates of the upper curve bV the correction factor 
1 + DVjiOVy corresponding to N = 10, which has the effect of 
raising the position of the maximum to a pressure of nearly 
80 lbs. abs. The correction for any'other value of N is readily 
obtained by a proportional reduction. The position of the maximum 
is further raised for lower values of N. The pressure at whieh the 
maximum occurs when a is constant is determined by equation (11) 
for the velocity of sound at the exit, and it is of interest to observe 
that this condition agrees in each case with the position of the 
maximum indicated by the application of the correction factor. 
Thus when N = 10, M^N = 90-6 ^ corrected, M - 28-65, and 
condition (11) is satisfied at P"= 29'4 lbs. 

After reaching the maximum, {he discharge would remain 
constant itfor any lower final pressure, as indicated,by the broken 
line in the figure. The Interpretation of the falling part of the curve 
beyond the maximum is the same as in the analogous case of a 
nozzle. The ordinate of the ciurve represents in reality MyN tan a/X, 
and can be em^lbyed for calculating appropriate values of M, X, 
N, or tan a, to suit given conditions for any pressure-drop, with 
the same initial state and value of Z. 

The value of^ = Nu*IJg, makes comparatively little difference 
to the.’^ult for M. The value Z => 10 cals. C., may be taken as 
representing the case of a turbine of Ugh speed and efficiency, just 
as the value Z •=> 2-48 cals. C., stUten in the previous example, 
represents the case of a slow-speed marine turbine in which the 
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efficiency or tne turbine itself is sacrificed to accommodate that qf 
the screw-propeller. As an illustration of the effect of Z on M, we 
may employ thb curve for Z = 10 to find Afflbr the data of the 
previous example with 68) ^ = 888 im place of 100, and 
Af«» 4. The ordinate of the limit curve at DP = 101-7 is 88-9, whic^ 
taust^be multiplied by 8-58/2, giving 879 as the uncorrected value 
of M. Thf correkion for Ifi = 10 is 2-2 per cent., giving 6-5 per 
cent, for AT = 4. The corrected value of M is 859 with Z = 10, 
whereaS the value previously found with Z = 2-48 was JIf = 855. . 
The difference is due to the lower mean density resulting from the 
smaller heat-drop at the lower value of Z. 

The curve marked 3 in the figure represents the variation of 
MyW with DP for the case in which the blade-angles are adjusted 
by the conditifln F tan a = F„' tan 70°. The divergence of this 
curve from the limit curve 1 for a constant is negligible at DP = 65, 
and amounts to less than 1 per cent, at DP = 90. The difference 
between curves 1 and 3 corresponds with the difference between 
F„" and F„', which increases rapidly at low pressures. The value 
of M for any given N is obtained by dividing the ordinate of curve 
8 by -y/Al, but the correction factor 1 4- DF/4A^F„' is not required , 
if,the angles are adjusted by the given condition. The maximum 
in this case occurs at the same point, P'= 39-1 or DP = 125-6, 
for all values of N, and is determined from equation (12) or (18) 
by finding the position of the maximum value of DF/F„', or 
DP^IfVdP, whidi gives the simple condition F"= 2F„' for the 
relation between the final volume and the mean volume when M 
is a maximum. Condition (11) for the velocity of sound does not 
apply in this case, because by hypothesis the discharge angle a 
is reduced, increasing the aperture at exit, whenever the final 
prwsure is redpced. The cross-section of the throat is nofeconstant, 
but is a function of the final pressure. Except in the case AT = 1, 
the velocity of sound cannot be reached until after the maximum 
detei lined by (12) or (18) is passed. 

For very small values of A1 the result may be appreciably 
affected by different assumptions with regard to ^he distribution 
of the losses between blade-friction, carry-over, etc. The value 
/j'- 1, token in the present calculation, is equivalent to supposing 
that the energy required to make up for blade-friction, Snd ffir 
the acceleration of the axial component V, is supplied by ene^ 
carried over fixim the previous stage, since by equation (1) the 
Whole of the available energy aVdP is expended in the tonfehUal 
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component m when^'- 1. In practice any such losses are included 
in the value otfi determined experiA^tally, and it is inexpedient 
to attempt aiiy further analysis. Since the steam /must always be 
moving with at least (he aj^ropriate axial velocity at the beginning 
of each-expansion, the assumption refiresented by equation (1) 
is justifiable provided that the pressure P' is measured at the* 
beginning of each expansion, as Would usually be the case^ espedially 
if the number of stages is reasonably suited to the pressure-range. 
The cases in which N is smaU and DP large are of little praeticm , 
importance, but it may be worth while to take the maximum dis¬ 
charge with jV = 1 as an illustration of tlje limit of error of the 
correction factor 1 + DVjiNV^ in the most extreme case possible 
in practice. 

The curve marked 4 in the figure represents the application of 
the correction factor 1 + DVjiV„ for the case N = 1 to the limit 
curve 1, and shows a maximum AT = 73 at DP — 95. The step- 
by-step method (with two steps) for the same case gives tiie ciflVe 
marked 3 with a maximum M — 71'4 atfiP — 87, with F"= 5'14, 
satisfying condition (11) for the velocity of soimd, which is not 
exactly satisfied by curve 4. Otherynse the agreement of the two 
curves is surprisingly close. 

Although such extreme cases as are here considered cannot 
occur in the ordinary running of a turbine, they afford useful 
illustrations of methods of calculation, and show that the simple 
equations (1), (2), and (8) are fairly trustworthy for ordinary 
purposes. The equations for the separate expansions can be utilised 
in actual tests by observing the pressures at intermediate points, 
which no doubt is frequently dond though the results are too 
illuminating to publish. It would be Comparatively easy to test 
the effects of variation of clearance, of modifications in the form 
of the blades, and of many other details of conslniction, which 
cannot be investigated satisfactorily without a reasonably simple 
theory including all the primary factors on which the effects depend. 

From the point of view of the present work, the most interesting 
effects would be those depending on the change of state of the steam, 
which still remain obscure, but could be greatly elucidated by a 
well designed ^series of experiments. There is already a strong, 
presuiription tlfct the steam will not follow the state of saturation 
as generally assumed, but will remain practically dry and super¬ 
saturated until a certain limit^s reached. The actual position of 
tl^ limit is still uncertain, but it would in all probability be clearly 
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indicated D 7 tne pressure observatfens in conjunction with the 
known dimensions. Beyond khis limit the theory is less certain, 
but the effects (if initial superheat appear to ^ow fhat a marked 
•degree of supersaturation persists in rapid expansion. This would 
probably produce secondary effects on the flow, as explained in 
^Chapter XVI, which do not appear to have been anticipated, and 
require further experimental tests for their proper elucidation. 

The caW which most commonly occurs at low loads in the later 
stages and expansions, is a great reduction of the pr«sure-drop anc’ 
of the velocity-ratio. A comparison of the observed and calculated 
values of the pressure-^rop in such cases would afford a severe test 
of the applicability of the present theory, but there do not appeal 
to be any published data directly bearing on this point. 



CHAPTER X 7 


APPLICATION OF THE ANALYSIS TO A 
COMPLETE TURPINE 

156. Application to a High-Pressure Turbine. Equations 
(1), (2), and (8) can be applied -without modification to a complete 
turbine, provided that is nearly the same for each expansion, 
as is usually the case imder normal conditions of running. For this 
purpose it is necessary to know the speed and dimensions so that 
the values of the energy-constant Z — Nu^/Jg, end of the expansion 
constant Z'== Nu tan ajX, can be found ibr each expansion. By 
adding the equations for all the expansions^ as indicated^,by the 

sjnnbol of summation S, we obtain for the whole turbine, 

• * 

Available energy, /aPdP = (sio*//i') .(1) 

Heat-drop, SDH = ff, - :±= {2z^ - 1) SZ/".(2) 

Pressure-drop, SDP (Mz^lgfi) SZ'.(8) 

where Zq is the mean value of z„,. 

These equations may be employed in various ways, according 
to the data available and the object of the investigation, either 
(1) for finding the efficiency and leakage constants from experi¬ 
mental tests in which the heat-drop, pressure-drop, and mass- 
flow, are observed, or (2) for estimating the probable Variations of 
power, consumption, and efficiency,’ under different conditions 
of running, when the efficiency constants are known, or (8) for 
choosing suitable dimensions in designing a machine for any 
particular purpose. ' 

In experimental tests, it is always desirable to observe the 
pressures at points intermediate between the several expansions 
as a check oh the state of the steam, and it may be necessary to 
calculate each expansion separately if the variation of z„ becomes 
excessive. When sufficient data are available, it is possible to find 
the syftematic -variation Of / from one expansion to another, but 
-when this is not the case, some allowance can be made for the 
probable variation of/by assuming a formula of the type 1 — i"/« 
fot/" as pr^opsly suggested, and finding the average value of I" 
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5rom equation ( 2 ) when the whole h%at-drop is known. It is also 
possible to represent the effict of leakage on the mass-flow by 
inserting a similar factor 1 — /'/(e in equation ( 8 ) from which V 
may be found if/j' is known and JIf is observ^. It seems probable 
on theoretical grounds that 1' should be less than I" in the ratio 
■of 2 to 8 nearly. Both can be found if this ratio is assumed. 

it is of interesft to compare these equations with rules commonly 
employed in design, such as those given in Engineering, Dec. 18, 
1907. Such rules depend in the main on assuming'^ normal type 
of blade, and a suitable value of the ratio of steam-speed to blade- 
speed for the purpose ijequired. 

Humber of stages. A rule commonly given for finding the 
eguiyalent niunber of stages N, for a complete marine turbine in 
terms of the diameter D of the H.P. rotor, is 

N,'^ X WID‘R^ .(4) 

where B is the diameter in feet, and B the revs./min. The equivalent 
nqmber of stages, allowing for variation of u in different sections 
of the turbine, is defined by the condition, 

= "LNu^ where «!= jrDB/60 ft./sec.(5) 

llhus, if the diameter of the L.P. rotor is -y /2 times that of the H.P. 
the acttud number of stages on the L.P. rotor will be about half 
that on the H.P. if the power is to be equally divided between the 
two. 

Equation (1) of the previous page may be written in the form 

N.= (SiV«»)K ^ JgA'SaVdPlirrZoDRleor .(6). 

ir^ch, with 0 - 888 , reduces exactly to the rule above given, 
if-the available energy appropriate to the usual pressu^-range is 
taken as 840* B.T.U. with J = 778, provided that 85 = 2-25 is 
assumed as a Suitable mean value of the speed-ratio, corresponding 
nearly with an initial vsdue 2 for each expansion. It is justifiable 
to treat the available energy and Zg as constants in a particular 
case of this kind, but the general equation ( 1 ) has the advantage 
of lowing how the numerical value of the constant must be 
modified to suit any other pressure-range, or velocity-ratio, or 
condition of the steam. '' e 

Steam-Speed, With N, defined as and the smne 

(but not necessarily 2-25) in all t];e expansions, the tiaction NffN, 
of the whole energy is available in the first expansion cantaiMiif! 
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Ni stages. Equation (1), appbed to the first e^ansioh, gives for 
the mean exit velocity O,' of the ste^ from the blades, 

Ui'^z^Uil^naAjgfi!aVdPIN.sm»aYl*=:m%IN,^l*, ...(7) 

njiich is independent of u or s separately. The numerical value ' 
2918 for the constant assumes the whole available, energy to • 
840 B.T.U., but the constant evidently varies aS'the sijuare root 
of faFdP. This numerical formula is commonly quoted with the 
.value of the constant 2700 or 8000 according as the expansion 
ratio is less than or greater than 64 (Sothem, Marine Steam Turbine, 
p. 60), but it seems better to take the constant proportional to 
HaVdPflo. 

The chief difficulty in finding examples for the application of 
these equations lies in the scarcity of suitable published data. The 
majority of tests give only the speed and consumption, in relation 
to the initial state and final pressure, without any details of di¬ 
mensions. Oi« the other hand, many details of dimensiorfS exist, 
but these are usually more or less incon»plete, and corresponding 
tests of performance are lacking. In the case of marine turbines, 
there are great difficulties in the way of obtaining reliable observa¬ 
tions of consumption and power, and there is often little or no 
indication of the manner in which the results were estimated, or 
of the order of accuracy to be expected. For this reason many of 
the following examples must be taken rather as illustrations of 
methods of calculation, which could be applied if complete details 
were available, than as definite results of experimental tests. 

As an illustration of some of these difficulties,' we will take one 
of the trials of H.M.S. Dreadtwught, which was the subject of many 
tests as being the first large battleship to be fitted with turbines. 
There we^ two complete turbines, port and starboarf, each divided, 
into two parts, H.P. and L.P., driving fom shafts in all. The total 
steam was estimated from the feed-pump, bdt part'was employed 
for driving auxiliaries, the exhaust from which in some trials was 
■ taken through part of the L.P. turbines. 

In one of tlfe full-speed trials, the steam to the main turbines, 
excluding auxiliaries, is given as 856,000 lbs. per hour, equivalent 
to Jlf » 49'45 Ibs./sec. for each H.P. tiubine, rotor 68" diam., 
giving* A = 189* sq. in. for the first expansion, with as = 7/8". 
Neglecting leakage, and taking 2*78 at the exit of the first 
blade-row with effective aperture; O-SA, as given by SotherU' 
(Marine Sfeam Turbine, p. 60) for normal blades, we shoidd find 
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17'-• 860ft./seci for the initial steam-speed, with.u » 06*8 blade- 
speed at 822 revs./min., giv^ 8*72 for the ratio Vlu, and 8*6 for 
the initial valuf > of or 4-0 for the mean value iii the first expansion.- 
High values of the speed-ratio are often ascribed to battleships on 
the ground of similar cklculations, but would generally lead to 
*imTOssible values of the available energy and incredibly low eifi- 
ci(^ies. For thiS reason it ^ usually better to deduce * and M from 
the availa'ble energy, by equations (1), (2), and (8), which give quite 
a different result in the present case. 

H.M.S. DreodnowgA/, 1906. Full-speed Trials. Starboard turbine. 

Boiler pressure, 24f lbs. (gauge), condenser vacuum, 27 inches. • 

H.P. receiver pressure, 157*3 lbs. (gauge), L.P. receiver, 7*7 lbs. 
(gauge). 

H.P. turbiifc, 4795 shaft horse-power at 822 revs./min. 

L.P. turbine, 7430 sHaft horse-power at 387 revs./min. 

• H.It. rotor, 68" diam., with 6 expansions, each of 12 stages. 

L.P. rotor, 92" diam., with 6 expansions, each of 6 stages. 

The rule above given for the equivalent number of stages leads 
to N, = 144 at 845 revs./min. and D — 68", giving 72 stages for 
the H.P. rotor and 86 for the L.P., since the mean diameter of * 
t6e blading is very nearly in the ratio 1 to \/2 for the two rotors. 
The blade-heights are selected to the nearest 1/8" to form a geo¬ 
metrical progression with a common ratio \/2, the annular area X 
of the first expansion of the L.P. being nearly the same as* that 
of the last expansion of the H.P., because the steam velocity is 
increased in the ratio of t))e increase of diameter. The blade-height 
is the same, 11", in the last three expansions of the L.P., but the 
value of tan a is taken a£ 2*747 for normal blades in the fourth 
explansipn, 1*948 for semi-wing blades in the fifth, and^l*874 for 
wing blades in'the last, being reduced in the l/-v/2 ratio for each 
«pansion in place of increasing the blade-height. The blade-heights 
are given in the following table, in inches. 

Expansion number 1 2 3 4 *5 6 

H.P. turbine J 11 If 2i 6 

L.P. turbine 3| Sj 7| 11 11 11 

From which the values of thfe constants Z and Z' for each 
expansion are calculated at the above given spteds. Thai sums 
required in the equations are, 

iZ iZIx SZ' Sl/a 
H.P. turbine 16*68 8-TO 60*18 3*40( 

L.P. turbine 17*42 2*38 6*94 0*76f 
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The sums of Z/te and 1/ts am onployed for estimstmg the effect 
of tip-leakage on the heat-drop and Iqass-flow as; explained below. 
Neglecting le^age %nd receiver-drop in the firsis instance, and 
assuming the state qf satisration throughout the expansion, with 
t^e initial state dry saturated, we obtain the following approximate 
results for the H.P. turbine. , . , < 

Estimating DH as 64 cals. C. we f^d jaVdP = 88-65 for the 
given range. 

From (1), V = 0-888 x 88-66/16-68 = 4-902, z# = 2-281, 

2*0 - 1 = 8-468. 

From (2), DH = 8-468 x 15-68 = 64-88 ^(neglecting leakage by 
omitting/"). 

From (8), M = gf^'x 149-8/2-284 x 60-18 = 88-18. 

Whence HP =■ 2-5i5MDH = 6247.. , 

Similarly for the L.P., with DH =* 59, we find jaVdP — 95-44. 

From (1), V = 0-888 x 95-44/17-42 = i-m, = 2-199, * 

2z„- 1 = 8-898., 

From (2), DH = 8-898 x 17-42 = 59-20 (neglecting/" as above). 

From (8), M = gf/x 20-9/2-199 >4 5-94 = 45-46. 

Whence , HP = 6846. 

tfv 

Owing to leakage through the H.P. dummy, we should expect 
the flow through the H.P. turbine to be less than 49-46, namely, 
half the total feed to the main turbines, but the difference is 
exaggerated by the neglect of tip-leakage. In spite of the low value, 
M = 88-18, the power for the H.P. turbine comes out too high, 
6247 in place of 4796, because the heat-drop is too large, owing to 
the neglect of receiver-drop, and tip-leakage. In the case of the 
L.P., the apparent flow, M »= 46-46, is fiiuch larger than for the H.P, 
owing partly to the auxiliary exhaust, which was ^timated at a 
total of 27,400 Ibs./hour, or 8-95 Ibs./sec. for each turbine, anc( 
partly to the excess of H.P. over L.P. dummy-leakaj^. On account 
of the uncertainty of the feed measurements and the absence Of 
information witbregard to the equality of distribution between the 
port and starbdard turbines, no great stress can be laid on the 
observed values of M. But the calculated values for different 
conditions will»be relatively correct, and may prove instructive 
as illuiitrations the effects of tip-leakage and supensaturation. 

It would evidently be desirable for accurate tests to measure 
the actual pressures at the flisteand last rows of blades, because , 
the correction for receiver-drop necessarily depends on the ananne- 
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the equations. The drop between the last row of blades on the 
H,P. and the flfrst row on the L.P. is commorfy estunated at 5 per 
Wnt. of the absolute pressure in the L.P. jfeceiver, but is often 
larger. For the present pWpose we will take the drop as 8 per cei\;t. 
»tq OT from ea<jh receiver, and 7 per cent, to the condenser, giving 
lOThis. for the Initial pressure and 28-1 for the final pressure on 
the H.P. turbine, with 21 •? and 1-6 for the initial and final pressures 
on tho L.P., but the low pressures are generally uncertain. 

If the calculation is repeated with the pressures as above cor¬ 
rected for reeeiver-drqp, but otherwise on the same assumptions, 
neglecting the efiects of leakage and supersaturation, we obtain 
for the two turbines. 


H.P. Zo 2-1^8, DH = 5812, M = 8718, HP = 5028. 
L.P. Zo = 2-160, DH =i 57-88, M = 44-58, HP = 6552. 


. AU^the values are necessarily reduced by receiver-drop, the 
loss of power amouAting to nearly 5 per cent., but in spite of the 
low value of M, the power for the H.P. turbine is still higher than 
the observed value. The difference between the values of M for 
the two turbines remains nearly the same, and is very large as 
compared with the difference between the values of z^, which differ 
by less than 2 per cent, in the opposite direction. 

Seeing that the difference between the mean values of z„ for 
the two turbines is so small, it might naturally be expected that 
the value of z„ would be nearly the same for all the expansions 
throughout each turbine. If z,„ were the same throughout, since 
ujX «= B/720a!, we observe that the pressure-drop in each expansion 
would be proportional tol/x by equation (8), so that the pressures 
would form a geometrical progression in the inverse ratio of the 
bl^e-heights.<^ But then the energy available in each ^'^xpansion 
jWould vary qparly as PV, showing that the values of z^ could 
not be the same for each expansion in the absence of leakage. 
Taking M = 87-18, as found above for the H.P. turbine, it is easy 
to calculate the corresponding vtdues of z„ and PP for the first 
and last expansions. The values are. 


Lea^pge neglected. 


First expansion, z,„= 2-65, DP = 68-1 
Last expansion, z„= 1-85, DP = 7-i 
showing a considerable range of variation of z^. The values of 
.ZIP, taken as proportional to Ijm would be 48-4 and 8-46 respec¬ 
tively. Neglecting leakage and assuming a » 70° (constant), 
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F" to V is only 6. A lower final presii^ would give a more neariy 
uniform value of Sm,4but the effect of tip-leakage, vihich is greatot 
in the first expansion^d least in the last, reduces the actual rar^ 
o{ variation of a„, to such an extent that it cannot be neglected in 
this connection. 

157- Effect of Tip-Leakage, in. order to estimate this 
effect, we may suppose that the acceleration of the ieaking*steam ' 
is mainly in an axial direction, or that the tangential component 
of its velocity is unaltered, while the axial fM)mponent is increased 
from U to V sec a by the available energy f^'aVdP at each blade¬ 
ring. If I is the leakage clearance, the mass-flow of the leaking 
steam is represented by (//*) sec a (C/A/144F), which will be near 
enough to represent the mean of the leakages, under the fixed blades 
and over the moving blades, if i is the mean clearance, and if X 
is calculated from the mean diameter, 12 D + «, of the bldde-rihg 
in inches, where D is the diameter of the rotor in feet as in (4). 

If there were no leakage, we should have the usual relation 
M = VXjXiiV. The increase of Af*due to leakage for a given 
pressure-drop, is represented by the fraction (l/x) {sec a — 1), 
which may be taken to be the same for each blade-ring in any one 
expansion. Similarly the reduction of DP for a given value of M, 
may be represented by introducing the divisor 1 + 2llx (taking 
sec « = 3 for normal blades) in the value of Z' on the right hand 
side of equation (3), which has the effect of simply substituting 
a 21 for «in the expression for Z', or Z". 

The effect of leakage can be inv^tigated separately for each 
expansion when sufficient data are available, but, if only the whole 
pressure-^rop for the rotor is given, we can still obtain a mean 
value of 1 , corresponding to the ideal case in which the clearance 
is uniform when^’the machine is hot, ' 

Since the effective length of the blades is reduced by I, while 
the mass-flow is« increased as though x were increased by 21 , the 
ratio of the working steam to the whole steam will evidently be 
given by the fraction (I — l/a!)/(l -I- 2l/x) for normal blades. This 
correction factor may be supposed induded in the value of/" on 
the rijj^t hand lide of equation ( 2 ), according to the definition of 
the reaction efficiency, XI, §126. If 1 is small and nearly uniform, 
we may substitute (1 — Sljx) &>t the correction factor in each, 
expangian, ap that the factor for the whole turbine becomes^ 


1 reqtiires sm expansion ratio of 9, whereas the actual ratio of 
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1 - 812) <Z/ii;)/SZ, which gives a simple equation for finding I if 
DH is known. Conversely if^is to estimate the effect on DM- 
of assuming different values of the dearuice. 

■^.In applying the correction for leaka^ tp a complete turbine, 
it is in all cases preferable to observe the pressures at the inter- 
'•me^ate poin^ between the expansions, and to work the results 
for each expansion separately; but, if only the initial and final 
pr^sures are available, as in the present example, a preliminary 
approximation may be obtained in the following way. Equation (2). 
presents no difficulties, because the values of DH and Z are nearly 
the same for each exp^sion, and the equations can be added, even 
if is not quite constant, without introducing material errors in 
the. mean. But, in equation (8), the values of DP and Z' vary 
widely from one expansion to another, and the summation cannot 
be performed satisfactcpily by substituting the factor 1 — 21/® for 
the divisor 1 + 2l/a, which is the usual method of approximation 
ini such cases. Transferring the correction factor 1;+ 21/a to the 
left hand side, and substituting E/720® for ujX, equation (8) for 
each separate expansion takes the form 

{x + 21) DP = MzJR tan aNj720gfi.- . (8) , 

la adding the separate equations, it will often be permissible to 
make the approximation HaDP — xJLDP, where l/®„ is the mean 
of the values of 1/®, if JV is the same for each expansion, as in the 
present example. If the values of >1 are different in different 
expansions, we have for the equation 

2)M/®„ = N^Xi + NJXi + iVs/®, + etc.;.-.....(9) 

The sum of the equations for the separate expansions will be 

(®„+ 21) SDP = Mz^ tan aSN/72Qgfi', ..(10) 

in which TiDP^s the whole pressure-drop for the tuibin^, and JIN 
is the whole number of stages. The equation in this form is con¬ 
venient to us^, and will give fairly good results for the effect of 
leakage on the mass-flow, provided that 1/® is small, and that 
does not vary greatly. The value of M thus found can be verified * 
by calculating the pressure-drop and z„ for each ^pension. The 
same equation can be employed, if M is known, to find the mean 
effective value of 1 for the turbinei if a constant yalue of tan a 
is assumed. But in all such comparisons it is necessary to bear in 
mind that there may be accidental or intentional , vanations of 
tan a, which will alter the effective values of ®, as in the. ca^ of 
the wing-blades in the L.P. turbine. '■ 
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From the above investigation we arrive at the comparatively 
simple result that the mass-flow through the whole turbine for a 
given pressure-drop will be increased by the efleat of tip-leakage 
in the ratio 2Z)/|p„ where is the mean effective blade-hejght 
^ above defined, and t the leakage clelirance. But this assumes 
that z„ remains the same and is nearly uniform throughout that 
turbine. In point of fact there will be a small increase in the mean 
value of for the whole turbine in consequence of the reduction 
of DH, which is easily found from equations (1) and (2); and there 
will also fee a change in the pressure-distribution and in the varia¬ 
tion of z„, because the pressure-drop will l)e reduced in the earlier 
expansions and increased in the later if the whole pressure-drop 
remains the same. 

For the H.P. turbine in the present example, we have 
Sl/« = 8-400, with 6 expansions each of 12 stages, giving 
6/8-400 = 1-765. Taking 1 = 70 mils = 0-070", as a probable 
mean clearance over the blade-tips for a turbine of this si4», M'is 
increased by tip-leakage in the ratio 1-905 to 1-765, or from 87-18 
to 40-18, which 4s about 8 per cent. The simidtaneous reduction of 
the heat-drop from 58-12 to 47-20 increases the mean value of 
Zm only from 2-194 to 2-204, giving M = 89-95, in the case of 
saturated steam. It will be seen that the change of both M and 
DH is considerable, but that the two are nearly independent of 
each other. The reduction of efficiency, depending only on DH, 
amounts to 11 per cent. The horse-power is reduced from 5028 to . 
4800, agreeing closely with the observed value 4796. 

The effect of tip-leakage on the pressme distribution in the 
present instance is to make the pressure-drop per expansion much 
more nearly proportional to !/»tharf could possibly be the case in 
the‘absence of leakage, as previously pointed out. The effect on 
the first eicpansion is considerable, reducing the pressure-drop from 
58-8 in the abSence of leakage with M = 87-18,* to 48-6, with 
I = 0-070" and Af = 40, in spite of the increase in M. The value 
of z„, for the first expansion is simultaneously reduced from 2-65 
to 2-88. It is eSsy to calculate the expansions separately when the 
value of Jlf is known. 

It must be admitted that the effects of tip-leakage in tte 
earlier^npansiofes when the blades are short may introduce some 
uncertainty in the results, but this only makes it the more necessary 
to have a simple and consistent theory for comparison with observa¬ 
tion, The method above given appears to be the simplest that can 

o.a , 25-,' 
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be devised. Most authorities are agreed in takin^he ratio of the 
working steam to the wholf* steam as 1 - J/® to 1 + 2//«, when 
the annular area factor is 9, for each blade-riCig, whether fixed or 
moving. But since the leaking steam cannot, contribute anytl\{ng 
in either case to the impulse or to the reaction, it might appe^ 
»at, first sight though the loss of efficiency should be doubled.^ 
Morrow (Im. cit.i'p. 76) tak^ this view on slightly different groim(i||, 
and gives the effective proportion of the working steam as being 
< (1 — 8f/®)/(l + 81/®), which makes the loss of efficiency twice <fas 
great as the expression (1 - l/®)/(l + 21/®), in the limit when 1/® 
is small, and which leads to improbable results when 1/® is large. 
To take an extreme case, when 1 = ®/2, the latter expression wojild 
reduce the efficiency to a quarter of the maximum, which is noj 
unreasonable, but Morrow’s fraction would make the eflftcienc|* 
negative, whereas it is evjdent that there would still be some balance 
of useful work. Apart from secondary effects, which are difficu^' 
to estiiiiate, it may be admitted that the steam leaking under the 
fixed blades could not add much to the reaetion on the previous 
ring of moving blades or to the impulse on the succeeding ring, 
but the energy acquired by the leaking steam, being mainly in a|^ 
axial direction, is carried over, and tends to increase the reaction 
on leaving the next moving ring. Similarly the steam leaking over 
the moving blades may contribute little or nothing to the impulse 
or reaction on the moving blade-ring itself, but the energy acquired 
in leaking is added to the energy of discharge from the next ring 
of fixed blades. The fraetion (1 - l/®)/(l -I- 21/®) appears to be of 
the right order of magnitude to represent the relative drop ii| 
efficiency, giving (1 - Ijx) for the relative drop in power, and, 
although the absolute ma^tude of I may be imcertain, the theory 
can hardly faif to give useful comparative measures of l)ie effects 
of leakage when combined with experimental tests. 

158. Calculation for each Expansion in Succession. 

The results for each expansion are of special interest when the 
intermediate pressures are observed, because the^' tend to throw 
light on the state of the steam and on possible variations of blade- 
angle, or clearance, or mass-flow due to by-pass or leak-ofl from 
the dummy. In the absence of observations of iiitermediafe pres¬ 
sures, the best that can be done is to assume uniform values of I, 
tan a, and M, in the calculatien of the pressure-distribution. 
The calculation will be made in the present case for the HJ. 
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turSine on tl^ ftssiunption that the state of the steam is diy and 
supersaturat^ throughout, which iS .possible, because the steam 
does not quite leaXh the Wilson limit. But owidg to the great 
extent of the bladf-surf&ce in the later expansions, and .the 
uncertainty of the limit at high pressures, it is very likely that 
, condensation would set in before the last expansion was reached.' 
35iis would be indicated, if the interm^iate pressures were avail¬ 
able, by a marked change in the pressure-drop as compared with 
tfaUt calculated for dry steam. It is probable that the steanf would 
remain dry in the present case for the greater part of the expansion, 
but even if the values for the later expansions may not correspond 
with the actual facts, the calculation will be instructive as an 
illustration of the method of working out successive expansions. 

’ ■ The calculation for each expansion in the present example starts 
with a preliminary estimate of an^ DP from equation (8), With 
M ~ 40 and I = 0-070", giving the numerical relation 

{x + 0-140) DP = aO-TSzI....(11) 

Thus taking *„'= 2-40 as a trial value for the first expansion, we 
jhave DP = 49-06 from (11) with x = 7/8", and DH = 7-20 from (2) 
mth/"= 1 — 0-210/a!, whence zj'— 2-891 from (1), which suggests 
z„ = 2-88 for the solution. When M is given, the correct solutiOh ■ 
for z„,, as previously remarked. Chapter XIV, § 150, differs from 
the result of the first calculation of z„" from (1) by nearly the 
same amount as 2 „" itself differs from the first trial value z„' 
assumed in (11), provided that the pressure-drop is small; but it 
lis useful to have a more accurate rule for estimating the correct 
solution from the result of the first trial when the difference is large. 

Rule. To find the correct solution from the first trial, multiply 
the difference zj'— zj by 0-2nDPjP", divide by 

log (P'/P") - Q-iVTDPjP", 
and add the result to z„", with due regard to sign. 

This rule is easy to apply because the required factors DP, P", 
and log {P'jP"),°axe obtained in the first trial to a sufficient degree 
of approximation,’ but it is necessary that the trial calculation 
should be made to the limit of accuracy required in the final result; 
and that the trial estimate of zJ should be within 2 or 8 per cent., 
to get'ihe final result to 1 in 2000 without repeating the calcula¬ 
tion. Thd numerical factor 0-217 is half the modulus of common 
logarithms, 0-484, log (P'/P") bdng taken from a table of common 
logarithms to the base 10. The rule is based on the assumption 
■ ■ . * '25-2. ^ '/■ 
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that /aF«iP, being equal to aP„F„log.P7P", varies nearly as 
log {P’/P”), since PF changpS slowly. The rule has the advantage 
of showing inufiediately if the value of M as^med in (8) exceeds 
tK&< limit of possible solution, since the mradmum value of M 
corresponds to the condition log {P'jP") = 0’217DP/P"i veiy 
'heariy- f 

As an, example of the,application of the rule, if we assume 
2-40 for the second expansion, with x = l'25",.and P'— 118-4, 
we find from (11) DP = 85-79, P"= 82-61, log (P'/R") - 0-16682, . 
and 0-217DP/P"= 0-094. Equation (1), with Z = 2-522, and 
aP'F'= 45-58, gives z/'= 2-872, showing a difference 
zj'- z„'^ - 0-028, 

whidi (by the above rule) when multiplied by 0-094/0-062, gives 
— 0-042 to be'added to 2-872, leaving 2-380. The final value, 
z„ = 2-880, when tested' is found to be correct to the last figure, 
and giu.es DP = 84-74, P"= 88-66, from (11), DH =,7-68 from (2), 
whence DaPV = 1-82, and aP"V"= 48-76, as required for the 
initial state in the next expansion. 

The results for the sev^al expansions with Af = 40 are as 
follows. ' 


Table III. 

H.P.tm-bine. M = 40,P'=167,D'=668. State, dry supersaturated. 


No. 

laVdP 


DH 

/ 

DP 

P" 

xDP 

aP"Y" 

1 

16-98 

2-378 

7-12 

0-446 

48-60 

118-40 

42-6 

46-68 

2 

16-61 

2-330 

7-68J 

0-496 

34-74 

83-66 

43-4 

43-76 

3 

18-44 

2-309 

8-14 

0-628 

26-34 

68-32 

44-4 

41-86 

4 

14-47 

2-212 

8-20 

0-666 

17-40 

40-92 

43-6 

39-95 

5 

13-57 

2-112 

8-16 

0-600 

12-03 

28-89 

42-1 

38-06 

' 6 

11-48 

1-902 

7-6? 

0-660 

7-68 

21-21 

38-4 

36(32 


86-45 

2-206 

46-81 

0-642 

2DP 

= 146-8 

42-38 

10-97 


The last line gives the sums and means. The last column gives 
,the values of aP"V" reqtiired in the calculation, and DaPV for 
the whole turbine. The small corrections for the ditference between 
V„' and F„", and for discontinuity, are here neglected, because 
they are nearly equal and opposite as explained in the last copter, 
,;:*§148, _ _ _ , 

If the final pressure P" is given, there is a considerable advent!^ 
' in working the above method bftckwards, starting with the last 
expansion* especially if the flow through the last expansion 
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proBches the limit of dischs^. The final pressure cannot in any 
case be determined satisfactorily fetm the mass-flow, because M 
is nearly independtnt of the fmal pressure, in Wie majority of 
practical cases, for ^ complete turbine. Moreover the rule above 
given for finding the correct value of z„'tot each exptmsion from 
the result of the first trial estimate, works more accurately b^ckxr 
wards than forwards. To work the nile backwards, when P" is 
given and P' is sought, it is merety necessary to' substitute 
O-inDP/P' in place of O-inDPjP". This has the advantage that 
the correction to z„" is always smaller than the difference z„"— z„' 
instead of larger, so that the work is mor? accurate. Moreover a 
considerable error in the estimated value of the final pressure for 
the whole turbine will make very little difference to the value fqund 
for the initial pressure, if the value of M is nearly right; and the 
trial value of M, if uncertain, is readily corrected for small errors 
by the consideration that it will vary nearly as the square root of 
P'lV. 

When the initial and final pressures are observed for each 
expansion in addition to the mass-flow for the whole turbine, equa¬ 
tion (8) serves for determining the probable value of (« -f- 22)/tan a 
for each expansion separately, if I and a are not assumed to be 
uniform throughout the turbine. The mean value of I can be in¬ 
ferred independently from equation (2) if the heat-drop for the 
whole turbine is known. There will always be a margin of uncer¬ 
tainty in deducing small variations of / or a from small differences 
of pressure observed in experimental tests, but if the calculations 
are made on a consistent plan, the. values foimd can be employed 
for deducing the effect of other vmations of condition on the 
assumption that I and a remain constant for each expansion, and 
the resujjs of such calculations will in all probability be of the 
same order of accuracy as the original observations from which 
the values of I Und a were deduced. The chief source of uncertainty 
arises from change of state of the steam, but as a rule the jmint 
at which this occurs will be clearly indicated by the observations. 
The table shoi^ that the range of variation of z„ for the separate 
expansions, which was found to be 2'65 to 1'85 in the absence of 
leakage, is greatly reduced by assuming {0‘070", and could 
further mo<hfle4 by admitting a larger value of 1. But the excessive^ 
drop of in the last expansion is chiefly due to the raising of the 
finid pressure by the auxiliary exhaust and BLF. dummy leakage^ 
The design of ^e turbine would require a larger expansion ratio 
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and a much lower final pressure to make the same for the later 
as for the earlier expansions. The final pressure in the table, with 
iH "= 40 and 1 1 0-070"i comes out 21*21, butb small variation in 
either Moil will make a considerable difference in the final pressure. 
The table gives a good idea of the probable limits of variation c^ 
N:„^^nd xDP uijder the conditions assumed, and the effect of small 
variations of Af*or 1 is readily estimated without repeating the 
calculation for the separate expansions. 

Fop example, the rough estimate of M by the'method of the 
preceding section was made for saturated steam, and would be a 
little different for supersaturated, as assumed in Table III. But 
by making due allowancfe for the variation of and xDP as shown 
in the table, it is possible to estimate the error in M due to assuming 

and xDP constant. The mean value of xDP according to the 
table is 42*88. 'rhe'mecp value assumed in the integral method 
would be xJLDPlQ = 42*91, which would give M = 40*50 in place 
of 40. ISie mean valve of for the same pressure-range would be 
2*108, in place of 2*205 ascshown in the table, which would increase 
the error, giving M = 40*62, as is easily verified by performing the 
csalculation. < 

^ The employment of equation (8) in the manner specified for 
estimating the effect of leakage on the mass-flow, though accurate 
for one expansion, is necessarily inaccurate for the whole turbine, 
unless z„ is the same throughout, as previously explained. It is 
useful for rough estimates within certain limits, but would be quite 
inapplicable to a problem involving small differences depending 
essentially on the variation of z^, for example in calculating the 
small variations of M due to Ganges in the final pressure. For this 
puiqrase equation (8) must'be replaced by XIV (14), as previously 
shbwn.. 

159. Variation of Final Pressure. In Considering the 
effect of variation of final pressure on the discharge through a 
complete turbine, with a pressure-ratio exceeding 4 to 1, it is 
possible to obtain good results, in spite of the vWiation of z„, 
without calculating the expansions separately, by employing 
equation XIV (14), as in the case of a single expansion when the 
discharge-angle a is constant. This equation may bi put in tlie form 

M‘S (UiN tan* a/X*l - gf^' I:D(PIF)/(2 - m), (12) 
which is obtained by adding the equations for the separkte ces* 
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pansions. Since m is smaO Compared with 2, and does not vary 
greatly, we may take the mean valuf 

ro = log(P'F7P'r")/log(P7P")* • 

^IV, § 146) for the whole pressure-range. The sum of the values 
of the drop of PjV for all the expansions is simply P'lV— P"IV"j^ 
the difference of the initial and final values of PiV for the whble 
range. The value of the discharge-cohstant, Z"=» 144 tan® a/X*, 
for each expansion is independent of the speed, and is,readily 
corrected for the effect of leakage on M by dividing each value of 
Z" before addition by the appropriate factor (1 -I- 2i/a!)®. The cor¬ 
rection for discontinuity of expansion is much less important than 
in the case of a single expansion with an excessive pressure-range. 
It will be nearly the same for each expansion imder normal con¬ 
ditions, and is easily applied as a final correetiori* to the value of 
M by dividing it by the factor 1 +' log, rj4SNi where 2N is the 
whole number of stages, and r is the whole expansion-ratio V"IT". 

As a numerical example of the application of this equation, we 
may use it to calculate the value of M for the above H.P. turbine 
under the conditions assumed in Table III of the last section, with 
the same final pressure 21-21. From equations (1) and (2) in the 
usual way we find the following values: " 

jaVdP = 85-ro, Zo = 2-198, DH = 47-03, whence F"= 16-62 
supersaturated. 

P7F'= 60-65, P"IV"= 1-28, D {PjV) = 59-87, m = 0-1288, 

2 - TO = 1-8712. 

The required value of SZ", corrected for leakage with I = 0-070", 
comes out 0-5561, giving M''= 40-27. The correction for dis¬ 
continuity of expansion, with F'7F'= 6-04, and SN = 72, is 
obtained by dividing M" by the factor 1-0068, wfech gives finally 
M - 40-01, in agreement with the value M =>-40 assumed in 
calculating the pressure-drop for the expansions separately by 
means of equation (11). 

It will be s£en that equations (11) and (12) are exactly consistent 
when each is employed for its proper purpose. Equation (11) is 
the Most convenient to employ for finding the pressure-drop, etc. 
iiii^ufeessive Acpansions when M is given, but is unsuitable for 
finding M for a complete turbine with a large pressure-range unless 
Xn happens to be constant. Equation (12) is the most appropriate 
for the latter purpose, since it does not assume the constancy 
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' 1 * , ' 

of z„, and is better adapted to the'case of a complete turbine 
' than to that of a single expapsion with a large pressure-range. 

It follows fipm equation*(12) that the cunre representing the 
vacation of M with increase of DP for a complete turbine is very 
similar to that marked Pin Fig. 88, since tlie correction for disj 
^n^uity is small owing to the large number of stages. The varia¬ 
tion bf M with change of final pressure will be very small, since 
P"jV" is sSmall compared i^th P'jV. Thus if the final pressure in 
, the last example is 281 in place of 21-21, we fin'd V"= 13-88, 
P"IV"= 1-50, D (PjV) = 59-15, 2 - m = 1-869, whence M = 89-96 
corrected, in place of 4^. The discharge becomes practically inde¬ 
pendent of the final pressure when the expansion ratio is large. 

The maximum value of the discharge will evidently vary nearly 
as the square root of P'jV', as in the case of a nozzle, and inversely 
as the square root bf the discharge-constant SZ", corrected for 
leakage. The curve marlced l‘in Chap. XIV, Fig. 88, corresponds 
approximately with the discharge of supersaturated steam through 
a H.P. turbine with initial,state lbs. abs. dry saturated, 

and with a discharge-constant SZ''= (12 tan a/100)* = 0-1087, 
if^'= 1, or 0-0960 for_^'= 0-888, as assumed in the last example. 
Taking the maximum ordinate of the curve as 96-5, and omitting 
V'JV which is included in Z", the maximum discharge for EZ"= 0-536 
would be 40-1 Ibs./sec. at P'= 164-7, or 40-6 at P'= 167 lbs. But 
the actual value will also depend to some extent on the state of 
the steam, and on the speed, in so far as the conditions affect the 
values of V" and m. Thus V" will be smaller and m larger for 
supersaturated than for sqttu-ated steam. The reduction of m, as 
shown by equation (12), will'tend to reduce the values of M for 
saturated steam as compaibd with the values given by the curve. 
Which is drawn for dry supersaturated. 

By way of comparison we may calculate the flow through the 
same H.P. turbine in the case of saturated stea^q, taking the 
same conditions as in Table III with the final pressure 21-21. Equa¬ 
tions (1) and (2) give the data: mean z„ = 2-244, SDH = 48-8, 
2 — m = 1-9142, F"= 18-16, D (P/V) = 59-48. Subiitituting these 
values in equation (12) we find M = 89-60 corrected. 

Having found the flow, it would be possible to calculate the 
expansions in succession, as in Table III, by way'bf veriflcihtion, 
using equations (1), (2), and (8). But the calculation is more 
troublesome in the case of saturated steam than-in the case of 
dry steam, owing to the necessity of continual reference to the 
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tables and of interpolation for finding the volume of the wet steam 
from the heat>drop. For this reason^ among othera, the following 
method is preterabft in point of expedition, and is sufficiently 
accurate for all practjcal purposes, besides being most instructive 
a« an independent method of calculation foil the separate expansions. 

It is evident from equation (12) that the drop of F/F in e^l 
expansion is proportional to the value of the dfecharge-constani 
Z" for the expansion considered. The drop of PjVM proportional 
to the drop of which is easily calculated for each expansion . 
by dividing the difference between the initial and final values of 
ps-m jjj tjjg same proportion as the separate values of Z" bear to 
their sum. With the values above given of P', P", and 2 - m, we 
have P'*-” = 17978, P''»-" = 348-2, difference 17682. Each value 
of Z" has to be miiltiplied by the ratio 17682/0-S561 to find the 
3orresponding value of the drop of P*-™, as in‘the ?ollowing table. 


Table IV. , , 

H.P-. turbine. Saturated steam. H'— 668, P'= 167, P"- 21-21. 


ExpaDBion No. 

1 

2 

3 

4 

6 

6 

Z" (1 = 0-070") 
D(P^) 

0-27040 

8674 

0-14264 

4622 



0-01960 

618-3 

0-00938 
297-6 «■ 


PS-M 

Log P*-™ 

hosP 

p 

DP 

DB 


17978 

9404 

{ 4882 

2471 

1262 

643-7 

346-2 

4-2547 


3-6886 

3-3929 1 



2-6393 

2-2227 


lEMl 

1-7724 


1-4673 

1-3266 

167-0 


84-51 

69-21 

1 41-69 

29-33 

21-21 


47-96 

34-63 

26-30 

17-62 

12-36 

8-12 

2-369 

2-336 

2-328, 

2-261 

2-190 

2-032 



8-23 

8-38 

8-54 

8-22 


The values of P®~“ are obtained from the differences given in the 
third line of the table by adding the final value 846-2 to the drop 
297-5 in the sixth expansion, giving 648-7 at the ertd of the fifth, 
and so <m. The values of P at the intermediate points between the 
expansions are found by taking the logs of P*-“, dividing by 2 — m 
(with a Fuller %lide-rule), and taking the antilogs. The pressure- 
drop DP for each expansion is obtained by taking differences, and 
the required values of and DH are then easily found from equa¬ 
tions (I) tod (2)*respectively, with the leakage factors x + 21, and 
1 - 8l/x, The numerical value of the constant in (8) or (11) is 
20-54, for saturated steam, in place of 20-75 for supersaturated, 
being simply proportional to . As a rough verification of the 
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accuracy of the method, the sum of the values of DH comes out 
48-2, in place of 48-8 as calculated from the initial and final pressures. 

It wW be s 4 en that, wheh the blade-heights are & an ascending 
geometrical progression with a common ratio y'2, the corresponding 
values of Z" form a d&cending geometrical progression with„a 
kcoigimon ratio ^1/2, to a similar degree of approximation. The value 
of E" for the first expansion is nearly as large as the sum of the 
remaindef, and is the most*important in determining the discharge. 
The value of M for saturated steam is only 1 per cetit. less than for 
supersaturated, because the volumes are nearly the same in the 
first expansion, as previously remarked. The reduction is mainly 
due to the reduction of m from 0-0938 supersaturated, to 0-0888 
saturated. The fall of in the last two expansions is less pro¬ 
nounced in the case of saturated steam (S) than in Table III fbr 
supersaturated because the final volume in Table IV is 

increased from 16-62 to f8-16 S, and the expansion ratio from 
6SS t<J>6-6/S'. The 4esign of this particular turbine.would require 
a pressure-ratio of 10/1, pr an expansion ratio of 8-22, in the case 
of saturated steam, to make the value of approximately the same 
for all the expansions with the leakage correction above assumed. 
It is very likely that the H.P. turbine was designed to suit a pressure- 
range from 165 to 16-5 lbs. abs., with 16 lbs. to 1-6 for the L.P., 
but the conditions of the full-speed trials woidd correspond to an 
overload, with more work on the L.P. 

i6o. Maximum Discharge and Power. When the final 
pressure is reduced, keeping the initial pressure constant, the value 
of M will approach a maximum, which is finally reached when the 
velocity of exit from the last ring of blades is that of sound. If the 
final pressure is reduced beyond this point there is no further 
increase in the‘discharge or-the power. The value of M ifeaches the 
limit very gradually and continuously as previously^ indicated, but 
the power increases with pressure-drop at a nearly uniform rate 
right up to the limit, at which point the increase terpiinates abruptly. 
The point at which the limit is reached is beyond the practical 
range, but the limit is of practical interest in relation to the 
character of the power curve as affected by variation of final pressure. 

If we eliminate z„" between equations (2) and (8), w<!i> obtain 
the power M"DH (omitting the constant for reduction to horse¬ 
power), for each expansion, 

M"DH-.[2ADP-M7(®-1-2I)](«-1)Z...(18) 
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in which k represents the constant 720gfilNB tm'a. This equation 
shows that the power for each expansipn is nearly a linear function 
of the pressure-dro;^ DP when M is approachingsthe maximum. 
The power for the conjpletetmbine will also maintain approximately 
Bilinear character in relation to the pressure-drop, up to the limit 
at which it ceases to increase with further drop of pressure, 
vided that the speed remains constant.^ 

As the limit is approached, the steam-velocity increases rapidly 
in the last expansion with a high value of a,„, so that the heat-drop 
for the whole turbine cannot be found accurately by assuming z„ 
constant. It is possible however to find accurate values, even at the 
extreme limit, by calculating the pressure-drop and for each 
expansion as in § 159, by the last method described. The limiting 
value of M is first estimated from equation (12) with^any convenient 
low value of the final pressure. The application of condition 
XrV (11), for the velocity of sound at the last blade-ring, will then 
give a fairly accurate value of the final pressftre at the limit. With 
this value of the final pressure, the values of at intermediate 
points are readily foimd, and the values of DP, z„" and DH for the 
separate expansions are deduced as in Table IV. The sum of the 
values of DH gives the required total heat-drop at the limit with 
considerable accuracy. 

To find the critical value of the final pressure for the H.P. 
turbine in the last example at 822 revs./min. in the case of saturated 
steam, we have the limiting value of M, 39-95, as previously cal¬ 
culated. The value of X' in equation XIV (11) is 

{X - TSttI) cos a + 787rl^ 408-5 sq. in., 

corrected for tip-leakage. The equation (11) gives P"jV"= 0-0888, 
whence jlJ"= 8-87, if 2 — m = 1-919. The value f"= 8-4 will be 
a sufficient approximation for the present purpose. 

The following table gives the values of M, and ofthe total heat- 
drop JIDH for different values of the .final pressure P", The values 
in the second column headed M" are those given by equation (12), 
corrected for leakage, but with the correction for discontinuity 
omitted, as required in calculating zj' from DP. The correction of 
•M for^scontiifliity is small, ranging from 0-26 at 8-4 lbs. to 0-28 
at 50 lbs., depending chiefly on the first expansion which is little 
affected by the finid pressure. The table also gives the values of 
for each expansion separately tcr411ustrate the effect of the variation 
of P", which is greatest in the last expansion. The value of "LDH, 



aw PROPERTIES OF STEAM 

calculated from the mean value ot"z„ for the whole turbine, by 
equation XIV (1 a), agrees wery closely with that found from the 
sum of the separate expansions at P"<= 16 vfhen is nearly the 
saaje throughout, but would be about 6 per cent, too large ait 
P"— 8"4 and at 60, owiifg to the variation of which is assumad 
vsoijstant in (1^). 

' ‘ Table V, 

. H.p, turbine. Variation of final pressiue. Saturated steam. . 


P" 

M" 

■S.DH 

*1 

H 

*3 

*3 

*6 


3-4 

40-20 

64-79 

2-385 

2-378 

2-428 

2-483 

2-740 

4-163 

10 

40-14 

57-83 

2-380 

2-365 

2-408 

2-428 

2-687 

3-083 

16 

40-00 

52-41 

2-369 

2-343 

2-364 

2-335 

2-374 

2-421 

23 

39-80 

47-12 

2-351 

2-308 

2-296 

2-206 

2-106 

1-906 

30 

39-52 

42-61 

2-330 

2-264 

2-206 

2-063 

1-863 

1-656 

40 

38-97 

37-17 

2-282 

2-187 

2-071 

1-841 

1-672 

1-219 

50 

--a 

38-27 

32-45 

2-229 

2-092 

1-919 

1-643 

1-331 

0-989 


The values of DP for the separate expansions are readily found 
from those of z by equation (8) {x + 21) DP — 0-5188M"z„". In 
finding the separate values df DH from those of z, the expression 
fpr /" in equation (2) has been taken as (* — l)l{x + 21), with 
1 = 0'070", giving for Zf" the series of values 1-979, 2-141, 2-274, 
2-406, 2-588, 2-687, at 822 revs. 

The curves in the annexed Fig. 84 illustrate the variation of 
(1) the horse-power, H.P. = MSDR/0-3928, (2) the mass-flow M, 
(8) the relative efficiency P, and (4) the consumption, C = 1414/EDR 
in lbs. per horse-power hour, each being plotted against the final 
pressureP", in Ibs./sq. in. abs*., at a constant speed of 822 revs./min., 
with initial state P'= 1^7 lbs. abs., and H'= 668. The relative 
efficiency Pj is^given in per cent, by the scale on the Igft, which 
also serves for M in Ibs./sec. The H.P. ranges from 8142 to 6388, 
and is given b^ the same scale multiplied by 100. The consumption 
Cl ranges from 21-82 lbs. per H.P.H. at P"= 3-4 lbs., to 48-37 at 
P">» SO lbs., and is shown by the scale on the right. The curves 
and Cg refer to the same case when the speed‘is doubled, the 
other conditions remaining unaltered. These curves have been 
shifted relatively to F] and Cj to facilitate comparison. The values 
of F| as read by the scale on the left must be increased by 20 per 
cent., and those of C| read as by the scale on the right must be 
reduced by 10 lbs, ® 

The curve representing M approaches the limit at P"-* 8-41)^. 
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very gradually, as previously explained, but that representing the 
H.P«’continues to rise at an i'lcreasin^ rate up to the limit, after 
which the H.P. rem&is constant. The curve represonting F-^ shows 
a rapid fail at low pr^sureS and a marked increase for high vajaes 
of P", tending to a maximum in the neighborhood of P"= 70, 
beyond the range of the figure, and falling again at higher pressu^esb' 
to zero when DP is very small. 

The “theoretical value” of the consumption C is often^estimated 
from the adiabatic heat-drop by assuming a constant value of F, 
The effect of this is shown by the broken curve marked Th, taking 
the actual value of Pj at 16 lbs. as the constant required. Owing to 



the wide range of variation of F with final pressure,^ this method is 
of little practical use. It makes the correction of C for variation 
of final pressure about 60 per cent, too large in the present instance. 

* When fie spe^ is doubled, the maximum of F, as shown by the 
curve Fj, occurs at a much lower pressure, near 20 lbs., but the 
final drop of P is still strongly marked. The curves Fi, Fj, represent 
extrenje cases. I^hey are of interest chiefly as an illustration of the 
futility of assuming P constant in cases of this kind. 

i6i. Correction of Consumption for Change of Pres¬ 
sure. The performance of a steam-ensine or turbine is commonly 
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stated in terms of tbe consumptions^ steam in'lbs. per hort 
hour, or other convenient upits. The value of the cod 
C is inversely proportional the actual heaS'-drop DH, or tb*tbe 
adiabatic heat-drop DH^ multiplied by the relative efficiency F.* 



C = kIDH ■= kIDH. x F. 


.( 14 > 


*^1116 values ofitl^e constant k most commonly required in different 
systems of units are show in the following table. 


C in lbs. per horse-power-hour = liU-i/DH (cals. C.) = 264^/03 (B.Th.U.) 
0 in lbs' per kilowatt-honr = 1S9S-5IDB „ = 3412/DJ? „ 

Oinkg. peroheval-vapeur-heure = 632-ilDH „ =11ZS/DH „ 

C in kg. per kilowatt-hourt. = SSO O/DH „ = 1648/Dff „ 


When the correction to the consumption for change of vacuum 
is stated or required in terms of cms. or inches of mercury, the 
following reductiondactors may be employed to reduce the readings 
of the vacuum-gauge to Ibsu per sq. in., or kg. per sq. cm., as 
require^ in the (F.P.C. or F.) and (K.M.C.) systems of units: 

1 inch of mercury = 0-4910 Ib./sq. in. = 0-08452 kg./sq. cm. 

1 centimetre „ = 0-1988 Ib./sq. in. = 0-01859 kg./sq. cm. 


When it is required to fiolculate the changes of consumption 
for any given machine over wide ranges of variation of pressure, 
or superheat, or speed, the values of C should be deduced from those 
of DH calculated by the method explained in the preceding section, 
which will give fairly accurate results for any practical changes 
in the conditions from quarter load to 50 per cent, overload, or 
half speed to double speed, provided that there is no change in 
the state of the steam. But if sufficient data are available, or if 
the state changes ftom dry to wet in the course of the expansion, 
or if there is a change of M, it may often be desirable to calculate 
some of the expansions separately. On the other hand, ip. the case 
of small changes of conditions such as often occur in full-load tests, 
a much simpler method of calculation will suffice'-for practical re¬ 
quirements. 

The correction most often required in practice is the percentage« 
change of consumption per imit change (1 Ib./kq. in. or 1 in. 
vacuum) of final pressure, when the conditions deviate slightly 
from the normal value of the final pressure for which the machine 
was designed. Assuming that the normal pressuri: range is defined 
as that which makes the value of nearly the same for all the 
expansions, a general expression <for the percentage correction of 
the consumption for change of final pressure at constant speed, 
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deduced Mm equations (1) and (2), and will apply with 
tbilu^rable accuracy to any kind fit turbine, with any initial 
sta?^ or speed-ratio,'•provided only thht the value of is nearly 
i&iform. . 

, If we differentiate equations (1) and*(2) with respect to P", 
alftl divide the differential of (2) by that of (1) to eliminate 
we find an expression for dDHjdP", or {DHIC)\dCldP"), which 
reduces to the form ' 

(lOO/C) (dC/dP") = - {lOO/DH) (dDH/dP") 

= 100r’\li2z,-l)r„'DP .(15) 

The expression on the left represents the required percentage 
correction to C, which is the same as the percentage correction to 
DH, but opposite in sign, because C varies inversely as DH. Of 
the quantities in the expression on the right, F'^is the final volume, 
Vm'DP is the integral of VdP, and zj is tAe mean value of z„ for 
the whole turbine as obtained from equations (1) and (2)'by the 
usual method under normal conditions when z„ is nearly uniform. 

Since the form of the curves in the last figure shows that the 
percentage correction to C per unit d^p of final pressure is nearly 
constant up to the limit, the value given by the above expression 
will apply through a wide range, although the value of Zq is applicable 
to normal conditions only, and would not give DH or C very 
accurately at other points. The form of the expression shows that 
the percentage correction will increase as z,, diminishes and the 
speed increases, but the consumption is reduced by diminution of 
z over the usual range from z = 2-4 to * = 1-2, so that the con¬ 
sumption curves remain nearly parallel (as shown in the Fig. 84) 
when the speed is changed, although the percentage corrections are 
different. Jhe same expression is applicable to the vqpuum-correcHon 
of any turbine, but it is necessary to insert a numerical factor to 
reduce DP to intehes or cms. of mercury, if the correction is to be 
expressed in terms of mercury. 

The percentage correction of the consumption for change of 
initial pressure Inay be obtained in the same way as that for final 
pressure, and is given by the same expression, with the initial 
pressure P' in place of the final pressure P", and the initial volume 
F' in place of th% final volume F". The sign of the correction for 
initial pressure is negative because an increase of initial pressure 
tends to reduce the consumptiott The correction per 1 lb. change 
of initial pressure is mailer than that for final pressure in the ratio 
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of F' to F"i and Is seldom requiredln practice, because the initial 
pressure is usually adjusted ^ some specified value. The correction 
for 1 per cent.tchange of ini^al pressure is obtained'by multiplying 
th^ correction per lb. by P'/lOO, and is greater than the correction 
for 1 per cent, change *of final pressure in the ratio of P’V 
PJi'V". If bojih initial and final pressures are increased by 1 per 
cent., keeping the ratio P'jP" constant, the percentage reduction 
of consumption will be (p"V"— P'V) 2o/(2Z(, - 1) V„'DP, which 
reduces to the form — mz^j{2z,^ - 1), since VJDP = D{PV)lm. 

The effect of increase of initial pressure on the pressure distri¬ 
bution is similar to tl^at of reduction of final pressure in that both 
tend to increase DP and in the last expansion. The effect on 
the last expansion is the most important, as previously illustrated, 
and is taken mto account in the formula for the consumptidh- 
eorrection by the implied condition that the value of for the 
last expansion must be the same as the mean value j!,, for the whole 
lurbint assumed in' using the formula. The fulfilment of this 
condition is readily tested in any actual trial by observing the 
pressure-drop DP on the last expansion, which, according to 
equation (8), if z„ is con^ant, must be the same fraction of 
fhe whole pressure-drop SDP as the last expansion-constant, 
Z'== Nu tan a/X, is of the sum SZ'. The value of the fraction 
Zo/(2Z0 — 1) varies from 8/4 when = 1'5, to 2/8 when Zg = 2, and 
diminishes with increase of z^ to a limit 1/2 when z, is very large. 
The correction also varies inversely as the available energy aV„'DP, 
which is roughly twice as great for a high-pressure condensing 
turbine as for a low-pressure turbine, or for a high-pressure non¬ 
condensing turbine. It also depends on the final volume F" for 
which the machine is designed, so that it is very useful to have a 
ample formul% including all the conditions. 

As a numerical example of the application of the correction, 
we may take the case of the H.P. non-condensing turbine for which 
the consumption curves Cj and C, in the last figure have already 
been calculated by a different method. For graphic illustration, 
of a particular case, it appears best to plot the curves as already 
shown against the final pressure, but in comparing results it is 
more convenient to state the effect of a given percentage change in 
the pressure, since the numerical values of the per£Untage ct^irection 
are in that case more nearly of the same order of magnitude at 
different pressures. This method of expression is accordingly 
adopted in the following table, in which Cg represents the t!dn- 
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sumption calculated for the normal range with final pressure" 
starting in each case fixim P'= 167,Jibs, abs. 


Table VI. Consumption Correction percentage of Cj 
for 6*per cent, change ofpressure. 


Initifll Btate 

Results for Normal Range 

CorwCion for 6% (flS 


S' 

r 

fo" 

■ Vo" 


*0 

“ Co 

Initial 


Diff. 

Dry 

668 

2-785 

16 

21-51 

919 

2-307 

27-82 

1-62% 

1-20% 

tl-42% 

C, aat. 

668 

2-785 

16 

23 62 

979 

2-382 

26-98 

l-60% 

1-22% 

0-28% 

3^ 

770 

4-123 

16 

33-56 

1432 

2-880 

21-35 

l-46% 

1-13% 

0-32% 

0, sat. 

668 

2-785 

15 

23-88 

980 

1-191 

18-!B 

2-10% 

1-57% 

0-53% 


The state assumed for the first line is dry supersaturated 
tliroughout the expansion. For the second line th§ usual state of 
saturation is assumed, as in the calculation of the curve marked Cj 
in the last figure. For the third line (SH) superheated, the initial 
temperature is 195° C., or 850° F., and the kteam remain's super¬ 
heated throughout, but the superheat makes little change in the 
pressure-distribution, which is intermediate between 1 and 2. The 
last line corresponds to the curve 4^2 with saturated steam at 
double speed. This requires a lower value of the final pressure, 
Po"= 15, to give a nearly uniform value of z„, equal to half the 
value of Zj for Cj. The increase in the correction for this ease as 
compared with Ci is due to the change of Zq. The values of the 
correction given by the formula (15) for a range of 50 per cent, on 
either side of P^", e.g. from 24 to 8 lbs. in the case of Cj, agree so 
closely with the curves that they coul^ not be distinguished on the 
scale of the figure. The extent of range covered is a great practical 
advantage in applying the method. 

The r|ason why the simple formula for the slope of the con¬ 
sumption curve dCIdP" at the normal value of the final pressure 
Po" gives so gObd an approximation to the correcfion through a 
wide range, is that the consumption curve is nearly straight in this 
region. It appears best for this reason to correct the value of the 
consumption itself directly for change of final pressure, and to 
deduce the corresponding value of the relative efficiency F from 
the coijected v&lue of C, in place of attempting to calculate C &om 
the ''‘the6retical* value of F. The normal pressure-ratio for a given 
■naohine varies little with other conditions of running, and is 
faadily deduced firom the dimeflsions. Knowing the appropriate 
pressuie-rktio and the initial pressure, an approximate value of 
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P," is obtained, which will usually suffice for calculating the con¬ 
sumption correction, the erro{ pf which will be only about a quarter 
of the percent<)ge error in tHe value of P^" assumed 
, The correction for initial pressure is seldom required in practice, 
an^ will not apply for silbh large percentage changes as the corroe- 
4 iqn for fmal^ pressure, because the consumption curve, when 
pfofted against changes of initial pressure is necessarily far from 
being of Uniform slope. SAreover the correction for initial pressure 
will depend on changes of initial state. The values of this correction , 
given in the preceding table are those obtained on the assumption 
that the final state rqpiains constant when the initial pressure is 
changed, which is seldom the case in practice. Thus if the initial 
pressure is changed under the condition that the initial state remains 
dry saturated, or that the initial value of U remains constant, as 
in regulation *l)y throttling, the corrections will be somewhat 
smaller than those given in tl'e table, and there will be some change 
fn the #nal state cv^si if the final pressure is kept constant. It is 
often assumed that theri; will be no change in the consumption if 
the initial and final pressures are changed in the same ratio. This 
will not be strictly accurate,y:vcn if the initial value of H remains 
constant, if the state of saturation is assumed for the expansion, 
tut the differeiu* between the initial and final corrections will be 
relatively small if H' is constant, and the increase of super¬ 
saturation loss with initial pressure may suffice to compensate for 
the residual error in practice. 

i 62 . Vacuum Correction for Consumption. In practice 
the correction of the consumption for changes in the vacuum is 
the commonest case, for "which a considerable volume of experi¬ 
mental evidence is available by way of verification of the formula. 
The curves in the annexed Fig. 85 were drawn in the same way as 
those in the preceding figure, for the case of a cbmplete turbine 
H.P. and L.P. of the Mauretania, expanding from 165 lbs. abs. 
(dry sat.) to 1 lb. sat., but the pressure scale has been altered to- 
read vacuum in inches of mercury, bar. 80". The shales of C and F 
have also been changed to read percentage of the normal C and F at 
Po"“ 1 scale of HP is arbitrary, taking 115 to represent 

the normal HP. The curv'e Th is the “theoretiiSal” consi^ption 
obtained by taking F constant. 

The formula for the percentage change of the consumption, 
with jn,- 2’0, aP,"Fj"«> 80-8, and faFdP - 185, gives a rate of 
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change of C equal to S'l per'cent, per in. of vacuum, which agrees 
with the slope of the tangent to the .curve at 1 lb., and would give 
good results for a Change of 50 per fent. either yay in the final 
pressure, from 27 to 29" yacinun. But for large changes of pressure, 
q,g. for 22" vacuum, it would be necessmyto use the curves obtained 
by the previous method, § 160, as shown in ttie figure. 

If we take the case of a turbine expanding frCin 180 lbs. gauge, 
with a superheat of 150° F., to 28" vatf. (bar. 80"), whith is often 



taken as the standard for a H.P. condensing-turbinc, and assume 
*0 “ 1‘56 for a reaction turbine, equivalent to 8'12 for an impulse 
turbine, we obfhin very similar curves with the same rate of change 
of C at 28" vac. In applying the formula to the impulse turbine 
it is merely necessary to put 2z- 2 in the denominator in place of 
2* - I. The valiAs of the fraction */(2z - 2) for the impulse turbine 
are the same as those of z/(2z — 1) for the reaction turbine, if the 
values of z for the impulse turbine are twice as great as the cone- 
sponding values for the reaction turbine. It is natural that the 

26—J 
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same type of formula should apply to both types of turbine, 
because, apart from the foqp of the moving blades, of which 
Bccoimt is take* by the substitution of 2z - 2Vot 2 ! - 1, the con¬ 
ditions of flow are very similar in the final stages, as previously 
explained in Chapter XI,*§ 127. In fact, the theory here propose^ 
gjv^ remarkably good agreement with the results of experiment. 

^he expcrimctital curves given by K. Baumann (Joum. Inst. 
Elect. En^., No. 218, vol.*48, p. 828, 1912) have been generally 
accepted as fairly representing results obtained in average practice, 
and as applying to reaction turbines as well as to impulse turbines. 
The curve given by B^imann as representing the vacuum correc¬ 
tion of an impulse turbine designed for 28" vacuum with initial 
pressure 180 lbs. gauge and superheat 150° F., extends only from 
26" to 29", but could not be distinguished between these limits 
from the curve C shown in Fig. 35. Ilis curve for the corresponding 
variation of F, deduced from 'that of C, is indicated by the broken 
hne in tfce figure, which is straight between 26" and 28" but shows 
a rapidly increasing fall tp 29". It is evident, however, that the 
value of F should approach a maximum somewhere in the neigh¬ 
bourhood of 24", and that tlhj variation cannot therefore be repre¬ 
sented satisfactorily by a straiglit line between 26" and 28". The 
values of the vacuum-correction for consumption given by the 
Britisli Thomson Houston Company are of the same general 
character, but somewhat larger than those given by Baumann, in 
the case of high-pressure condensing turbines. 

In the case of low-pressure turbines, the same formula applies, 
but the percentage correetion is much larger for the same final 
state and speed-ratio owing to the smaller value of the available 
energy. Taking the standard case as that of a turbine expanding 
from an initial pressure of 16 lbs. abs. (dry sat.) to a vacuum of 
27'5" (bar. 80"), the consumption correction curve comes out very 
nearly a straight line between 20" and 29" with a slope of 10-8 per 
cent, of the consumption at 27'3" for each 1" change of vacuum. 
The curve given by Baumann for the same case ir also practically, 
straight, but shows a slope of nearly 18 per cent., whereas the 
B.T.H. curve for this case gives very close agreement with the 
formula here proposed. The discrepancy could no doubt be explained 
if more precise details were available. The vacmlin correction for 
a low-pressure turbine is so large that a good deal depends on the 
exact meaning of the phrase “designed for the vacuum," and on 
the exact manner in which the correction is stated. Thus 18 per 
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cent, of the consumption at* 27‘5" vac. is equivalent to 11*5 per 
cent, of the consumption at 26-5" v,ac. or to 14-5 per cent, of the 
consumption at 28"S" vac. '■ # 

It will be seen that the expressions above given for the effect 
•f change of initial or final pressure, and for the vaeuura-correction, 
depend essentially on the relation between the available energy aijd 
the heat-drop implied by the fundamental equations (1) arid (2) 
at the beginning of the chapter, and on the correspondirfg variation 
of the kinetic efficiency with the velocity-ratio. This has •already 
been roughly verified by the consideration that the flow is nearly 
independent of the speed, and by the fonn^of the efficiency curves 
given in Chapter XI, Fig. 29. The agreement of the calculation with 
the experimental curves for the vacuum-correction, affords fusther 
confirmation of a less direct character, but equally satisfactory 
so far as it goes. 

Additional evidence may be obtained t>y calculating the heat- 
drop and jxjwer in a similar way for other ve nations of condition. 
Thus if we calculate the variation of p^wer at constant speed for 
a reaction turbine, when regulated by throttling down to the 
minimum output, which is easily tV>ne by the method of § 159, 
we can plot the power against the total consumption as in Fig. 28. 
The result is a most remarkable approximation to a straight line, 
as found by experiment, and gives a very close estimate of the 
steam required even at no load. The heat-drop Ijecomes negative 
in the later expansions at no load, and involves such extreme 
variations of z that the calculation affords a fairly severe test of 
the theory. If the speed is maintnin,^d constant while the steam is 
reduced belcrw that required for no load, the curve returns to the 
origin after a short excursion into the negative region. But for 
very low loads the effects are so peculiar that jf is necessary to 
calculate the last few expansions separately. 

The effect of change of speed on the power is easier to calculate, 
because it docs not greatly affect the pressure distribution. The 
« results appear to agree with experiment, but cannot be tested 
through so wide a range, and require correction at high speeds for 
the effect of fan-action, as estimated by the formula of § X29, 
which is necessarily uncertain. They ap|)ear to indicate that the 
speed attainabll by a reaction turbine, if the machine runs away, 
cannot exceed a limit corresponding to the value z = 1/2 for the 
velocity-ratio, and should in fatt be appreciably less. 



CHAPTER XVI 


THE Pressure distribution in a 

* REACTION TURBINE 

163. Observations of the Pressure Distribution. The 
quantities most commpnly observed or estimated in an experi¬ 
mental test are, the initial and final pressures, the steam consump¬ 
tion, the revolutions, and the shaft-horse-power. If the steam supply 
is superheated, ^he initial superheat is also required for estimating 
the relative effieiency. But for a theoretical investigation of the 
conditions of flow, especially when the load is varied or the con¬ 
ditions ftf running deriate from the normal, it is most important 
to take observations at intermediate points in addition to the 
initial and final states. The pressure is the easiest quantity to 
observe, and is capable of a'l/ording the most useful information 
^^ith regard to the state of the steam and the efficiency of the several 
stages of the expansion. Observations of the temperature are 
more difficult, but would be useful for detennining the state of the 
steam in the early stages of superheat. It would also be theoretically 
possible to measure the actual value of 11 at any stage, but this 
is so difficult that it has never been attempted. 

The object of the present chapter is to show how the observa¬ 
tion of the pressure distribution at suitable points may be utilised 
to throw light on the state'of the steam and the conditions of flow, 
when the dimensions and speed are known. Since the ^object is 
mainly to illustrate general principles and methods of calculation 
depending on Vhe properties of steam, and since itliable experi¬ 
mental data are so scarce as to be almost non-existent, in order to 
avoid endless repetition of numerical details of dimensions and to • 
facilitate comparison of different methods, the re^dts will all be 
worked out for a particular turbine. But the same methods may 
be applied without difficulty to any other case by simply cl^anging 
the numerical values of the constants for the turbine. 

As an example of the application of the methods in question, 
we will take first one of the high'^ressure turbines of the Maure- 
Umia for which fairly complete details are available. A special 
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reason for selecting this example is that the turbines were of large 
size and slow speed, so that the effects of tip-leakage and super¬ 
saturation might be«expected to be re'atively small. If the effects 
of supersaturation can be Remonstrated in such a case, we should 
i|asonably infer thatf they will be at lc»st equally important* in 
the case of high-speed machines. 

The following are the material dimensions of tliV; II.P. turbiftd'. 
Diameter of rotor, 96 inches, with oiglii expansions. Tlvs immbers 
of stages N in the separate expansions are variously given by 
different authorities. The numl)ers given in the following table 
have been verified by counting the rows on a photograph of the 
H.P. rotor. The blade-heights are quoted as ranging from 2| to 
12| in., with a common ratio 1-21. The values for the intermediate 
expansions are calculated to the nearest eighth of an inch, luid arc 
taken as representing the radial dimension a; of the^annular area X 
between rotor and casing for each expaf'-inn. The actual blade- 
heights would be less than .r by the clearamp I. The annular area 

X = TTX (96 + x) ill. 


Table I. Dimensions of II.P. tiiibinc of SS. Maurelania. 


Expansion No. 

1 

•> 

.1 

< 

5 

(I 

7 

H 

No. of stages, N 
Blade-height, * in. 
Annular area, X in.* 

1(1 

21 

H.'iS 

K) 

n 

10:14 

10 

1 -il 

' I3;i8 

10 

•">1 

1070 

14 

OJ 

2003 

l.'i 

8 

2014 

15 
10 
33; 10 

IS 

12i 

4213 


The following values of the expansion constants, Z, Z', and Z", 
are calculated from the above table^ at 191 revs, for coinparison 
with the observations on the pressure-distribution at the same 

speed. 


, Table II. • 

Expansion constants at 194 revs., corrected for leakage, I = 0-1 


No. 

1 1 2 i 

3 

4 j 

5 , « 

7 

8 ' 

Sums 





- - 



— 


2-48Q i 2-511 

2-555 

2-600 

2-337 ; 2-578 

2-078 

2-800 

20-544 

7.f" .. 

2-228'2-300 

2-383 

2-463 

2-232 ! 2-483 

2-.5m) 

2-7.33 

19-421 

f ” 

4-015 : 3-313 

2-662 

2-173 

1 1-547 : 1-354 

1-079 

: 0-883 

17-026 

Z"x 10» 

J077 i 1306 

885-6 

579-0 

1.327-0 : 227-2 

141-3 

1 89-0 

5721-6 


Formulae: Z = Nv?IJg, Z'= Su tan ajX, Z''= aZ'^gZ, in F.P.C. units. 

The mean blade velocity it may be taken as RXjTiQx, where 
JB is the speed in revs./min. The assumption a = 70° (R = 20°) for 
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the discharge angle appears to agree ildtly with the observed value 
of the mass-flow, if the efficiency constant yj' in XIV (1) is taken 
as 0-888. The blade-angle isf^sumed to be urifonS, with normal 
blades throughout the turbine. 

The energy constant is proportional to' the available energy 
in each expansion when is the same for the different expansions. 
Ibb .productis similarly proportional to the heat-drop. The 
factor/", is taken as (p-0-l)/(a: + 0-2), with the clearance 
I e- 0-1 in., as explained in § 157, to allow for the effect of tip- 
leakage. 

The expansion constant Z' is proportional to the pressure-drop 
DP in each expansion, ^hen M and z„ are the same for the different 
expansions. 

The discharge constant Z" is independent of z„ and tt, and is 
proportional tcAthe<drop of PjP in each expansion when M is 
uniform throughout. ' 

• The ^following pressure readings were taken at the points 
intermediate between the expansions during the full-power trials 
of the Mauretania at a mean sjx;ed of 194 revs./min., on both 
H.P. and L.P. turbines. i. 

0 

Table III. 



H.P. Turbine 

L.P. Turbine 

Iloocivt'r pn'SBuro 

150 lbs./in.^ {fzauffe) 

5 lbs./in.‘ teauee) 

End of first, expansion 

113 

0 

„ second „ 

871 .. 

4 in. vacuum 

„ third „ 

(!3 


., fourth „ 

13 ^ „ 

l«i 

„ fifth „ 

311 ., 

211 

„ sixth „ 

211 

24 

iMiventh 

13 

2(5 


VnRUuni in coiulttiiser, in. Barometer, 30 in. 


The low-pressure readings are naturally somewhat uncertain, 
but special arrangements had been made for taking readings at 
the various points in rapid succession, and the readings are said * 
to have been extremely steady. Those for each turbine were taken 
on the same indicator, so that the drop of P for each expansion 
would probably be free from zero errors, but the receiver pr^sures 
appear to have tjeen taken on different gauges. * 

164. Theoretical Formulee for the Intermediate 
Pressures. It has frequently been remarked that the absolute 
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pressures observed in the ap. turbine of the Mauretania on this 
occasion follow approximately a geometrical progression with the 
same common *ratio* as that of . the Jdade-heights^ in successive 
expansions. This is often quoted as the “law of pressurfc-distribu- 
tipn” in a reaction tiAbine of this type, Vnt is not very aecurote 
in the present instanee. The common pressure-ratio from the initial 
and final pressures comes out l-SOt, whereas the ■snnmou ratio 
blade-heights is 1-24, and the iutcrniofbate values of P show a 
systematic deviation, as illustrated in the following table. 


Table IV. 

Absolute pressures calculated as a geometrical progression. 


End of Expansion No. 

1 

2 

3 i 4 

5 

6 

7. 

Observed pr^urc% ubs. 

127-7 

102-2 

77-7 I 57-7- 

46-4 

36-2 

27-7 

Calculated as G.P. 

126-3 

90-8 

74-2 j 56-9 

43-6 

33-5 

25-7 

Diff. (obs. - calc.) 

1-4 

+ 5-4 

V5 ! 1 f>.S 1 

4 2-6 

+ 2-7 

+ 2-0 


The sum of the differences comes to 18- i, and would be further 
increased if allowance were made for reeciver-drop from the H.P. 
receiver to the first row of blades. The‘“Law” as commonly stated 
has no physical interpretation, and makes no allowance for differ¬ 
ences between the expansions. * 

Much better agreement is obtained if we take a straight line 
characteristic on the II log P diagram, which makes the heat-drop 
in each expansion proportional to the logarithm of the pressure- 
ratio. Taking the heat-drop as proportional to f'Z in Table II, 
the logarithm of the pressure-ratio for each expansion is obtained 
by multiplying the corresponding vidue of f'Z by the constant 
factor 0-922/19'42, in which the munerator is the logarithm of the 
ratio of the initial and final prc.ssures, and the denominator is the 
sum of thS values of f'Z. We thus obtain the values: 

Table V. 

Values of P by straight line characteristic on H log P diagram. 

“Calonlated from/"i 1291 100-4 77-4 59-1 4(1-3 3,5-3 26-6 

D18. (oba.- calc.) - 1-4 -i- 1-8 -h 0-3 - 1-4 - 0-1 -4 0-9 -f M 

The sunv,of the differences is now only 4- 1-2, showmg that the 
assum^ characteristic is a gcKxl first approximation. The straight 
line has previously been shown to correspond closely with an 
expansion curve of the type PV = kP^, which will therefore be 
approximate for the available energy. 
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The simplest theoretical methoif of calculating the pressure- 
distribution in any case is the expansion constwit Z’. The 
pressure-drop pP for each fxpansion, if z„ and Jlfare uniform, is 
obteined by multiplying the corresponding value of Z' by the 
constant factor 145/17'0», in which the numirator is the difference 
of^thc initial and final pressures and the denominator the sum of 
Jhfe "values of Z'» Adding the resiJts in succession we easily find 
the following values of P St the intermediate points. 

% 

Table VI. Pressure-distribution assuming M and z„ uniform. 

Calculated from Z' 102-3 79-6 61-1 47-9 36-4 27-2 

Diff. (obs.-calc.) -2-8 -0-1 -1-9 -3-4 -1-7 -0-2 0-5 

The differences considerably exceed the probable errors of 
observation, a^jd show a systematic deviation, indicating that 
either M, or 2 „, or both, werq not the same for the different expan¬ 
sions, as assumed in the calculation. 

In tfi'der to test whether z„ could possibly be tht same for the 
different expansions, if Mavere constant, we must apply the method 
of § 159 in the last chapter^ based on the discharge constant Z”, 
which is independent of Taking first the case of saturated 
^eam, for which the turbine was probably designed, we find from 
equations (1), (2), and (.3) of the last chapter the following mean 
values for the whole turbine over the pressure-range 164-7 (dry sat.) 
to 19-7 lbs. 

SaFdP = 90-8, So = 1-975, m = 0-0923, 

DU = 57-3, F"= 19-1, D (PIV) = 58-1, M = 123-0. 

Taking the drop of P/F proportional to Z" for each expansion, 
we find: * 


Table VII. DP, Dll, and z„ calculated from Z" for saturated steam. 


No 

1 

2 1 

3 

! 4 

5 

6 

7 ' 

“■ 8 

Sums 

DP 

34-14 

28-32 

22-44 

18-62 

13-12 

11-63 

9-2^ 

7-70 

145-0 


1-965 

1-976 

1-948 

1-970 

1-960 

1-968 

1-977. 

2-016 

1-973 

DU 

6-53 

6-78 

6-90 

7-24 

6-62 

7-29 

7-68 

8-28 

67-22 

P 

130-6 102-2 79 

-8 61-3 48-2 36-6 27-4 



It will be seen that the values of z„ are remarkably uliiform, 
and that the values of P given in the last line, agree very closely, 
as they should, with those calculated from Z' in Table VI, but 
disagree with the observed values. The obvious inference is that 






PRESSURE DISTRIBUTION 


411 


m] 

the steam in the trials was rfct saturated, with a uniform value 
of M, since that hypothesis makes so nearly constant that the 
calculated valuSs oft P should bn^ej a^ed clo^ly with the 
observed. _ ' 

, If we repeat the calculation, as in Tabk- VII, but for the case 
of dry supersaturated steam, we find that there is a systematic 
diminution of z„ as expansion proceeds, and tha !}|)proxiniatioh'* 
to the pressure-distribution is about thK* times closer than in the 
case of saturated steam. But the irregular deviations persist, and 
it is unlikely that the steam would remain dry throughout the 
expansion, because the final state is below the SS limit, and we 
should expect some condensation to occur, en before the limit 
was reached, owing to the slow speed and the great extent of the 
bl&de surface. 

The simplest way of obtaining an indicatiDn of the probable 
nat\ire of the irregular deviations, is fo taUe the ratio of the pres¬ 
sure-drop for <;ach expansion calculated irontji' as in VI*to the* 
observed pressure-drop, as in the following iuble, in which the 
variations of the ratio from unity include the effects of errors in P 
in addition to changes in M and z„. 


Table VIII. Ratio of pressure-drop (obs./calc.) in each expansion? 


No. 

‘ I 

2 

3 

4 

5 

6 

1 7 

1 ; 

s 

VP obi. 

370 

2.')-,') 1 

24-.5 

20-0 

11-.5 

lO-O 

8-5 

8-0 

„ calc.! 
Ratio 

34-2 

28-2 

22-7 

IS-.T 

13-2 

U-.7 

0-2 

7-5 

1082 

0-004! 

1081 

1-080 

0-873 

0-807 

0-025 

1-004 


The irregularity of the ratios looks rafher hopeless at first sight, 
but appears to be capable of a simple explanation. The high values 
in the first, and last expansions are due sim)>ly to the neglect of 
receiver-drop. Jhe sudden increase between (2) and (.3) is due to 
an increase of M, consequent on by-passing steam to the end of 
Jlie second expansion. The low values in (5) and (6) arc caused by 
recovery from Supersaturation, which sets in near the beginning 
of the fifth expansion. The rise in (7) and (8) shows that the steam 
is approaching more nearly the normal state of saturation. Owing 
to the change ih M, and the uncertainty of the correction for 
receiver-drop, it is necessary to calculate the first four expansions 
separately in order to determine the value of the initial pressure, 
and the appropriate values of M for the first two expansions and 
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for the remainder of the turbine. Thfe values thus obtained may be 
affected to some extent by errors in the pressure-differences, but 
appear to be ^bstantially pccurate. * * 

*165. Calculations for the Expansions in Succession. 

starting the calculation, it is necessary to make a preliminary 
estlhiate of ttiednitial pressure, on account of the uncertainty of 
receiver-drop, otherwise Ve shall assume the observed pressures 
to be gxact. The initial state of the steam may have been slightly 
superheated owing to throttling from boiler pressure, but we may 
take it as dry saturated without material error in the absence 
of more definite information. Estimating the receiver-drop as 
8 per cent., we find 

Initial sta^c, 

P'== 160 lbs., ?-862, // - 7i = 203-22, aP'F'= 47-10. 

. Assuming the state to remain dry supersaturated through the 
first expansion, with the final pressure P''=^ 127-7, as observed, 
we may calculate the filial state as in XIV, § 150, but with the 
corrected values of the consitants given in Table II. 

(1) DaPV = 1-50, S^VdP = 10-45, 2 ,„ = 1-929, 

* DH - 6-83, M = gf^'DPIZ'z„, = 118-5. 

Similarly for the second expansion, with aP'V'= 45-60, we find 

(2) I)aPV = 1-50, iaVdP = 9-99, 3,„ = 1-875, 

DH = 6-32, M - 116-7. 

If wc had assumed M -.110-7 for the first expansion in place of 
assuming 160-0, we should have found P'= 159-0 for the 
initial pressure, which is'within the limits of possible error. We 
conclude that ^le observed pressures are not inconsistent with 
the assumption that the mass-llow was the same in the first two 
expansions, and the state dry supersaturated. 

Proceeding similarly for the third and fourth expansions, we 
find • 

(8) DaPV = 1-71, iaVdP = 11-85, - 2-628, 

DH <= 7-26, M = 129-8, 

( 4 ) DaPV => 1-75, faVdP = 12-85, z„ = %046, 

DH = 7-62, M = 127-9. 

It seems probable that there wks an increase of at least 10-0 lbs. 
in Af at the end of the second expansion. There was a leak-oS from 



XVI] PRESSURE DISTRIBUTION «8 

the H.P. dummy at this poin?, and it would be natural, in making 
a record, to by-pass as much steam js possible to the end of the 
second expansion. Tft be strictly accuiate, the ini^l value of U 
for the third expansion wopld require revision to allow for Ijie 
addition of 10 lbs. of superheated steam, tmt this would add only 
1 cal. to the initial value of U, and would not materially affect tbe 
results. Seeing that the value of M comes out tiic same fertile 
third and fourth expansions within the f robable limits df error of 
the pressure observations, it seems fair to conclude that thqre was 
a change in M, and that the condition of the steam remained dry 
and supersaturated at least to the end of tlje fourth expansion. 

At the beginning of the fifth expansion, with II = 689-7, at 
P = S7-7, the steam, if dry, is already at a memi temperature 
nfiarly 80° C. below that of saturation. But the state will be far 
from uniform, so that parts may be much* colder. There will 
probably be some condensation on the iJludes, even before this 
point is reached, because the current of su^icrcooled steam will 
cool the blades below the saturation tciyi)eii>aire. 

Supposing that the steam remained dry tluroughout the fifth 
expansion, the pressure-drop required to get the same mass, 
M = 128 lbs., through the expansion would be 14-6 lbs., which is 
27 per cent, greater than the observed drop of 11-5 lbs. If on the 
other hand we supposed the steam instantaneously transformed 
into the saturated state at the beginning of the fifth expansion, 
and to remain in the equilibrium state of saturation without any 
retard in the condensation throughout the expansion, the pressure- 
drop required would be still greater, owing to the increased volume, 
and would amount to 15-7 lbs., whiefi is 30 per cent, larger than 
that observed. It might appear at first sight as though the pressure- 
drop, if the steam were only partially transformed ^should be some¬ 
where infermediate between 14-6 for dry steam, and 15-7 for 
saturated steaip, unless there were some mistake in the observations. 
But this is far from being the case, owing to the effect of the time- 
Jag due to tlie finite rate of condensation (Callendar and Nicolson, 
Proc. C. E., 1898). Owing to the time-lag, the greater part of the 
condensation will oecur immediately after each step in the expan¬ 
sion, as the steam issues from the blades. The pressure-drop required 
to get &ie steamHhrough each set of blades will be much the same 
as for supersaturated steam, and the increase of volume in passing 
through each blade-ring will also be the same. The condensation 
which occurs after passing the blades must produce a rise of 
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temperature, involving an increase* of volume and velodty if the 
pressure remained constant. But since the velocity could not 
increase withput increases of heat-drop sUd pressure-drop, we 
conclude that the volume will remain constant and the pressure 
will rise, making the ba6k-pressure higher than the throat-pressure, 
^which agrees ^with the result of the pressure-observations. 

*In order to account for the observed defect of pressure-drop in 
the fifth\!xpansion, we hftve to suppose that only about 2 per cent, 
or 8 prir cent, of the steam is transformed after each of the 28 steps 
in the expansion. Since the prcssiire is continually falling with 
production of fresh sypersaturation at each step, it is evident that 
the effect will persist through two or three expansions, with a 
gradual reduction of intensity as the steam approaches more nearly 
the saturated state, since the rate of recovery will probably be pro¬ 
portional to the defect of temperature below the saturation point. 
A limit will be reached when the rate of recovery balances the rate of 
’supersfcturation. Tte final defect of temperature below the satura¬ 
tion point will probably be proportional to the rate of expansion. 

It appears in the present instance, the rate of expansion being 
comparatively slow, Uiat tftj final defect of volume would be only 
or 2 |)cr cent, below that of saturation, but the data do not 
permit a very exact estimate. Taking the final pressure as 20-7 lbs., 
allowing for receiver-drop, we could estimate the final volume as 
18-84, and find a formula of the type PV = kP^ for calculating 
the available energy. This would give fairly accurate values for 
s and Dll in each expansion, but, since the final state and pressure 
are uncertain, it is more instructive to calculate the last four 
expansions in succession, 'on the assumption that M remains 
constant, and that the slate of the steam is wet supersaturated. 
The advantage^ of this procedure is that it becomes possible to 
determine the state of the steam at the end of each expansion, 
and affords A test of the consistency of the hjtpothesis above 
advanced of recovery from supersaturation. 

In order to find the least increase of volume which will suffice 
to get the flow M = 128 Ibs./sec. through each of the expansions 
in succession, we employ the formula for the adiabatic heat-drop 
in the ease of wet supersaturated steam, as given in Chapter IX, 
equation (85), namely, * 

SaVdP = (18/8) DaPF-=. (18^)oP'F'(l - (I>'7P')‘/“). ...(1) 

In the case of the fifth expansion we have the initial state 
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P'= 57-7 lbs., aP'V'= 40-61,*and take as a trial estimate of the 
drop DP the value DP = 14-6 lbs. a; above found for dry super¬ 
saturated steaift. If*M = 128, the triiil value DP f 14-6 requires 
a corresponding trial value of z, namely 0-222DP/Z'= 2-0JI5, 
by equation XIV (3).*With P"= 48'1, ccf’.otion (1) gives 
faVdP = 11-458, 

whence a"= (f^laVdPjZfl^^' 2-081. 'I’hf difference, 

2"- 2'= - 0-014, 

gives (by the rule in XV, § 158) the corrected value, = 2-062, 
from which we obtain the corresponding corrected values of the 
pressure-drop, DP^ — 14-37, and of jaVdP - - 11-252. The value of 
^ DaPV is obtained from (1), giving aP"F''~ 38-01, and the final 
volmne F"= 8-528. ^ 

According to the theory above explained, the value of V" thus 
found will be that of the actual final volun. ■ iii the fifth expansion, 
or the initial wlumc for the sixth, b<it the i fih-idatcd value of the 
final pressure, namely P^ = 57-7 - 14-87 f= 43-33, is lower than the 
observed pressure P„ = 46-2, on account of the rise of pressure 
which occurs after each step in the ^expansion while the steam 
partially condenses with rise of temperature at constant volume. 
The effect of this is to reduce the pressure-drop in each step in the 
ratio DPJDP, — 11-5/14-37, and to reduce the mean effective 
value of 2 in the square root of the same ratio, giving 2 „ = 1-844, 
as the value to be employed in calculating 

DH = (22„-1)/"Z = 6-00. 

The tangent of the angle of discharge-is reduced in the same ratio 
us 2 , owing to the reduction of the velociiy; but the initial value of 
aPV for the next expansion is increased in the ratio Po/Pj, giving 
aP„V'>= 40-52 for the sixth expansion, nearly the same as the value 
40-61 for the fifth. . 

Proceeding similarly for the three last expansions we find, 

' (6) dp; = 12-51, 2„-2-051, 10-88, 

dP„ = 10-0, 2„ = 1-834, DU = 6-62. 

(7) DPe = 9-74, 2, = 2-004, F''= 13-85, 

• DP^= 8-5, 2„ = 1-872, DH = 7-18. 

(8) DP. = 8-08, 2„ = 2-080, F"-= 18-06, 

DPo = 7-0, 2„ -d-890, DH = 7-60. 

The progress of the recovery towards saturation can be traced 
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by calculating the values of F, for wfet saturated steam at the same 
F and H, for comparison fl;Jth the values of V" given above, as 
shown in the fipllowing tabje. ® “ 


No. 

1 

2 ‘ 

3 } 4 

1 

6 


7 

1 

8 


S'472 


nm i «-843 

8-.528 


13-86 

18-06 


3-6t5 

430:t 

5-523 1 7-232 



■fgiyl 

18-33 


1-2 

1 2-5 

1 

'’40 1 6-4 

1 

3-5 

1-4 

1-7 1 

1-6 

1 


The last line shows the percentage difference of volume from 
that of saturation, aijcl illustrates the progress of siipersaturation 
and recovery. The defect increases to a maximum at the end of 
the fourth expansion, where recovery sets in with a rapid diminu¬ 
tion of the diljcrcnec during the fifth and sixth. By the end of the 
sixth expansion the steam appears to have reached a steady state, 
remaining at a nearly constant percentage defect below saturation 
'through the seventh and eighth, according to the method of 
calculation employed, fhe value of aPV remains practically 
constant from the end of the fourth to the end of the sixth expan¬ 
sion, while the most rapid recovery is in progress, but falls again 
in the seventh and eighth, when the rate of supersaturation balances 
the rate of recovery. Since the rate of expansion in this turbine 
was about the slowest on record, it is easy to see that when the 
expansion is twenty or thirty times more rapid, the beginning of 
condensation will be delayed to a lower pressure, and the defect 
of temperature and volume will remain much greater to the end 
of the expansion. Unfortunately there do not appear to be any 
equally satisfactory published data for the pressure-distribution 
in a high speed turbine. 

There arc q\any other points which could be investigated if 
the requisite observations were available, but special arrangements 
would be necessary for securing the appropriate ^ata. The con¬ 
sistency of the calculated results in the present instance seems to 
show that the pressure-differences were fairly reliable, but th» 
indicators employed, though doubtless the best of their kind, wer» 
not specially adapted for measuring small differences. Accurate 
pressure-observations at different loads and speeds, would probably 
suffice to clear up most of the remaining uncertakities. 

When there is a change of state from dry to wet, the available 
energy cannot be obtained sati^actorily from a formula of the 
type PV = feP". with a single mean value of the index, but good 
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results may be obtained by Using different values of m for dry and 
wet. In the present example, the value m = 0-ia6S for the first 
four expansioi»s, and m = 0'0466 for the last four, allowing for 
the change in M, give results for z and Dff which are in very 
^ose agreement withthosc obtained by odculating the expansions 
separately. 

i66. Effect of Condensation the Blades. In the 
foregoing calcidation we have assumed for simplicity that M 
remains constant throughout the last five expansions, and that 
the whole of the observed defect of prcss\i re-drop is to be ex|>laincd 
by the recovery from siij)ersaturation. But owing to the great 
extent of the blade-surface in the later expansions of a turbine of 
this type, the effect of condensation on the blades cannot be 
neglected as a contributory cause of loss, 'ibc condensation on 
the blades may be regarded as an indirect ‘ Tfeet of siipcrsaturation, 
since there wpuld be no appreciable coiidi ♦isalion on tlic blades 
unless they were cooled below the satur^ation temperature by the 
current of supercooled steam. According to the law of surface 
condensation (loc. cit.) the rate of et?hdeusation in lbs. per sec. 
per sq. ft., or other convenient unifs, will vary as the defect of 
temperature of the blades below saturation. There would be no 
great difliculty in measuring the actual temperaturi? of the blades 
in any case, aiid in making a separate estimate of the condensation 
on the blades from the know'n value of the condensation constant. 
There are no data of this kind at present available, but it is easy 
to see that the defect of temperature of the blade-surface will be 
very small and approximately proportional to that of the steam 
below saturation, so that the rate of condensation on the bladc- 
sqyface will vary in a similar manner to the rate of recovery of the 
steam frAn supersaturation, and will pro<luce similar effects on 
the observed ,i]ressure-drop in each expansion. The* values of the 
heat-drop as deduced from the observed pressure-drop, will be 
.little, if at all, affected by any view with regard to the cause of the 
Reduction of the pressure-drop, but in so far as it is attributed to 
blade-condensation, the power will be reduced in proportion to 
the reduction of M. Any water condensing on the blades will be 
quickly eliminatid by centrifugal separation with a loss of kinetic 
energy M*/2g per unit mass separated. There will be additional loss 
due to friction at the blade-tipsf which may become serious if the 
turbine is not efficiently drained. But the chief loss of power will 
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be that due to reduction of M in aM the subsequent expansions 
Any drops of appreciable size occurring in the steam itself tend t( 
be eliminated i|j a similar wjy, but the fine fof dueto supersatura 
tiop may be treated as forming part of the mass of the fluid 
according to the usual assumption. * , 

,So far as the reduction of pressure-drop and heat-drop an 
cohecrned, it Aakes little or no difference, according to the fore 
going theary, whether th# condensation occurs on the blades oi 
, in the ^jody of the steam, except that, if any condensation occur 
on the blades, it involves a small reduction of 3/ by centrifuga 
separation. Some condensation on the blades must undoubtedlj 
occur, but the reduction of 3/ by itself is far too small to accoun 
for.the observed diminution of pressure-drop. At the end of thi 
fourth expansion, where the defect of volume is a maximum, , 
total condensaflon aTnonuting to only 3 per cent, of M would sufflo 
to restore the steanr to 3hc State of saturation, but the reductioi 
Bf pressure-drop, aij compared witlr tlie pressure-drop requirec 
for sattirated steam, is SC^per cent. 

It might appear justifiable on this ground to ignore the reductioi 
of M entirely as being rclatS^ely insignificant, but it appears tha 
a small reduction of 3f is A-quired in successive expansions ti 
Account satisfactorily for the observed effects. In the previou 
calculation, with 3/ constant, it was assumed that the expansioi 
of V was that due to adiabatic llow with the index 3/13, in plao 
of the usual index 8/713, in which the stage clliciency / take 
account of the increase of volume due to friction in striking th' 
blades. The pressure-drop,thus found for wet supersaturated stcan 
was 14'37 in expansion {.'!) \tith M = 128, as compared with 14v'5i 
for dry supersaturated with the index Sf/lS. The final volume fo 
wet supersaturated steam was taken as V"= 8-528, on the taci 
assumption that the rise of temperature due to friction -was com 
pensated, like»that due to condensation, by the increase of back 
pressure after each step in the expansion. In reality the two effect 
of friction and condensation are not precisely similar. Condensatior 
being merely a change of internal state without addition of externs 
energy, cannot involve any increase of intrinsic energy E; but th 
conversion of kinetic energy into heat by friction necessaril; 
requires an increase of E, which should be takes into account I 
the usual way. This would make little difference in one expansioi 
but, the effect being cumulative, we should soon arrive at excessiv 
values of V, if allowance were not made for the reduction of 3 
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by blade-cond«isation, whicjh appears to be of the right order of 
magnitude to compensate for the effect of firiction in increasing V. 

167. Data for the L.P. Turbine of SS. Mauretania, 

The following are tfic material diineiisXms of the L.P. turbine. 
Diameter of rotor, 140 inches, with eight expansions, the first foyr 
of 7 stages eaeh, the last four of 8 stages each. The first five ex¬ 
pansions with normal blades, the lasf three with “semi-wing,” 
“wing” and “double-wing” blades, i-esjjeetively. The ratios 
actually employed in gauging the apertures of the wing-bhides 
do not appear to have been published. We shall therefore assume 
« = 70°, tan a 2-748 for the normal blades, as in the II.P. turbine, 
and shall take the values of tan a for the last three expansioivs as 
being 1-8.32,1-222, and 0-814 respectively, diininishiiig in the simple 
ratio 2/8 for each expansion. 

The variation of blade-angle involvi . a small eoi-res[)onding 
variation in the ellicieney constant/,', asex|)li ined in Chapter XI-V, 

§ 149. The exact nature of this variation reniains at present un¬ 
certain, but it appears that w(! cannot be far wrong in assuming 
the simple formula 

//= 1 _ 0-117/sin2 (a + 20°).(2) ^ 

which makes/' a maximum and equal to 0-888 when n = 70°, as 
previously assumed; and makes /,' vanish, as it should, when 
a * 0°. 'I’he resulting diminution of/,' is only 5 |)er cent, for the 
double-wing blades. 'I’he formula takes no account of the radial 
divergence of the blades, which probably involves some additional 
loss in the ease of long blades of uniform section. 


Table IX. 

Dimensions and constants for L.P. turbine atd94 revs./min. 


No. 

J, 

2 

3 

* 

5 

» 

7 

' 8 

iSunu 

X 

7 

7 

7 

7 

8 

8 

8 

8 

60 

xin. 

84 

lOi 

131 

17 

22 

22 

22 

22 

— 

JCin.‘ 

3842 

4964 

6444 

8385 

11200 

II2W» 

11200 

11200 

— 

tan a 

2-748 

2-748 

2-748 

2-748 

2-748 

1-832 

1-222 

0-814 

— 

f,' 

0-883 

0-883 

0-883 

0-883 

0-883 

0-879 

0-8ti8 

0-841 

— 

Zea'M. 

2-446 

2-522 

2-620 

2-744 

3-338 

3-338 

3.338 

3.338 

2.3-684 

/"Z cals. 

2 - 9 I 6 

■2-416 

2-5;i6 

2-672 

3-271 

3-291 

3-.‘(04 

3-311 

23-117 

Z'x 10* 

6061 

4798 

3789 

2995 

2656 

1783 

1193 

798 

24071 

Z" X 10» 

4798 

2916 

1751 

1044 

675-1 

;i04-3 

136-2 

60-64 

11686 

/)P.lb8. 

4-716 

3-733 

2-950 

2-330 

2-066 

1-387 

0-928 

0-619 

18-73 

DPolba- 
'■ ■ 

4-971 

1-966 

3-314 

2-822 

2-455 

1-228 

0-982 

0-982 

18-75 


27—2 
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The values of the coefficient f" aJe calculated by the fonnula, 
/"■= (iT - l)/(a! -f- 21), with the, tip-clearance 1 = 0-15", proportional 
to that assum^ for the H.p. turbine, but, o^ing fb the length of 
the; blades, the correction makes little difference to the results. 
In the case of the wing«blades, the factor 2 is replaced by the 
Ijrpper value of sec a — 1. The values of Z' and Z" are 
calcfdatcd witli the appropriate leakage corrections and values 
of tan «. • * 

The,last line in the table shows the press\ire-drop DPg observed 
in each expansion, taking the initial pressure as 5 lbs. (gauge), and 
the final pressure as 2g inches vacuum (bar. 30 ins.), or 19'73 lbs. 
and 0'982 lb. absolute. The last line but one, headed DP,, shows 
the. pres.sure-drop for each expansion calculated from Z' on the 
assumption that Af and z arc the same for each expansion, and 
that the initiaf ancT final pressures are 19-78 lbs. and 1 lb. abs., 
respectively. The differences* suggest, ns in the case of the II.P. 
turbinef(l) that corscctions are re<juired for receiver-drop, (2) that 
there is a considerable ejiange in Af at the end of the second 
expansion, (8) that there is a change in state of the steam at the 
end of the fifth. ' 

Assuming that the turbine was designed for saturated steam 
with a pressure-range from 5 lbs. (gauge) to 28 in. vac., it is first 
necessary to see whether the dimensions assumed will give a 
uniform value of z under these conditions if Af is the same for each 
expansion. From eipiations XV'(1) and (2), neglecting the varia¬ 
tion of /i', we find for the whole turbine the approximate mean 
values, Dff - 69, .•U6, m « 0 0855, D (P/F) = 0-967. From 

which, by cqualion XV (l2), we deduce Af -■ 110-4. This value 
of AJ is so much smaller tlfnn the value AI = 128 similarly obtained 
for the Jl.P. turbine, tliat it would evidently be impossible to get 
the still larger How AI - 128 through the L.P. turbin^’ unless a 
considerable proportion of the steam were by-pasjfd to the end 
of the second expansion. It would appear that the L.P. turbine 
of the Alauretania was not desigircd (as in the case of the Dread-, 
nmight) to utilise the auxiliary exhaust, which is^stated to have 
been employed for heating the feed-water. The uniformity of the 
values of z caleulated from Z" by the method of XV, §,159, as 
shown in the following Table X, indieates that the dimensions 
assumed are in all probability substantially correct, confirming the 
ratio 2/8 selected for successive <values of tan a in the last four 
expansions. 
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’ra’ble X. 

L.P. turbine. JDP,z„, and DH, calculated from Z". M = 110'4. 


Na 

1 

2 

3 ' 

4 

6 

6 

7 

8 

Sums, 

DP 

4-747 

3-721 

2-918 

2-311 

2-087 

1-392 

0-93-2 

0-640 

18-75 


1-999 

1-980 

1-906 

1-970 

2-006 

1-993 

1-99.-. 

2052 


Da 

6-94 

7-15 

7-43 

7-86 

9-85 

9-83 

9-7" 


68-57 


Assuming the steam to remain saturated throughout, if the ^ 
object is to keep z„ uniform, it appears that the choice of dimensions 
eould scarcely have been improved. The change of i,,, from 1-970 
in (4) to 2-000 in (5) indicates that a sliglitly larger increase of x 
than from 17” to 22" would have been required to compensate for 
the change from 7 to 8 stages, and to make the iiit tm value of z 
the same in the fourth and fifth e.\i)ansions. On the other hand, 
a smaller change of ,r would havc'sulli.ct! to make the imtial 
steam-velocity the same, a condition which .pucars to he fr'-qucntly 
adopted in design. The high value of s in llie last e.vpansion would 
be correeted by a slight change in the final |)r<tssure, as from 
28" vac. to 1 lb. abs.; and would be ov'er-corrected by making 
allowance for the probable variation of/,' as shown in 'fable IX. 
We infer from the want of eorrcs])ondence betweeai th<; observetl 
and calculated results for DP, that the steam did mt remain 
saturated, and that M was not the same for all the cx))ansiiius. 'The 
values of Dll given in the table include the effect of the assumed 
variation of_/j'. 

i68. Calculation for the Expansions in Succession. 
As in the case of the H.P. turbine, we may procccil to calculate the 
flow for each expansion in succession on the asspmption that the 
observe^pressures are exact, 'fhey have generally been regarded 
as impossible to interpret, and are doubtless more Imeertain tlian 
those for the H.P. turbine, 'fhey appear, however, to be sulliciently 
•correct to afford a good illustration of the method of calculation, 
and a fairly cl&r indication of the state of the .steam. 

Before making the calculation, we retpiirc an approximate 
estimate of the state and probable behaviour of the steam. 
According to th8 previous calculation, the steam leaving the H.P. 
turbine will be but slightly supersaturated. The superheated steam 
arriving from the H.P. dummy will clear up the fine fog, leaving 
a mixture of saturated steam with comparatively few drops of 
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water in suspeasion. Most of these ilill be separated out by the 
moving blades, and the mixj;ure can be treated as dry super¬ 
saturated for tl\p first part <jf the expansion, Ance fto fresh nuclei 
wUl.be generated until the temperature has again fallen to the 
supersaturation limit. 

, .It is well kijown that vacuum gauges are apt to be somewhat 
vagu'e in their indications in the neighbourhood of atmospheric 
pressure. But if we take the prcss\ire to be exactly atmospheric, 

, 80" of mercury, or 14'78 lbs. abs. as observed at the end of the 
first expansion, with a drop of 4", or l-9C4lbs., in the second 
expansion, it is possibly to calculate the initial pressure, as in the 
case of the H.P. turbine, on the assumption that M is the same for 
the first two expansions and the state dry supersaturated. Taking 
m = 0-146 as a, probable value of the index, we find the drop of 
pa-ra fQj t],(. second exjjansion to be .34-14, which when increased 
in the ratio givM SO-'lC for the drop of in the first 

expansiott; whence tltc initial value of P is 17-546 lbs., with 
DP = 2-816. Having found the pressures, the exact value of H 
makes comparatively little difference to M or z. Estimating the 
initial value of // as 639, with a drop DII - 9 for the first two 
expansions, we find M = 82-7 from XV (12), giving (1) z = 1-60, 
zf// = 5-1, (2) s = 1 -40, DH = 4-34, for the two expansions 
separately. 

If we suppose that the usual excess of H.P. dummy leakage 
over L.P. dummy leakage is suflieient to make up for the loss of 
water by separation and drainage, we should expect to find the 
flow through the remaining expansions of the L.P. turbine nearly 
the same as the value M — *128 found for the latter part of the 
H.P. turbine. The value ^I ^ 83 for the first two expansions of 
the L.P. turbine pnplies that about a third of the total steam was 
by-passed to the end of the second expansion. This woul& explain 
why the observed pressure-drop in the second expansion is only 
half the normal, and the absolute pressure at the end of the second 
expansion is 18 per cent, above the normal for the»pressure-range, . 
and also why the receiver-drop is twice as great a^that found at 
the end of the H.P. turbine. Assuming on these grounds that 
about one-third of the st eam was by-passed at constant H, regaining 
the initial value U = 689, with two-thirds sAH •= 630 after passing 
through the two expansions we find H » 688 as a probable estimate 
of the initial state of the steam at the beginning of the third ex¬ 
pansion. 
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Taking the observed prdBsures as correct for the next three 
expansions and assuming the state dry supersaturated, we find:— 
Table XI. L.P. Tifrbine. Results for expansions (.S), (4), and (5). 

Initial state (3), P' = 12-7e«, 633, V’ = 29-73, aP'y' -= 39-03j 

• Final state (3),/"'= 9-4.51, 1-906,/ « = 7-44, J/= 126-8. 

„ (4), 6-629, z,.= 2-030,/itf = 8-21, Jf 131-6. 

„ (6),/"'= 4-174, j,„= 2-010, OH = 10-11, Af = 128-;4.** 

The values of M found agree as i.iioscly as can be expected, 

considering that the jiressure readings were taken only to the 
nearest and that the calculated value of M depeiufs on the 
small pressure-difference. The mean of the three values, namely 
M = 128-8, will give a better approximation to the actual flow. 
The mean value of .1/ similarly found for the third and fourth 
expansions of the II.P. turbine was .1/ = 128-0. The agreement 
may be taken as a fair corroboration of the luethfld of ciilculation 
adopted. 

If we take 3/ 128, and calculate lli < jiressurc-drop for the 

next expansion on the assumption that^lhe sh am remains dry and 
supersaturated, the result found is grcally in exc-ess of the observed 
value. The observed defect might naturally be attiibuted to some 
want of ellicicncy of the wing-blaues, or to some uneertainty in 
the angles assumed, if it were not that the values ol J lor the v.iilg- 
blades agree so closely with each other in T:d)le X, and that a 
similar defect of pressure-drop occurs in the II.P. turbine, where 
there is no reason to suspect any variation m the blade-angles. 
The effect may reasonably be attributed, as iu the jirevious instance, 
to the time-lag in condensation, which prtKluces a rise of back¬ 
pressure at each step of the expansion" while tlie steam is recovering 
rapidly from the state of stipersaturution. The results for the last 
three e^mansions might be calculated by the. sajne method as for 
the H.l. turbine, but since the pressure-differences become very 
small tow’ards the end, and the exact method employed in gauging 
the blades is tineertain, it will sullice for practical purjmses if we 
. take PV as constant through the sixth and seventh expansions 
(as found in the case of the II.P. turbine during recovery) with 
aPV = 88-0, the value at the end of the fifth exi)ansion. VVe thus 
nhtnip the following results for the last three expansions, in which 
the final pressuve is estimated at 1-22 lbs. abs. 

The mean effective value of z in each expansion is determined 
chiefly by the observed press.rre-drop, and the value of DU is 
little affected by any assumptions which may be made with regard 
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Table XIL L.P. turbine. Results M expansions (6), (7), and (8). 

lailial st&te (6), P* = 4'174, H^=,607‘24, V' = 77‘0, aP^V'= 33'00. 

Final state (6), f"= 2-940, ^„ = 1-741, DU = S-17, V"= /090, 1549. 

(7). /^'= 1-964, z,„ = 1-m, DU = 9 02, V"= 163-6, Z'= 1142. 

(S), F"= I-220,,i,„ = 1-960, DH = 9'8i; F"= 255-0, Z'= 789.. 

bjjthe rate of, recovery. The simple assumption PV — constant 
gives a probable rate of recovery in the sixth and seventh expansions. 
In the las^ expansion it is assumed that the steam has reached a 
steady state, which ser\'es to fix the final pressure with a fair degree 
of certainty. The leaving-loss, with the revised value of the final 
pressure as here given, comes out approximately 1-7 cals. C., in 
place of the value 1-5 eals. as previously estimated in Chapter XI, 

§ 121. The value of DU in the la.st expansion, as calculated from 
z, is automaticii^y corrected for leaving-loss. 

The reduction of z by rceijvery from supersaturation involves 
a^proportional reduction in Z' and tana, which are not required 
in the calfciilation of D/1, but are readily found from z By the relation 
Z'« gfiDP/Mz ,,,, XIV (3),« with the known value of M, namely 
128-8 in the present case, if we neglect loss by separation and 
drainage. The values of Z' tlyis found afford a check on the cal- 
c^ation, esiK'cially in respect of the final value of P, since Z' for 
(8) cannot Ix^ greater than the value 790 x 10“^ given in Table IX 
for normal flow. Thus the final pressure in the present instance 
cannot be less than 1-210 which would make Z' equal to the tabulated 
value, but may be 1 or 2 jicr cent, higher than 1-22, if we admit the 
reduction of M by a similar amount. These differences are beyond 
the limits of aeciiracy of tHe jictiiul pressure measurements, which 
are accepted n-s correct for t|ie sakcof indieatingthekindof informa¬ 
tion which could lx- obtained from more accurate observations. 

The progress ef supersaturation and recovery can bq traced, 
as in the case of the II.P. turbine, by comparing the values of 
the final volume F" in each expansion with those calculated for 
saturated steam at the same P and //. 


Table XIII. L.P. turbine. Supersaturation and*Recovery. 


No. 


2 

3 

4 

6 


7 

8 

r 

V" (SS) 

25-89 

29-11 

38-36 

61-91 

77-00 

109-0 

‘l63-6 

266-0 

F,8«t. 

28-46 

30-10 

39-83 

66-10 

84-10 

116-8 

167-7 

260-2 

Wff. % 

2-1 

3-0 

3-7 

6-f 

8-6 

6-8 

2-5 

2-0 

1 - ?% 

I-O 

1-6 

1-6 

2-4 

3-4 

4-1 

6-0 

6-0 
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The first line gives the niAnber of the expansion, the second 
the actual final volume of the supersaturated steam at the end of 
each expansion. *V„ sltows the corresponding volume for saturated 
steam at the same P and-H. The next line shows the defect of 
vcfiume due to supersAuration, expressed ;*s a percentage of P,. 
The last line shows the percentage wetness of P,, or the defect 
of volume of the equivalent wet saturated steam frem'dry saturatetf 
at the same pressure and temperature. 

169. Revision of the SS Limit. Comparing these results 
with the similar table given for the H.P. turbine, we observe that 
condensation is delayed to a later stage in the L.l*. turbine, and 
that the defect of volume when eondensation begins is considcrahly 
greater than in the H.P. turbine. On the other hand, the time 
interval from the first row of blades to the (^nd 'of the fourth 
expansion in the H.P. turbine is nearly d< :d'le that taken by the 
steam in passing from the begiiuting of the dr.t to lire end of the 
fifth expansion in the L.P. turbine. Thejaet lliat the expansion 
is twice as rajrid is hardly suirnuent Iry itself to ueeouirt for the 
increase of supersatrtration. Accordiiig to the estimate above 
made of the state of the steam in the L.P. turbine, the point at 
which condensation starts is within one or two eidorics of the SS* 
limit, as defined on the basis of Wilson’s ex|)(rrimenls with moist 
air at 20° C., which we should expect to be fairly reliable at low 
pressures, though possibly erroneous at high pressures. The [xiint 
at which condensation starts in the H.P. turhiiur is considerably 
above the SS limit given by Wilsoir’s experiments, hut the jrressure 
is 14 times higher than in the L.P. fnrhinc. 'I'lie chief ))oint in 
common is that the equivaleirt wetness 1 — <■/ is nearly the same 
in the two cases, namely .3-1 per cent, for the H.P. turbine and 
8-4 per ceSt. for the L.P. This relation, if true, would give a simple 
definition of the limit, which woidd be applicable* even at the 
critical point, in the neighbourhood of which the phenomenon of 
•loudy condensation is still well-marked. 

There is so Kttle direct exijcrimental evidence with regard to 
the point at which conden.sation begins in a turbine or nozzle 
at higt^ pressures, that we cannot afford to neglect so clear an 
indication as thaPafforded by the analysis of the pressure-distribu¬ 
tion in the Mauretania. In pwint of fact, a large slow-speed turbine 
is remarkably well suited to indicate the beginning of condensation, 
because the initial rate of recovery is high compared with the 
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rate of expansion, so that the point In question is sharply marked. 
With a higher rate of expansion, the change would be more gradual, 
and it would be more diilicult to locate the^comhiencement. The 
gradual tran.sition would simtilate delay, and lead to an overestimate 
of the true limit. Allowing for the difference of steam-speed in the 
If.P. and L.P. turbines, we shall probably not be far wrong if we 
like the SS ifmit, as indicated by these observations, to occur at 
an equivalent wetness of C per cent., which agrees very closely with 
the Wilson limit at lower pressures. The limit thus defined has the 
advantage that it is much simpler in application than the Wilson 
limit, because it docs not require a special table. The value of 
ff,, ~ If, — 0-03 (//, — sf), is readily deduced from the values of H 
and t at the observed pressure by reference to the ordinary tables 
for saturated steam. The value of F,, for dry steam at the SS 
limit is most'easily deduced from that of V, for dry saturated 
steam at the same pressure "by subtracting 0-03 (H, — st)jp, which 
•is easily' worked oiy a small slide-rule. The actual .value of V for 
the wet mixture in rapid expansion at the SS limit may be ob¬ 
tained by the usual formula for wet saturated steam, but with H„ 
and V„ in place of //, and P,. 

The Wilson limit, if applied at high pressures, is liable to the 
theoretical objections, (1) that it makes the defect of temperature 
below the saturntiou value more than twice as great at 100 lbs. 
as at 1 lb., whereas it should lie less than at 1 lb., and (2) that it 
gives results which arc obviously impossible in the neighbourhood 
of the critical [mint. The limit as above defined by 3 per cent, of 
equivalent wetness, esca()cs both these objections. The adoption 
of the latter limit, in place hf Wilson’s, makes no difference to the 
discharge through a noztle, and scarcely affects any of the cal¬ 
culations extending to low pressures, but necessarily makes a 
material difference in estimating the point at which eoAdensation 
starts, and the nature of the How at high pressures.^ 

In proposing the revision of a limit which has been accepted 
for so many years, it is desirable to give some confirmation of the 
correctness of the calculations on which the revision- is based, which 
might otherwse appear purely speculative. The most direct 
verification obtainable from the data given in the trials of the 
MttureUtnia is by calculating the total horse-power. This is easily 
done by adding the values of M x DH10-S92S for the separate 
expansions as above calculated,'which gives 17,570 horse-power 
for the H.P. turbine, and 19,290 horse-power for the LJP., a total 
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of 86,860 horse-power. The ad;ual total does not appear to have 
been published for the high-speed trials at 191 revs./min., but can 
be deuced froifl th# observed value St,000 for each complete 
turbine at a mean speed of 190 revs, in the 21 hours trial. Assuming 
thnt the total power for a marine turbine dl’ this type varies as fhe 
cube of the mean speed, which may be closely verified over a ividf 
range from the trials of H.M.S. Dreadnought, the podv^r at 194 rev^.' 
would be 86,200. Allowing for small loss* which are notancluded 
in the calculation for the separate expansions, the results^ agree 
as closely as could be expected. 

It would appear from these illustrations of the effects of super- 
saturation that the actual expansion of tlic steam never follows 
the lusual saturation state as a limit even in the ease of a slow-sjicfd 
turbine. It must not however be inferred that all ealeulations based 
on the assumption of the saturated state are iiecessitrily erroneous 
and useless. Thus if the SS limit as•defil^•.l by reference to the 
value of II, covesponds to 3 per cent, of ei|.iv'ulent wetuftss, the 
ordinary saturation tables will afford in most eases a fair first 
approximation to the performance, and the effect ol small variations 
of speed or pressure can be worked out on this basis without material 
error as previously illustrated. On th? other hand, there are many 
cases in which the effects of supersaturation make an essential* 
difference, as in working out the jjressure distribution, or the effect 
of superheat for a particular machine. We have endeavoured to 
show that the experimental results in such eases cannot be explained 
satisfactorily without making allowance for the effects of super- 
saturation as deduced from the known physical properties of steam. 
Without fresh experimental evidence, specially designed to elucidate 
the points which remain uncertain, littit- would bo gained at the 
present stage by multiplying examples bascsl on iinpcrfect observa¬ 
tions. Eifough has been said to make out a prima facie case for 
new mcthods.of calculation and exi»erimcnt, and I* indicate the 
desirability of cooperation between the engineer and the physicist 
in the adaptation of the heat-engine to suit the propi^rties of the 
working Iluid. ’’ 
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I7Q. Expression in terms of Partial Differential Co¬ 
efficients. Many of the most familiar and important quantities 
with which we have to deal, such as the specific heats, and the 
pressure and expansion eoeflicicnts, are most conveniently and 
accurately expressed in the notation of partial differential co- 
efllcicnts, whiph has the great advantage of indicating at a glance 
the exact natiire of the quantity denoted, and the experimental 
conditions under whieK it is* measured. The majority of students 
•seem t» regard a iiaj-tial differential coelRcient as a mystic symbol, 
unintelligible without a Iqng and arduous training in the intricacies 
of the calculus. This feelin;' is apt to be fostered by a purely sym¬ 
bolical treatment of the subject, but tends to disappear if it is 
approached from an experiniental standpoint. For the present 
purpose the exjierimcntal application is the most important, and 
purely mathematical aspects of the method may be ignored. It is 
possible to attain a very fair idea of the meaning and use of the 
notation for experimental purposes without an elaborate mathe¬ 
matical training. Many of the relations most often required in 
practice receive little attention in theoretical works, while on the 
other hand many formal ]K>ints are elaborated which are of little 
importance in the practical application. It has therefore been 
decided to include in the present work a brief explanation of the 
notation, with illustrations ot its practical application, in'the hope 
that it may help the student to a better unders^nding of the 
experimental requirements, which are naturally to a great extent 
overlooketl in purely mathematical treatises. Seme students on* 
the other hand are quite happy so long as they aVe dealing with 
pure symbols, but have a natural distaste for applying them 
to numerical calculations. Fur such a little exercise in {^ysical 
arithmetic is highly beneficial. To avoid bewildfting the student 
with all the possible permutations and combinations of the various 
symbols, the illustrations will beMrawn almost exclusively from 
those relations wliich have a direct bearing on the subject of the 
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present work. Many other relations of a similar character will be 
found in mathematical works, but though important as illustrating 
the symmetry of the formal relations between the various quantities, 
they are not independent results, and nierely amount for the most 
part to sa 5 dng the samS thing in a great different ways, wllich 

is unnecessary for practical purposes. 

' 

I 

171. The Expansion Coefficicint. One of the most 
familiar types of a differential coefficient is tlie coefficient of 
expansion. This coefficient is measured in iiraetiee l)y observing 
the change of volume v'— v" pnxhiced by a cliimge of lein|x:rature 

t" and taking the ratio (v'- I"). Since r i-epreseuts the 

volume of unit mass, the coefficient tlius found expresses the mcmi 
rate of expansion of unit mass per 1° rise of temjx'ratnrc o\ cr the 
range of the experiment. The mean cocilieient ov ersiny range will 
in general be nearly the same as tlic atftnal -ati! of ex]>ansion jier 1“ 
at the middle, point of the range, proviil'.d ihat tlic r'lige is' 
small. 

The actual value of the eocHieietd at a point, iis opposed to the 
mean value over a rangt:, is denoted by dvIiU, and is delincd as the 
limiting value of the ratio of the diiferenee in volume dv to the 
difference in temperature dt, when tlie differences are inliiiitesinial.* 
The value of di^fdt cannot actually be determined in this way, but 
it may be inferred with considerable precision Irom obser\ ations 
over an extended range, either by graphic methods, or preferably 
by finding a formula to represent the obsers ed values of t he volume 
in terms of the temperature, and deducipg the corresponding ex¬ 
pression for dv/dt at any ])oint by differctntiation. It will be assumed 
that the student is familiar with the rules for differentiating simple 
functions. 

In th# case of a liquid it is seldom necessary to specify the 
pressure under which the volume is observed, liceanse the change 
of volume with change of pressure is usually small. But in the case 
t»f a gas or vapoiy, the effect of pressure on the volume is generally 
of the same order as the effect of temperature, and the coefficient 
of expansion is usually measured under the condition of constant 
pressure. This is commonly' denoted by adding the suffix p, thus 
{dxildi)*, which implies that the pres.sure is to be kept constant 
during the measurement, or treated as constant in the differentia¬ 
tion. Thus for an ideal gas obeying the law F = RTjaP, the value 
of the coefficient {dVjdT)p is simply BjaP, and is constant if P is 
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constant, but has different values at different pressures, when 
measured per imit mass. 

The coefficient of expansion of a gas at constant pressure is 
most often tabulated in terms of the volume at 0“ C. under the 
satne pressure, and not terms of unit inass. These tabulated 
values correspond with the formula {dVldT)plV 0 , and are obtained 
'by, dividing £h^ observed values of the coefficient per unit mass 
byFo, tjic volume of ur^t mass at 0° C. under the same pressure. 
In the case of an ideal gas the coeffieient thus measured is constant 
and equal to l/To» where T„ is the absolute temperature corre¬ 
sponding to 0° C. But the coefficient most often required in the 
equations of thermodynamics is simply {dVldT)j, measured per 
unit mass. 

In the ease of actual ga-ses and vapours the coefficient of ex¬ 
pansion variesnvith«temperature as well as with pressure, and often 
deviates considerably from the ideal value. The case of steam may 
• be tak(^ as typical.^ According to the author’s equation the volume 
is given by the expression, V -■ Kl'jaP — c + h, where b is constant, 
and e varies as I'-". The corresponding expression for (dVjdT)p 
is RjaP 4 ncl'l', the value oV which at any temperature and pressure 
is easily found from the table giving values of c. The numerical 
Walue of the coeffieient may also be obtained from Table V as 
follows: 

Example 1. Find from Table V the values of the coefficient 
{dVjdT)p at too lbs. prcssim? and at temperatures 195°, 200°, and 
206° C. 

The value of (dVldT)p at 100 lbs. and 195° C. is found by taking 
the diffci’ciice, 0'1211, l)clween the tabulated values of V at 190° 
and 200° C., and dividing by 10, which gives 0-01211. Similarly 
at 205° C. we fuld 0-01200. At 200° divide the differenA; between 
V at 190° ami F at 210° by 20, which gives 0-012055. The co¬ 
efficient is nearly constant, and the values thus found are correct 
to 1 in 2000 at the mean points, although the (||fferences are faj 
from being infinitesimal. If steam behaved as an ideal gas the 
value at 100 lbs. would be KjaP or 0-010706. The actual value at 
200° C. by the formula RjaP + ncfT is 0-012051, taking n = 10/8, 
and c ~ 0-1909 at 200°. * * 

Formula for Small Differences. When the coefficient {dVldT)p 
is known at any particular temperature and pressure, the change 
of voliune V— V" for any sm^ change of temperature T'— T" 
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at constant pressure inay be« found with considerable accuracy 
from fhe formula (dVjdT)p (T'— T"), which may be written 
{dVldT)p dT, aivi is <nathematically 'exact in the limit when the 
change dT is infinitesimd. The result would be <?xact for any 
change of temperatuire, however great, jf the coefficient w\^‘re 
constant. In general the coefficient is so nearly constant that the 
relation may be applied in practice without matpriJil error for a* 
range of 5“ or 10°. Thus to find V at 205° jnd 100 lbs. wc have only 
to add 5 X 0-01200 to V =■- 4-8901 at 200°; giving the result 
V — 4-9501, correct to the last figure w-ith very little trouble. 

Interpolation. The above example illustrates the method of 
interpolation by simple ))ro)iortion, whic-li eorrcsiHinds exactly 
with the formula for small differenees, since it rests on the same 
’ fundamental assumption, namely that the change of V is pro¬ 
portional to the change in i when the diffi-rence is siiumI. The smaller 
the difference, the greater the accuracy of this assumption, but for 
experimental purposes there is no advan'aije in rcducpig the 
differences between the tabulated values li. low the point which 
permits an accuracy of interj)olation eqifix-alent to the Inst figure 
tabulated. With the aid of a small slidetl-ule, it is miu-h less trouble 
to obtain intermediate values at any* ospiired point from a tabic 
by interpolation than to calculate them with equal accuracy from* 
a formula. There is also less liability to serious error since the 
differences invoh ed arc relatively small. 

The differential coefficient (dvjdt)^ may be regarded as the 
eoefficient of proportionality by which the difference in I must be 
multiplied in order to find the corresponding difference in r, when 
the pressure is constant. It is called a partial differential eocIHcicnt 
becnu.se it gives only that part of the change of volume which is 
due to change of tem|ierature. 

The ftarmula for the change due to tempenaturif nmiains equally 
valid if the pressure changes in addition to the U*nj|)crature, but 
in order to find the total change of volume due to the combined 
effects of temperature and pressure, it is necessary to add the 
separate effects,which each would produce if the other remained 
constant. Provided that the changes considered are small, the two 
effects may be treated, both mathematically and experimentally, 
as though they w^re independent of each other. 

172. The Compressibility. The effect of pressure in 
changing the volume may similarly be expressed in terms of a 
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coefficient, called the compressibfl^y, which is measured by ob 
serving the change of volume do produced by a change ofpressun 
dp, and taking the limiting* value of the ratio di^dp. It the com- 
pressibility is*required free from any effect due to change of tem- 
pbrature, it is necessa^ to perform the »experiment under the 
condition of constant temperature. The compressibility so measured 
.called tho “^isothermal” compressibility, and is denoted by 

— (dvldj^i per unit niajj?, where the suffix t indicates that the 
temperature is supposed to remain constant during the measure¬ 
ment. The algebraic sign of the compressibility is taken as negative, 
because an increase of pressure invariably produces a diminution 
of volume. It is cafey in practice to determine the isothermal 
compressibility by allowing time for the temperature to regain 
its original value when the rise prcHluced by compression has 
disappeared.•.Rut,it is also possible, by taking instantaneous 
readings and in other ways, t« determine the value of the “ adiabatic” 

, compressibility, denoted by - {dvldp),^ under the condition that 
Q is constant, or that- no heat is allowed to escape. The value so 
found is materially diffetent from the isothermal compressibility, 
because the rise of tcmpei'&ture tends to reduce the diminution of 
volume. a 

• When the isothermal coefficient (dr/dp), is known, the change 
of volume do due to any small change of pressure dp at constant 
temperature is given by the expression (dvidp), dp, which is exact 
in the limit wJien the change is inllnitcsimnl. The ^-alue of this 
coclfieient for steam, obtained by differentiating the expression 
for V with respect to P at constant T, is — KTJaP^, the same in 
form us for a perfect gas oljeying Boyle’s law. 

Example 2. Find frofii the tables the value of (dF/dF)^ for 
steam at 200° C. and 0.5 lbs. Compare the result with the formula 

— RTlaP*, and deduce the value of V, where T = 478-1°, 
BItt - 10706<<F.P.C.). 

The difference between the tabular values of V at 90 and 100 lbs. 
is found to be — -5628, which gives — -05028 for the mean coi» 
efficient per lb. over tliis range. The formula gives 

- 1-0706 X 478-l/95>, 

or — -05612 for the coefficient at 95 lbs., which, differs b;^ nearly 
8 in 1000 from 0-05628, because the mean coefficient is not exacts 
equal to the coefficient at the mean point, when the pressure dif¬ 
ference is 10 per cent., as in this example. The voliune at 95, 



I] -THERMODYNAMICAL RELATIONS 488 

found by adding — -05628 x 5 , or — -2814, to the volume at 00, is 
5-1715, which is similarly inexact. 

The compreasibility, like the coefticient of expansion, is most 
often tabulated in terms of vmit voliimt in place of unit mass. The 
vulue per unit volumd is obtained by di\;i'Jing - {dVjdPy bjl V, 
the volume of unit mass. The reciprocal of tlie compressibility 
per unit volume is called the “ eloHlkily,'' and .is ‘ given by the 
expression — V (dPldV)j., being taken the negative.sign, like 
the compressibility, because the numerical value of dPjdV is always 
negative. The adiabatic elasticity is defined l)y the same exjWssion 
as the isothermal elasticity, except that the ratio (dPjdV)^ is to 
be taken under the condition that no beat’is allowed to escape. 
It is always greater than the isothermal elasticity, except at a 
point of maximum density, when the two elasticities become equal, 
as in the case of water at 4° C. In the case of u suLstance obeying 
Boyle’s law, PV = K, we have the silnple -elation ■ 

. - V (dPldP)j, = + f', - 

at constant temperature. In the case of steam, the isothermal 
elasticity takes the form P (aPPjUT), ivhich is a lit He less than P 
on account of the deviation from Boyle's law. 

The value of a partial differential cocilieient, such as (dP'IdP)^ 
depends essentially on the condition under which the ratio is taken, 
as in the case of (dVldP)j, and (dVjdPjf^, which are different for a 
given substance at the same temperature and pressure, but arc 
related in a symmetrical manner, as explaiiu-il in § 175. 

When two different eoellieients ofi/tc same quantity, sucli as 
{dVldP)Q and (dVjdl\, are taken un;lct the mine condition, the 
usual relation 

(dPldT)f, = {dVldl\l(dVldP)^, - (dPjdnq (dVjdr)^ 
applies to^he ratio, since the change of V is taken under the same 
condition of adiabatic compression in both cases# and can be 
eliminated. But this relation no longer applies when the change 
cf is taken under different conditions, as in {dVjdP)j< and 
(dVldT)p, the ratio of which is not, either (dPidT)j. (which is zero), 
or (^ldT)p (which is infinite), but has the value — (dPjdT)y, 
as shovjp in 174. 

173. Formula for the Mean Coefficient of Compressi¬ 
bility. The accurate interpolation of V has always been a difficulty 
owing to the rapid variation of the coefficient of compressibility 

28 
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with pressure, nameJy as 1/P* for^a substance obeying Boyle’s 
law. For this reason values of the volume are often tabulated for 
each single pound of pressure. But this is nOt tedly necessary in 
thf case of superheated stJam, because the formula for the mean 
eoellieient of compressifeility between finite''limits is very simp]*, 
apd exact values at intermediate points are readily obtained when 
^q^iired even'for large pressure differences. 

If arc any two ralues of the volume at different pressures 

P' and^P", but at the same temperature T, it follows from the 
characteristic equation that the difference of the volumes V'~ V" 
is equal to RTjaP'— RTjaP”. Dividing the difference of the 
volumes by the difference of the pressures, we accordingly obtain 
the following simple and exact expression for the mean coefficient 
between P' and P", * 

\V'-V")j(P'- P") = - RTIaP'P" . (1) 

, t • 

The mean coefficient between P' and any other pressure P, is 
similarly given by '-’RTjaP'P, and is P"/P of that between P' 
and P", which is directly obtained from the tables if V and F" 
are tabulated values. The coefficient between P' and P, required 
for finding any intermediate value V of the volume at P, is obtained 
by simply reducing the tabular coefficient in the ratio P"jP. We 
thus obtain the following exact rule for interpolation. 

Exact Rule for Interpolation of Volumes at Constant Temperature. 
If F', F" are tabular values of the volume at T corresponding to 
pressures P' and P" (of which P" is the greater), to find the volume 
F at any intermediate pressure P, find the difference F'— F by 
simple proportion, increase, it in the ratio P"/P, aud subtract it 
from F'. 

This operation is very easily performed with a slide-rule, and 
the result is tbeoretically exact however great the difference. 
Applying the rule to the previous example, 2, the difference F'— F 
found by sim'plc proportion was 0-2814. Tliis difference is to be 
increased in the ratio P"/P or 100/95, which is most easily done by 
adding -2814 x 5/95 or -0148, giving -2962, wlifch is subtracted 
from the volume at 90 lbs., giving F = 5-1567 as the correct result 
for the volume at 05 lbs., in place of the approximate result 5-1716 
found by simple proportion. 

174. The Pressure Coefficient. The pressure coefficient 
(dPldT)y at constant volume may be determined, in the case of a 
gas or vajrour, by observing the increase of pressure dP for a rise 
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of temperature dT when the fluid is enclosed in a non-expansive 
envelope, such as a silica bulb. It is easy in the case of a gas to allow 
for the expansioh of the bulb if necessary by making^ small correc¬ 
tion to the observed ehan^ of prt>ssure. Hut in the case of a solid 
of liquid, the correction would be so Inrgetund uncertain, that the 
direct measurement of (dPldT)y may b(! rcgar<lc<l as iiupracticnble. 
The required value can however be deduced from those of'che 
expansion coellicient and the coinpressiluiity (which can always be 
determined directly) by means of a simple relation between the 
partial differential coeiricients, which follows immediately from 
the general expression for the total change of volume in terms of 
P and T 

dV = {dVIdT),. dr + (dVldP)i, dP. . (2) 

This relation expresses the obvious fact llial any jlcsircd change 
of volume may be made in two steps, fifst by raising the temi)erat.'ire 
through the given range dT at constant jai sMirc, and secondly by 
raising the pressure while the tcm])eratuic ’ kept constfftit. The 
final result is independent of the order of4he operations, luid is the 
same as if both pressure and teinperalure were changed simul¬ 
taneously. 

If the expansion due to increase of tenqicraturc in the (irst^ 
Operation is equal to the compression due to inerciuse of pressure in 
the second, we have (dVjdT)i.dT = — {dridP),j,dP, and the total 
change of volume dV - 0 . In other words, when dV 0 , the 
relation (2) gives the ratio of dP to dT under the condition that 
V remains constant, or the value of the coellicient {dPldT)y, thus 

(dPidT)y = - {dVjdr)pj(dVjdP)j,==-{dPidV)y> (dvjdr),.....{») 

A similar relation holds in all cases between the partial differen¬ 
tial coefficients of three qmmtities, such as P, P, and 7', if any 
one of the quantities may be regarded as a function of the other 
two. The relation is purely mathematical or fornftil, depending 
simply on the definition of the coellicienis, and not on the pro¬ 
perties of the substance, or on the laws of thermodynamics. But 
such relations 4re often very usefid in deducing the value of a 
coefficient like {dP/dT)y when it cannot be deterhiincd by direct 
experiment. 

175. Relations between the Partial Differential Co¬ 
efficients. If we take only the six quantities P, V, T, E, H, Q, 
there are 20 relations of this type between the partial differential 





486 


PROPERTIES OF STEAM 


[app. 

coefficients, being the number of posSible combinations of 6 letters 
taken 8 at a time. The student need not be dismayed by this, 
because very of these relations are conAnonlJ' required, and 
any^one may be deduced from any other by the simple process of 
interchanging the letters. Thus if we take fhe expression for the 


i^thermal elasticity 

-r {dPldV)j. = V {dPjdT)yl{dVldT)p .(4) 

• f 

and substitute the letter Q for T throughout the relation, we 
obtain • _ y (aPldV)g = V (dP/dQ) yl(dVldq)p .(5) 


which is the corresponding expression for the adiabatic elasticity. 

Taking the ratio of the two elasticities, we obtain the well known 
result , 

(dPldV)gl{d^ldV]r - midV),.(dVldT),,l{dqidP)y(dPldT)y “ 

= midTummy .( 6 ) 

•discove^d by Laplaqe, that for any substance the ratio of the 
adiabatic to the isotliemial elasticity is the same as the ratio of 
the specific heat (dQ/d?’),, at constant pressure, to the specific 
heat (dQ/dT),. at constant v’ohinie. Between the partial coefficients 
of six (juantities thei-c are 46 relations of this type, which follow 
from the definition of the cocilieicnts concerned, and are inde¬ 
pendent of the laws of thernuxlynamics. 

It follows from the last relation, in the case of a gas obeying 
Boyle’s law, for which (dPjdV)j, = - PjV, that, if the ratio of the 
specific heats is constant and equal to y, the equation of the 
adiabatic is ^ ' 

(dPldr)g = - yPIV, which gives PPy = K .(7) 

In the case of steam, aecording to the author’s equation, the 
ratio of the specific heats Sj^lSy is not constant, but is given by the 
expression _ ^ ^ RTjanP (V - h). . .(8) 

If however we substitute {dPjdV),j. = — aP*jRT in (6), the adia¬ 
batic equation becomes » . 

(dPldV)g = - yP/(r - 6), which gives P{V- b)y - K, (9) 
where y - 1 + 1/n. 

If we substitute H and Q respectively for V in relation (8), we 
obtain two others which are often useful, namely, 

(dUldPh “ - (dllldT)p (dTldP)a - - SC, .(10) 

(dQ/dP)r = - (dQ/dr)p (dTldP)g - - STRn + 1)P....(U) 
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These are more fully explaihed in the following section on the 
specific heats. 

• • 

Example 4. Find from Table V the value «f the pressure 
qpefficicnt (dPldT)y for sleam at 200°C. luid 100 lbs., and compare 
the result with the value for an ideal gas at the same T and P. 

The tables give (dVjdT),, = 0 012055 at 200“ a.»l 100 lbs. Tpe 
value of (dVldP)j, is — KTjaP^, or 0-05065 at the same point. 
Whence (dP/dT),, = 0-2.380 lb. per sq. in. per 1“ C. For an ideal 
gas the value is PjT, or 0-2113 (F.P.C.). « 

The cooling-effect (dTldP)jj may be ■ similarly found from 
Table IV, as explained in § 176. The ailiiil).-t'i(! coellieient (dPjdT)Q 
may be found in the same way from Table VI. Its \-alue for steam 
ir (n -I- 1) PjT, where n + 1 is the value of the luliabatic index, 
which is one of the fundamental properties deteripined by direct 
exj)eriment. 

Example 5., Find the two elasticities .-uni their ratioXor steam 
at 200° C. at pressures of 100, 200, and 500 lbs. 

Pressure Uis./sq. in. 100 . 200 .qiK) 

Adiabatic Elaatii-ity 130-12 261-77 662-4 

Isothermal Elasticity Oli'SS 186-20 413-6 

Ratio, yE3'/oP(P-6) 1-351 1-406 1-(HI2 • 

The adiabatic elasticity is given by the expression yPVj{V — b), 
which is very nearly equal to yP, where y = 1 -t- 1/n - 1-.300. But 
the isothermal elasticity given by the expression aP^V/HT, is less 
than P. The values are easily found at any point from Table V. 
Those at 500 lbs. refer to the state of^supersatiiration which com¬ 
monly occurs in the discharge through a lioz-^le (Chap. X). The 
adiabatic elasticity is the coefficient which detennincs the dis¬ 
charge. ^ 

176* The Specific Heat. The specific heats are so im¬ 
portant from an exirerimental .standpoint that they are commonly 
‘denoted by special symbols, such as S and s for the vapour and 
liqidd at constant pressure. But they may have very different 
values imdcr different conditions, and it is often convenient to 
employ the-notation of partial differential coefficients to distin¬ 
guish other possible varieties of specific heat. 

The specific heat is measured theoretically by observing the 
quantity of heat dQ required pet unit mass to raise the temperature 
through an interval dT, and taking the ratio dQjdT. If the heat 
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is supplied under the condition of constant pressure, the experiment 
gives the specific heat at constant pressure, which is denoted by 
{djQldT)p, and is equal to the rate of increa^ of total heat R 
uijder the same condition,'namely (dHjdT)p, as already explained 
in Chapter II. Similarly the specific heaf measured under the 
cpndition of constant volume is denoted by {dQldT)p; and is equal 
w the rate of iacrease of the intrinsic energy E under the same 
condition, namely (dEjdli)y. The quantity actually measured in 
a calorimetric experiment is generally either the change of total 
heat //, or the change of intrinsic energy E, between the given 
initial and final states. This is commonly divided by the range of 
temperature and caltrd the mean speeifle heat over the range 
considered and under the given conditions. This method of state¬ 
ment is sufliciently precise for many practical purposes, especially 
when the experiments are not very aceurate. But the relations 
{dQ/dT)p = {dnidT)p, 'and '(dQldr)y = (dEldT)y, do not hold 
•accurat^y except lyidcr the conditions of constapt P and V re¬ 
spectively, and it is often necessary to consider more closely the 
exact relation between the specific heats and the rates of variation 
of the total heat and intrinsic energy. 

Variation of 2'otal Heat. In the case of steam, by far the most 
Important relations arc those affecting the variation of the total 
heat H with pressure and temperature, whicli will he considered 
first as an example of the use of partial differential coelBcients. The 
variation of II with T at constant P is fully determined by the 
specific heatj^ = (dlljdT)p. Conversely the value of the specific 
heat at any point defined‘by T and P, is easily obtained from 
Table IV of the valnes of* II for superheated steam, by taking 
differences between any tWo values at the same pressure and dividing 
by the range of temperature. 

Example 6. Find S at 20, 100, and 500 lbs. and at' 200® and 
800° C. Find* also the mean values over the ranga 200° to 800° 
at the same pressures. , 

The required values of S at 200° may be obtained to three places 
of decimals by taking the difference between the tabulated values 
of the total heat at 190° and 210° C. at the required] pressures, 
and dividing by 20. Similarly at 800°, and 250°, we obtain the 
following. < 

Values at 200° C. = -489 S,„ = -537 = ■TTl 

„ 260° C. „ '48* „ -517 „ -671 

„ 300° 0. „ -483 „ 504 „ '608 

Mean 200°-300° C. „ •4863 „ *5174 -6780 
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It will be observed that the mean over the range from 200® to 
800° is nearly equal to the value <a the mean point 250° C. even at 
high pressures, •Vali*s of H at tempCTatures intermediate between 
the tabulated values can. be obtained 'by simple jltoixirtion from 
ttie relation dll = SdT at constant pressiirc, correct to two pla^ 
of decimals when the temperature interval is lO” C. So high an 
order of accuracy of tabulation may a))pear at lii^t sight supof- , 
fluous; but many results depend on smajl differences of total heat, 
and require this order of accuracy in the relative values. It is 
also very convenient to be able to deduce ^ic specific heift at any ‘ 
point to three significant figures. ^ 

Variaiion with Presxiire. The variation tif the total heat with 
pressure at constant tcmper.atiirc, cxpresscil by the relation 
all = {dH/dP)j,dP, is even simpler in pr.nctice than the variation 
with temperature at constant pressure, beeait::e it ii|)pcars that the 
coeflicient (d///(fP)y is constant witlrin tb*' limits of experimental 
error over the ^required range at constant I ,;n|>oratiire. 'fhe values 
of this coeflicient multiplied by 10 are gi\iii in fhe third column 
of Table IV under the heading lO.S'C, and show tlu' diminution of 
II for 10 lbs. increase of pressure at each temperafiire. Since the 
coeflicient is independent of the pressure, it is very I’asy to find 
exact values of the total heat .at any pressure intermediate betweea 
the tabulated values by simple jiroportion. Hut the value of the 
coeflicient (r////dP)y cannot, like that of the speeilie heat, be deter¬ 
mined by direct experiment. It may howcvirr be deduced with 
equal certainty from observations of the eiHiling-cffeet C, and 
affords another instructive illustration of the relations between the 
partial differential coefficients. 

Example 7. Find P and C from Table IV, when II = 680 at 
200° C. •// = 681-41 at 100 lbs., and 10 .S'C ^*0-83 t at 200 ° C. 
Therefore when II - 680, P = 100 + Ml x 10/0 tfSl - 116-9 lbs. 
A1.SO = 6*538, Via, “ whence .S’,,, = 0-547, which gives 

. C = 0-884/10V = 0-1525°/ lb. 

• 

177 . The Cooling-Effect C. The cooling-effcct C is defined 
as the^atio-of the fall of temperature dT to the fall of pressure dP 
when the fluid i* expanding under the condition of steady flow at 
constant total heat, which is approximately realised in practice by 
a throttling process. When expressed as a partial differential 
coefBcient, C is accordingly represented by the notation (dr/dP)^. 
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In order to find its relation to the partial derivatives of H when T 
and P arc taken as coordinates, we take the general expression 


,dll = {dHldT)pdT + (dHjdP%dP* .(12) 

and. apply the condition dH = 0, or H = constant, which gives , 
C = {dTld^)„ = - idJIldPy{dHldT)p .(18) 


The coefficfenj;(d///(ir)j, is the specific heat at constant pressure, 
denoted hy S, but the coffiicient {dH/dP)p would be very difficult 
to measure in practice. The coefficient C, on the other hand, is 
comparatively easy 1?» measure experimentally by the methods 
already explained in Chapter III. But since the unknown coefficient 
(dHldP)p is equal to ~ SC, by the above relation, we are enabled 
to express the eomplete variation of H in terms of the known co¬ 
efficients S and C as follows, * 

* dH = SdT-SCdP .(14) 

€ • 

General expressions for dlljdT or dlljdP under any desired 
conditioffif arc readily obtained by dividing this exftression for dll 
by dT or dP respectively. .The general expression for dlljdT* is 

dlljdT = S - SC (dPjdT), .(15) 

which has different values iftidcr different conditions depending 
dn the relation between P and T or the value of dPjdT. Thus if we 
require to find {dllldT)y, or the rate of increase of ll with T at 
constant volume, we have merely to substitute (dPjdT)y for 
(dPjdT) in the above cxjjression. Similarly to find (dHjdT)„ 
or the rate of increase of ll for saturated steam, we must substitute 
for dPjdT the rate of increase of the saturation pressure, dpjdt, 
together with the proper values of S and C at saturation pressure 
and temperature. Since dpjdt is known with considerable accuracy, 
this relation is very iiseful in discussing the j)ossible variations of 
the specific heat and the total heat in the neighbourhood if satura¬ 
tion (sec III (7«), IV (6), etc.). 

Example 8. Find the values of (dlljdT), from Table III (H) 
for saturated steam at 100°, 120°, etc. to 240° C. Verify the results” 
by calculating S at saturation from the formula 
S, = 0-4772 + an (n -t- 1) cpjT, 

and SC (dpjdt) from the values of SC given in Table IV, taking 
(dpjdt) = LpjAWT from Table I. 

* It is important to remember that dA/dT is not the tame at the ipeoi&e heat 
dQldT, except under tlie special condition of constant preasuie, when dP/dT’^O, 
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Thus at 100“ C. 

S, =■ 0-4772 -f 0-0240 = 0-5018, C„= 0-1861/0-5018 «= 0-8708, 

SC{dpldt) = 0-186i X. 539-8 x 14-69/40-45 x 3Va»l - 0-0977, 
whence (dHIdT), •= 0-4041.» 

The required values of (dHjdT)^ may also be obtained to thrjc 
places of decimals from Table III (ID. e.p. at 100“ C., by taking 
the difference between tbe values of H, at1)0“ and 110°, and dividing 
by 20, giving 8-07/20 = 0-404. » » 

These quantities are seldom required/.n practice, but arc of 
considerable theoretical interest. Tbe sanicji-emark applies to the 
specific heat at constant volume, which is given as a further illus¬ 
tration. 

The Specific Heat at Constant Volume, S,,, js so irfldom required 
in the theory of the steam-engine that Jhc letter S, without a 
suffix, will always be \iscd to denote the specific heat at constant 
pressure. The suffix P may be added for eoi' ’ 1111 ]iressui-c,Tf desired, 
in case there is any jiossibility of confusion, or in expressions where 
both specific heats occur. But the snllix P is unnecessary, even 
in this case, provided that the snilix 1 is employed for constant 
vohime. » 

The value of the specific heat at constant volume 6', is readily 
deduced from that at constant pressure whei» required by means 
of the following relations. 

In order to find (dllldT),- at constant volume at any given 
point defined by P and T, we have merely to put (dPjdl )|,- in the 
last relation (15), thus, 

(dHldT)y ^S-SC (dPidT)y - (dEld'r)y I aV (dPldl\ . (16) 

since //#= E + aPV. Thus (dKldT)y, the specific heat at constant 
V, is given by . 

Sy = (dEldT)y ^S- (SC + aV) (dPidT)y. 

Example 9 i Verify the following expressions, if 
= a (« + 1) P (F - 6) -t + R. 
and * . V^RTIaP-c + h, 

in the case of steam, according to the author’s equation. 

SC ■= o (n -t- 1) c -t- oi. 
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whence SC + aV = (1 + ancP/RT) ST/P - aT {dF/dT)p, 

S = Si + an (n + l)eP/T = (« + 1 ) (i + ancPIRT) 

, ^ • ^a{n-\ ■l)(aVjdT)pPIT, 

Sp = nR(l + ancPIRT) (1 - acP/RT), 

SlSy = (« + l)/w (1 - acPjRT), 

''3 - Sy - ll (> + ancPjRT)^ = S (1 -f ancPIRT)l(n + 1) ■ 

• f ^(SC+aF)(dP/dT)y. 

Whr^n it is required to find an exact value of S or SC or Sy 
at any particular poift^'-, given P and 3', the calculation is most 
easily effected by u.sijg the expressions above given in terms of 
the coaggregation volume c, the values of which are tabulated in 
Table III (c). But when the value of S is given, it is better to usip 
the formula for the difference in ternts of S, namely, 

S-Sy = R(SIS„)^ .(17) 

•where Jt^-- 0-11012,land S„ = 0-4772. The ratio SiS„ is equal to 
1 -1- anePjRT, Other useftil formulae in terms of S are 

SC+aV aSTIiaP, (dPjdT)y = SPIS„T, (dVldr)p = nSjl&aP. 

. .(18) 

* Example 10. Given S ’= 0-5373 at 200° C. and 100 lbs. pressure, 
find the ratio and difference of the specific heats. 

S - Sy ■=■ 0-1390, Sy - 0-3977, SjSy = 1-3510, 

SC -f aV = 0-5800, (dPldT)y = 0-2380, (dVldT)p = 0-012058, 
all in (F.P.C.) units. ^ * 

178. General Expression for the First Law of Thermo¬ 
dynamics. By the principle of the conservation of energy as 
applied to heat enehaiiges, if a small (piantity of heat energy dQ 
is supplied to a bo<ly, part remains in the body as an increase of 
intrinsic energy dE, while part is expended in the [wVformance of 
external work dW, The incrca.se of intrinsic energy dE is less*than 
the heat supplied dQ hy the thermal equivalent AdW of the* 
external work done. This may be expressed by the familiar 
equation 

dQ - dE -f AdW . . .*(19) 

in which for convenience the separate terms are expressed in 
equivalent thermal units per unit mass of the working substance. 

In dealing with’heat-engines, the only kind of external work 
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;hst need be considered is that done by expansion of the working 
luid under a uniform hydrostatic pressure, P. The expression for 
dW in this case^is.PiF, where dV is*the corresponding increment 
of volume. In applying this formula to estimate the work done 
per revolution from aif indicator diagram, ^ represeiits the cffertive 
pressiwe, or the excess of the forward pressure over the back 
pressure at any point of the stroke, while dV repfesfents an hpprd- 
priatc fraction of the volume swept li'^ the piston. thermo¬ 
dynamical formulae on the other hand, P ijpresents the absolute 
pressure reckoned from zero, and V represj'jtts the volumh of unit ' 
mass of the substance under the given eiAulilions of temperature 
and pressure. The product PdF, represeoftag the work done, is 
reduced to thermal luiits jxt unit mass by a numerical factor, 
denoted by a, depending on the units of pressure aud volume. The 
expression of the first law becomes • • 

dq - dE + ^iVdi '. .(20) 

If unit mats of the substance is coutuit ’ il in a cylinder and is 
allowed to expand without supply of .heat iimler the condition 
dQ = 0, the expansion is said to be “adiabalie, ' iind is given by 
the equation dfc’ f «PdF — 0. 'Ihe relation between /’ and V 
in adiabatic expansion may be deduced from tliis condition jf 
E is known in terms of P and V, Thus in the i-ase ol dry steam we 
have the expression E - anP (V -- h) + /f, where ii. h, and B are 
constants. The expression of the first law in tlie ease of adiabatic 
expansion may be written 

ndP (V - b) + (n + 1) PdV = 0, ot P" (K - 6)"+' = A,...(21) 
where n — 10/3, and K is a constartt determined by the initial 
values of P and V. ' 

By the first law, when dQ - 0, we must have aPdV - — dE, 
or the tflcrmal equivalent of the work done in si^inbatic expansion 
of unit mass in a cylinder from V to F", must be equal to the 
diminution of intrinsic energy E'— E". We accordingly obtain the 
• following expr^sion for the work from that already given for the 
energy, 

AW = anP’ (V- b) - anP" (F"- 6) - E'- E", ...(22) 

in wh'ich the fl^al pressure P" must be calculated in terms of the 
initial pressure P' and the ratio of expansion F'7F' from the 
adiabatic equation which the condition 

P"/P'= (F'- bY »l(V"- by*. 




444 


PROPERTIES OF STEAM 


[app. 

Eaample 11. Find the work done by unit mass of dry steam 
in adiabatic expansion from P'=.160lbs., F'= 8*7601 cb. ft., to 
F"— 10*016 cb. ft. per lb. * ’ - «■ 

, Here F'- h = 8*7341, and F"- b = 10 000, whence 
P"/P^=. 0*27787, P"= 44*46. 

The thermal e'qujvalent of the work done is 52*41 cals. C. 

The expression given ^bove is the work done during expansion 
after cut-off, and notthe whole work done in the cylinder including 
admission and exhauV. The thermal equivalent of the work done 
during admission is aF'F', that during exhaust is — aP"V", if 
the expansion is comifiete, or the final pressure P" is equal to the 
back pressure. When these two terms are included, we obtain the 
complete expression ' 

AW + aP'r- aP"V" = a («-)- 1) P' (F'- 6) 

- «{» + l‘) P" (F"- h) + ah (P'- P"),...(28) 

• 

which is Teen to be equal to the drop of total heat, // = E + oPF. 

Expression for the First Law in terms of 11. P'or this reason 
among others, the total heat is more useful in steam-engine work 
than the intrinsic energy, especially in problems depending on 
steady flow, as ])rcviously explained in Chapter II. The general 
expression for the first law in terms of H is also more useful than 
that in terms of E. Hy substituting dH — aVdP — aPdV for dE 
we obtain the expression 

dQ - dH - aVdP .(24) 

which su])plies a number'of usefid relations between the specific 
heat and the total heat, in addition to expressions for the work 
done and the heat absorbed under various conditions occurring 
in practice. The (^nation in this form applies primarily teethe case 
of steady flow, since — aVdP is the thermal eqiuvalent of the 
kinetic energy'ge'>t‘*'>‘tcd in the fluid in steady flow.for a drop of 
pressure - dP. It shows that when dQ = 0 (i.e.^when no heat is 
supplied cxtenially or generated by internal friefion) the change* 

of total heat dH must be equal to aVdP. 

« 

179. Effect of Friction. The expression for the fi|«it law 
in terms of H is seldom mentioned, and very little use is made of 
it in purely theoretical works. Btit it is most important for practical 
purposes, and it is most useful, in applying the equation in this 
form, to take accoimt of friction by including heat so generated 
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in dQ. The condition dQ = 0 in steady flow is then equivalent to 
that of constant entropy, and the integral of dQ/T along any path 
is the same as thejinftrease of entropy, provided that dQ includes 
heat generated by internjd friction, so that it is* always equal 
tb dH — aVdP. A gfeat deal of argiimfiit has been spent* bn 
questions of this kind which appear to turn chiefly on the inter¬ 
pretation given to dQ. In many books on theqn3dynamics .rfQ 
is explicitly restricted to denote lu atj stipplied from, ejiernal 
sources, in which case the exiiression for theiirst law in the form 
dE + aPdV = dH - aVdP does not arffly to eases ill whicli 
heat is generated by internal friction. If part of the work PdV is 
converted into heat by internal friction, rtie heat so generated 
remains in the body and goes to increase tlic internal energy. The 
\fork actually done by the fluid in expanding is stfll represented 
by PdV, but is no longer equal to the work utilised externally. 
Since in experimental work it is always* necessary to take the 
values of E, P, and V, as those corresp-.i.ding to tlie^ictual or. 
observed state*of the fluid, the simplest nn .hod of extending the 
application of the equation to include infernal frietion is to assume 
that dQ represents all heat supplied to the working substance 
whether by internal frietion or froai external sources. The pro- 
[icrties of the substance are determined by ex])criments in which 
friction is either excluded, as in measuring the luliabatic index, 
or determinate, as in a throttling experiment; so tl.at the extension 
here employed does not in any way invalidate the application of 
the equation by making dQ indeterminate, as might be supposed 
at first sight. On the contrary, the 'equation R-mains true, and 
becomes available for estimating work wasted in ititernal friction. 

The expression aVdP represents the thermal eipiivalent of the 
work actually done by the pressure drop in generating kinetic 
energy ift the working fluid. In the absenect of ft-ielion, the whole 
of this work js theoretically available for driving a \ iine in a turbine, 
or generating Velocity in a nozzle. Hut in practice part is necessarily 
.wasted in frictitfti and reconverted into heat. Npgiccting exUrnal 
loss or gain ofrheat, which is often permissible in the ease of large 
engines or turbines, dQ in the general equation represents work 
wasted in internal friction, and dH represents the work utihsed, 

or remaining asjcinetic energy of flow. 

In the extreme case of a simple throttling process without 
change of velocity, the whole af the available work is wtet^ in 
friction (represented by the generation of heat dQ^- aVdP) and 
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dH = 0, or H remains constant. At the other extreme, when there 
is no friction, dQ - 0, and dH = aVdP, it being assumed in both 
cases that there is no extemeU heat-loss or gaifi. ■ • 

The differehtial equatien represents very closely the case of a 
reaction turbine in whic^ the expansion is practically continuous. 
The efficiency of conversion at any stage is the ratio dUjaVdP 
<ff the work htijised to the whole work done, which is readily 
estimated, when the expansion curve, or the relation between P 
and F, is given, or^determined by observation. In an impulse 
turbine h similar expnhssion may be applied to each separate stage 
of the expansion, by oB ierving the initial and final states in each. 
If P' and P" are the 'initial and final pressures in any stage, the 
available work of expansion is first converted into kinetic energy 
of flow in a nozzle. The kinetic energy generated in this case ft 
nearly equivalent to> the adiabatic drop of H since the expansion 
is extremely rapid. Part of' the kinetic energy is subsequently 
.wasted in^ friction, sp that the actual drop of H corresponding to 
the observed final state at P" is less than the adiabatic drop due 
to the fall of pressure P'"— P". The efficiency of the stage con¬ 
sidered is the ratio of the actual drop of II to the adiabatic drop. 

1 

, Example 12 . Neglecting b in the equation for dry steam, find 
the efficiency at any stage if the actual expansion curve is given by 
the equation PV* ~ K. 

Since II - {I3a/3) PV + B, neglecting b, 

dllldP = {13o/3) (F + PdVjdP). 

But dVIdP - — yjyP, froln the given curve, hence the efficiency 
dlllaVdP - (13/3) (1 - 1 /y). 

Since the effect of friction is always to generate heat at the 
expense of work, and never the reverse, the actual drop* of total 
heat — dH can-never exceed the equivalent of the available work 
— aVdP in any stage if no heat is lost externally. The two are 
equal in the limiting case of frictionless expansion,.when y = 1 - 8 . • 

i8o. Application to Adiabatic Expansion and 
Throttling. It is difficult in practice to supply heat efReiently 
to the working fluid during rapid expansion. Moit-over a quantity 
of heat supplied during expansion produces less useful effect than 
an equal quantity supplied before expansion. For both reasons 
adiabatic processes are most important in the operation of heat- 
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engines, since rapidity of working is an essential factor in the out¬ 
put of power. On the other hand, in experimental work on the 
properties of th» i\pi4, slow proccssesf are often rei|iiired for the 
avoidance of friction apd the attainment of ct|uilibriiim of 
temperature. They maty also be postulatcc^in theoretical work‘lor 
similar reasons. If the condition of no cxlcriin! loss or gain of 
heat is not satisfied, it is always possible to nuij;o\illowunee/of 
any actual loss or gain by including it in i|ic fundamental •;qtmtion, 
and making a suitable correction to the ob^-jrl i-il beat-drop. If it 
is desired to distinguish between externa^ient sup))ly'f^i and 
internal friction the general equation mn^)e written in the form 

dQx + fl(if = dll - a\ d\‘ .(25) 

The following examples are intended to illustrate the methods 
of integrating the equation for a finite range of (jxpansion in a 
few ideal cases. , ^ 

Example UV Find the work available in odiabatic 'iow from' 
F= 160 lbs. at 300° C. to P" ^ 40lbs.^ (The eipiations for dry 
steam apply to this case.) 

The integral of aVdP is found from the luliabatic equation 
pn (p _ A", which gives the expression 

a (n + 1) P' (P'- b) - a (« -b 1) P" (P"- b) + ab {!>'- P"). 

for the integral, and (P"— b) = (P’— b) (P'jP")'^'-'^, for tlie final 
volume. From Table V, App. Ill, P’ * - 3'7i501, wheiiee P — ft-~3'73 tl, 
and P"- b = 10-848. .Substituting these values, the integral is 
found to be 78-09 cals. C. * , 

The expression for the integral is hbviously the s.-imc as that 
for the drop of II, by the formula II = n (n I- 1) /’ (f - b) ) ubP t- U. 
The result may be verified by fiiwling the final \'.'ihn- o( //, corre- 
spondin^to V"= 10-864 at 40 lbs., by inlerpolalioii in Table IV, 
wliich gives IP'— 657-47. The initial value of II at *ht 0 t-. and 
160 H^s. is 730-55, whence IP- II " 73-08 eals. C. 

, As an altcmjjtivc mcthotl, the final teniperatiq-e may be found 
from the adiabatic equation in the form PjT"^' -- A’, which gives 
416-25, or <"= 143-15° C. The corres|K)nding values of II" 
and Pj are.then easily found by interpolation in Tables IV and V. 
But that of P" i« not required for the solution of the problem. 

The easiest method of solving the problem is to find the final 
value of H" by interpolation ia Table IV from the condition of 
constant entropy. The final value of II at 40 lbs. must divide the 
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interval to in the same raiio as the constant value of (l> 
divides the same interval in Table VI; which gives the result 
667-47 as before, * ' c " 

The advaiftagc of usiag the condition of constant entropy is 
that it applies with sHgly; modification if the^nal state of the steam 
is wet. Thus if the expansion had been continued to 10 lbs., we 
find from Tifbl^ II, 89-58° C., G"= 13-26, and the required 
value of, U" follows frijm the formula, //''= T"^'— G", where 
d)'=< 1-69523. t 

It i? instructive » a mathematical exercise to verify the exact 
correspondence of thdi\formulae, and the consistency of the nu¬ 
merical values given* by the tables, when different methods of 
calculation arc employed. But in jiractice when a numerical result 
is required, the easiest method would naturally be selected. 

• • 

Example 14. Find the heat generated by friction in a continuous 
• throttling process qt .constant II between the same limits of P 
starting at 300° C. 

When // is constant, \ve may employ the expression for V in 
terms of II, namely oF — S {II — Ii)jlsP + 10a5/13, which gives 
for the integral of aVdP the exact formula 

8 {II - B) log, {P'IP")/Vi + lOab {F- P"}I13. 

The constant value of II is 730-55, and we find the result 85-42 cals. C. 
for the heat generated. If there were no friction, the same quantity 
of heat supplied externally would sulliee to keep II constant during 
the expansion, and the external work realised would be the equi¬ 
valent of the heat supplied during expansion. It follows from the 
general equation that the > work done is idways exactly equivalent 
to the heat supplied in frietionless How at constant II, but this 
condition cannot'l>c realised in practice. 

In place itf continuoue throttling through a porous plug or 
long thin tube, the Iluid might first be expanded through an 
aperture or nozzle with very little friction, and thc.jrcsulting kinetic, 
energy subsequently converted into heat. The friction in this case 
would be approximately equivalent to 78-09 cals. C. as calculated 
in the previous example (13) and would exactly suffice to liaise H 
to its initial value at the final pressure. The find state is the same, 
but the friction depends on the process employed, and may have 
any value between the limits 78-00 and 85-42 cals. C., if no heat is 
externally supplied. 
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Example 15. Find the hent absorbed and the external work 
done in Motionless flow at constant temperature, t = 800° C., for 
the same limits of^yrtesure. * 

Since V = RTjaP - c,+ b, the expression for ftie intc)p-al of 
aPdP at constant T is KT log, (P';P^') - a {c-b)(F-P"), 
which gives 86-44 cals. C. for the thermal equivalinf of the work 
done, taking c — 6 = 0-0847 at 300° C. , ’ . 

Since the work done in frictionlcss ii.)\^at constant temperature 
is equivalent to the increase of the potentiiiJ (7, the same result 
may be more easily obtained by taking the ^ference of the values 
of G from Table VII, whieh gives the resnyrSO- tS cals. 

To find the heat absorbed, it is necessaiv^ by the general equa¬ 
tion (25) to add the increase of i/ to the integral of - nVilP. The 
increase of H taken from Table IV is 5-1!» eals. whieh gives 
91 -63 cals. C. for the heat absorbed. • * 

The heat absorbed at constant teiftpera^nre is also equal to the 
increase of entmpy <1> multiplied by the til .o'iute tenipeijiture T. 
This is easily verified by taking the increase of entropy, namely 
0-15988 from Table VI, and multiplying it by 57;t-I, which gives 
the result 91-62 cals. C. 

Weddle's Rule. When the proeesirof expansion can be defined 
by an exact equation for P, as in the jirceediug exanqiles, accurate' 
results for the work done can always b(y obtained by ini (-grating 
aVdP. But in experimental work the observations may give an 
arbitrary curve which cannot easily be represiaitcd by any simple 
formula, or merely a scries of isolated points re])r(;sentirig inter¬ 
mediate states. In cases of this kind it*is necessary to perform the 
integration by a numerical process in Ihe same way as in finding 
the mean effective pressure from an indicator diagram. One of 
the simplest and most accurate numerical iucIIkmIs is that 
knowix Weddle’s rule, having been discovered by Thomas 
Weddle in 18J4. • 

Tq find th^ integral of aVdP (or any similar integral) by this 
rule, the pressuii^ difference is divided into 6 ecpial parts. The 
values of the vexiume Fq to F, are read from the ctiive at the points 
of division, and the integral is given by the formuhi 

x#(Po i- P.) (F„ + 5Fi + F, 4- 6 F 3 + F, f BV, + F,)/ 20 . 

• 

Example 16. In order to test the accuracy of the rule, take the 
values of the volume at 800° C. frtxm Table V, at 160,1-40,120,100, 
80, 60, and 40 lbs., and apply the formula. The result found is 


as. 


29 
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86'46 cals. C., which agrees with that found by direct integration, 
showing that Weddle’s rule is very accurate in a case of this kind. 

’ • , « 

Example V, As a further illustration of Weddle’s rule (in- 
chaling a useful exercise in interpolation) find the required valugs 
of V at the same pressTircs under the eonditions H eonstant, and 
4> constant, respectively, starting from 300° C., and deduce the 
value of the integral of aVdP. Thus to find the value of V at 
P = 40 rtis. aiul l-(>!l!>23, take the ratio (!>'- <I>,^o ^> 150 - d*!*), 

namely.390/1239 fro^ Table VI, and multiply it by the difference 
Fjjj — Fj 4 a, namely (^90, from Table V. Add the result, namely 
0-091 to Pj 4 („ giving/^ ^ 10-804. Proceeding in this way we find 
the following values of V at constant 4), 

P - too 140 120 100 80 60 40 

1',, = 3-;601 fl540 4-67.-):i r, :n(V> 6-3808 7-9574 10-864 

which on applying Wpddlcls rule give the integral of aVdP as 
. 78-09 cals. C. ns in^l-ijx. 13. Similarly at eonstant H we find the 
following values of V at the same pressures, 

3-7r)01 4-2840*4-9961 5-9927 7-4877 9-9797 14-964 
which give 85-44 cals. C. for the integral of aPdP at constant H. 
Both of these verify the [irf-vious results of direct integration so 
*exaetly that it is evidc-nt tliat Weddle’s rule may be applied with 
confidence in eases where analytical integration is impossible. 

In tlu? majority of tables of the [iropertics of steam, the values 
of II and <I> are deducctl frtan experimental values of the specific 
heat by a uumcrieal process of integration, and those of V arc 
based on independent observations of the volume. The results 
are necessarily to some extent inconsistent owing to experimental 
errors, which lead to material discrcpaneics in the practical use 
of the tables, csjiccially in applying the laws of thermodynamics 
to experimental tests. The fundamental relation dH = aVdP, 
expressing the application of the first law to adiabatic flow, cannot 
be satisfied with any approach to accuracy. For example, Peabody’s 

Tables* (1912) are among the best known, and have been recently 

• 

* The tables uf ^arks and Davia are baaed on the same methods as those of 
Peabody, and show similar discrepancies. If derivatives, such as the specific heat S, 
are compared in place of com]>armg integrals or primitives, such as H, (he discre¬ 
pancies from the laws of thermodynamics may exceed 20 ppr cent, especially near 
the limits of the experimental range. Prof. H. N. Davis (Bngintering, voL 102, 
p. 233,8opt. 8,1910) has recently argued that such discrepancies cannot be avoided 
because they arise from the old difiioulty it reconciling the expressions for and V. 
Taking the author's expressions for H and F, he has endeavoured to show that the 
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revised in accordance with the latest German experiments. The 
value of the adiabatic heat-drop from 1(50 to -10 lbs. at (I> = l-eo, 
taken from Peal90sly% Tables, is 131*5 Il.Th.U. or 73 05 cals. C., 
which agrees closely with that above gi-on, Ex. 13.* Hut the inte¬ 
gral of aVdP over the same range is l.'-.'jS Il.Th.U. by Weddles 
rule, showing a discrepancy of 1 per cent. In many eases the 
discrepancies arc much larger, and lead to se^ioTis t roubles ih 
practice (sec Engineering, .June 9th, 1910)^ . , 

Example 18. Find the eflieieiiey / of eo;n-ei-sion at afty stage 
for dry steam if the expansion curve isygiveii by (he formula 
P{V—by'^ —K. Find the ciricieney foi-•each 20 Ihs. drop of 
pressure from 160 to lOlbs., starling at 300’’C., and deduce the 
overall relative elTieiency P in terms of the adiabatic heat-dro)). 

The actual eiricicncy / at any ])oird, given ly (he formula 
dlllaVdP (sec F.x. 12 above), is (l<3/3)';'/12)-t 5/V18U, and is 
constant throughout the expansion if h is i, fleeted. The values of 
H at each poinf may be obtained from llio'c of I' by interpolation 
in Tables IV and V, or direetly from Hie ex]iression for //. The 
integral of aPdP between any limits, when the index is 1-2, is 
obtained from the formula 

tiaP' (F'- b) ~ daP" (F"- b) I ab (/" - 


nwiilting values of the setnnd ilerivative (rf'P,V7'-),, eaiiiiul lie nei.ni ili il ivitli the 
cxpn'ssion for the variation of ti deduced from ■//. 'this inctliod, dc)K-ndiuu on second 
derivatives, would lie admirably adapteil to exaggerate the a|iiiiirent imjsirtanee 
of small discrepancies in a vivid fashion. Unfortunately (as (he editor of A’lo/iserrinp 
points out in a footnote), Prof. Davis has omitteS U) notice that Ins tirst expression 
for S deduced from V gives the result for the \5iriatiou of S in meehanieal units, 
whereas that deduced from // is naturall.v expn-ssi^l in lhi*rmal units. The omission 
of the numerical reduction factor from meehanieal lo thermal units iuevitalily 
leads to the discovery of discrepancies which liave no real existence, tn reality the 
agreementtff the author's expressions for //and I' witli hothlaVsof thermislynaroics 
is mathematically exact, so that no discrepancies of the kind sugg^'sted can jsissibly 
arise in any maitifmaticat leaniputation provided that the work is correctly jair- 
fosmeda The agreement necessarily extends to all tlie therinodynainiettl relations 
between the derivatives, and numerical n*sults for the same ipisnlity deduced from 
different relations must always inevitably agree witinn the limits of error im|Mrwsi 
by the number of significant figures employed in the eslculayon. Hoeing that the 
old difSculty of reconciling the expressions for II and V with the laws of thermo- 
dynamicfthas been completely solved by the author’s rnethotl, wtiich was fully 
explained in 1900, it would appear to he a very retrogrorle step at the present time 
to revert to the inconsistent empirical expressions employed by Prof. Davis. The 
employment of consistent thermodynamij^ expressions has the further advantage 
of smoothing ont most of the purely experimental errors in the observations on 
which the numerical resnlta ate bsaeA 
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The ratio of the heat-drop for each 20 lbs. to the corresponding 
value of the integral is nearly constant, agreeing with the ratio 
dHlaVdP within the liniits'of numerical eProf of calculation, as 
shown in the following table. But the overall relative efficiency F, 
obfained by taking the^ratio of the actual'heat-drop to the adiS- 
batic heat-drop 73-09, is appreciably higher, because the work 
^tainablc in*friptionless expansion is less than that actually done 
by the Huid along the assumed path including work done against 
friction. Part of th\ heat generated by friction in the early stages 
is utilisdd in the laterVagcs, so that the whole of the work expended 
in friction is not com\letely wasted. The advantage thus gained 
by subdivision of th6 expansion into stages is more marked the 
lower the efficiency of a single stage, and the greater the range of 
expansion. 

The results* are tfummarised in the following table. 

P KH) *140 • 120 100 80 CO 40 

V 3-75(il. 4 190 4-7C2 SdO 6 C70 8-471 11-870 

(IHIMP 0-7234 0-7233 0-7231 0-7230 0-7229 0*7227 0-7226 
H 730-55 724Vi3 717-98 710-34 701-35 690-20 675-40 

//-drop 5-92 6-05 7-04 8-99 11-15 14-80 

iaVdP 8-17 9-20 10-58 12-41 15-45 20-49 

Ratio 0-724 0-723 0-722 0-724 0-722 0-722 

Muivn eflieiciKy/. 100 to 40 lbs. - 55-15/70-30 -= 0-7228. 

Overall rr'lative etiic-iency F ^ 55-15/73-09 -- 0-7.540. 

The above is tm ideal examjde intended to illustrate the 
theoretical relations. In practice the efficiency is usually lower, 
especitdly in the early stages, and is not so nearly constant during 
the expansion. For arhlitlonal examples, especially in the case 
of wet steam, see Chapter XII. 

i8i. General Expression for the Specific Heat. The 
fundamental relation A' (dlljdT)ij,, for the specific heat at constant 
pressure (dQldT)/,, is a special case of a more general expression 
for the specilYc heat under any condition in terms qf'the variation 
of the total heat dlljdT taken under the same condition. The 
required expression follows directly from the geiferal equation fot 
the first law in terms of //, by dividing the equation by dT, thus 

dQldT = dlljdT- aVdPjdT .(26) 

in which it is understood that both dHjdT aq|d dPjdT must be 
taken under the same condition as that for which dQjdT is required. 
For the specific heat at constant pressure dPjdT = 0, and 

(dQ/dr)p - (dUjdT)p. 
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Similarly for the specific heat%it constant volnmc we obtain 

(dqidT\. = (dHldT)y -^aVidPjdr), .(27) 

Unless the value of {dHIdT) under the re.'iuired eondftion is knoxNji, 
if is necessary to make* a further sulrstitn.nm for dU'dT from (15) 
in terms of S and C. The value of {dlljdT),-. foj- instance; is 
S — SC (dPldT)y, which gives finally 

midT)y =S~ (SC + aVUdPpT), .(28) 

Saturation Specific Heat of Steam. The most interesting applica¬ 
tion of the general formula ( 20 ) is to th(/(’ use of saturation, for 
which dpjdt is known from observation of the saturation pressure p. 
The value of dllldT is generally taken from some empirical formula 
for the total heat at saturation, such as that of Uegiiault, which 
gives (dlljdT), 0-;}05; hut better results inayTie obtained by 
calculating the value in terms of S and t fioin S - SC (dpjdt), as 
alreiuly explained, § 177. The speeilie heal hiapicstion neprcsents 
the quantity of heat required per degryc rise of temperature to 
maintain unit mass of steam in the dry saturated state when the 
pressure is increased simultaneously with the temperature at the 
rate dpjdt. The speeilie heat measifred uniler this eondition is 
called for brevity, th(^ saturation s])eeilie heat, and denoted by 
(dQjdT),. The recpiired v.-ilue of I' in the formula is the volume of 
dry saturated steam V, at the temperature considered. The formula 
becomes 

(dQjdT), - (dllldT), - af, (dpjdt) .(20) 

Taking the numerical values from tlx; tables at 100'’ ('., n.amely, 
(dlljdT), = 0-lot, r, = 20-70, dpjdt ^-.o r>-i.->. a lH /1 too in 
F.P.C. units, we find the curious result 

• (dQjdT), - 0-404 - 1 -447 = - 1 -0 ft, 

or the specifi.e heat of steam at 100 ° C., when maintained in the 
state of saturation, is negative and nnmcrieally greater tlian that 
of water. This is Jlitercsting historiciilly as being lilt; first and most 
imjwrtant nctc‘result obtained by Rankine and Clausius in 1850 
by the application of the mechanical theory to steam. 

The^neaning of this result may be explained as follows. When 
saturated steam iS expanding under the; eondition of sternly flow, 
the term aV, (dpjdt), representing the thermal ecjiiivalent of the 
external work done per degree lall, will be equal to the drop of 
total heat dlljdT per degree, if no heat is supplied by friction or 
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otherwise. But its numerical value 1*44'7 at 100° C. is much greater 
than the drop of total heat 0-404 for dry saturated steam per degree 
fall. The steam will therefore become wet, orydlftially condense, 
uqless heat is supplied at the rate -t- 1-043 cats, per degree fall. 
Conversely, if dry satufitcd steam at 100°*C. is compressed, heat 
must be abstracted from it at the rate — 1-048 cals, per degree rise 
to keep it saturated, otherwise it will become superheated. 

182. Specific\sea?; of Water. The specific heat of water 
when hdated under an increasing pressure equal to that of satura¬ 
tion, is commoidy tal^n as being equal to the specific heat at 
constant pressure (dltjdl)^, or else to the rate of increase of the 
total heat h under saturation pressure (d/i/di),. Neither of these 
assumptions is strictly correct. The exact expression for the specific 
heat of wat(-r ^d,ildl\ in the stale of saturation is the same in form 
as that for steam, and •is deduced in the same way with the sub- 
• stitution of v and h for F and II, thus 

(dfiltU), - (dhldt), - flU, {dpldt) .(80) 

The quantity most easily measured by Regnault’s method in 
the case of water aliovc 100° C. is A,, the total heat under saturation 
.pressure, from which the value of (dlijdl)„ may bo deduced by 
differentiation. Tlic required value of the specidc heat {di/ldt), 
may then lie olitaiiied liy sulit raeting av, (dpjdl), which is accurately 
known. Taking a, = -01071 c*-. ft. |)er lb., the value of this term is 
only -00000 at 100°C., whicli is an almost negligible fraction of 
the siiecidc heat, but it becomes more inqiortant at high pressures, 
amounting to -0080 at •200'’.C. It must also be taken into account 
in order to render the formulae thernuKlynamieally consistent, 
especially in the deduction of the cntro])y of the liipiid, where it is 
commonly neglested (see Chap. VH, § 06). , 

If we take the differeucc between the two equations for the 
saturation s|K-cidc heats of steam and water, <r-bscrving that 
//. — h, L, the Intent heat of vaporisation, aiu^substitutin'g L)T 
for a(V - i'),{(lpldt) by Clapeyron’s eipiation (^fcond Law) we 
obtain the equation as originally given by Clausius 

{dQldT), - (d,jldt), = dL/dT - LIT, .,..(81) 

which is commonly employed in estimating the Saturation specific 
heat of steam, and may lie directly deduced by applying the first 
and second laws to a simple cycle*bf infinitesimal range dt. But the 
equation in this form does not afford any clue to the saturation 
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specific heat of the liquid, aj»d the separate expressions for the 
saturation specific heats (though not given by Clausius) are in 
other ways morckiq^t*ictivc, because they follow quite simply from 
the first law, and are independent of the second. 

• From the expression (20) for the first law in terms of .tire 
intrinsic energy, we may also obtain a general exjiression for dQjilT 
in terms of dEjdT, thus 

dQjdT = dEjdT + aT-lVjd’^. ..(32) 

But this is less useful than the eorresiiondin/expression jn terms 
of dlljdT, espeeially in the case of steam, because it involves 
cociricients which are seldom required, aii^ dillieult to measure. 

183. General Expression for dQ in terms of P and T. 
If we write down the general expression for the variation of Q in 
terms of P and T, namely, 

dQ {dQjdT),, dT -I {dQ: iP)j.dP .(3.3) 

• ' » 
we observe that the first coefTieient is simply the specific heat S at 
constant pressure, but the second eocdlieient {dQjdP)-,., representing 
the heat absorbed per tinit increiise of jjressure at constant tem¬ 
perature, or more briefly the latent heal of ecjinpression, is less 
familiar and more dillieult to measure experimentally. I f, howevei*, 
we substitute from (I f) for dll in terms of .S' and C in I he expression 

dQ = dll — aVdP for the first law, we lind 

0 

dQ = SdT - {SC l- al’) dP .(S t) 

Comparing this with the first expression for dQ, we oltserve that 
the latent heat of compression {(Hi'dP),- must be e<pial to 
— {SC -P oF), and is easily found from the known values of .S' and 
C. The negative sign implies that heat will in general be evolved 
in isotlarmal com]>r(?ssion, unless SC is m^galivc and greater than 
aV, as is the case for w.ater at tempcruturi's below ;|." C. 

^ It will be'observcd that although both E and Q are tpiantities 
of energy mcai^irable in calorics per unit mass^ there is a most 
essential difference in their definition. The intrinsic energy E is 
the quantity of energy actually existing in a IkkW per unit mass in 
a givqp state reckoned from a standard state taken as delining 
the zero of E. 'IJhc value of E reckoned in this way is a property 
of the substance, which has a definite value for every state of the 
substance, and is always the same for any given state. The change 
of E in passing from any given state to any other given state dc])cnds 
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only on the initial and final states an^ is independent of the process 
of transformation from one state to the other. On the other hand, 
the quantity of heat-energy Q supplied per u*it ^ss in any trans¬ 
formation fronr one state^to another depends essentially on the 
profess by which the transformation is effected, since it includes 
the external work done iif addition to the change of intrinsic energy. 
Tlhe external work done in transforming a substance from a state 
defined by P'F',*ton state P"V" will have different values if the 
transform'ation is ef^reteef in different ways. Thus if the substance 
is first hfated at conitant volume until the pressure is raised from 
P' to P", and then expanded at constant pressure P" from V to 
F", the work done wiil he given by the expression P" (F"— F'). 
But if it is first expanded at constant jwessure P' from F' to F", 
and then heated at constant volume F" to the same final pressure 
P", the work dmie w[ll be P' (F"— F'). There is an infinite variety 
of possible cases, each giying different values of Q, 

184. 'Conditio'n' for an Exact Diffe/ential. The 
mathematical distinction between E and Q is ctpially definite. 
Since E lia-s a definite value in every state of the substance, it is 
theoretieally capable of expression as a function of any two co- 
qydinates, such as P and T, defining the state. The same is true of 
II, since it differs from E only by the term aPF, which also has a 
definite value in every state. Taking the case of II ns an example, 
this implies a simple relation between the partial coellicients 
{dlljclT)/, and {dIIIdP),j; both of which must be derivatives of the 
same function rejircsenting Ih Since the order of partial differentia¬ 
tion is immaterial, we shall •obtain identically the same result if 
we differentiate (dlljdT),, with regard to P at constant T, as if we 
differentiate (dlljdPYj. with regard to T at constant P. Denoting 
the partial coelfici<*nts of II by S and — SC respectively, at shown 
in (14), we obtain the simple and exact relation 

(dS/(/P)r = - (dSCIdT)i. .'..(8C) - 

'>• 

which is the necessary and sufficient eondition that dH should be 
an exact differcnti,al, or that II should be expressible as a function 
of the coordinates P and T defining the state, and shoul^ be a 
property of the substance depending only on the,.stats and inde¬ 
pendent of the process by which the state has been reached. 

Even if we cannot find an exact expression for H itself in the 
case of any substance, the above relation between S and SC still 
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holds, and is capable of supping useful information. Thus if S is 
independent of P, dSjdP = 0, and it follows that SC must be 
independent oflT^oi if S is constartt, as assumed by Zeuncr for 
steam, {dCldT)p must be zero, or C must be a function of the pres¬ 
sure only. Conversely, if SC varies with temperature at eonsWnt 
pressure, as was found to be the ease for*steum. it follows that S 
must show a corresponding variation with ))re^,^Ul^> at eonstawt 
temperature. This deduetion has birn descriljpd by some writers 
as though it was purely a theorctieal spcAilatjon, ropiiring experi¬ 
mental verification by direct measurement of S at various pressures. 
But it rests only on the first law of thennodynainies, so that, if 
it had not been verified by experiment, I'icre would have been 
grave reason to suspect that the experiments were wrong. 

Example 19. As a further example of (he infori|ii^Mon obtainable 
from the condition that dll must be pn exact differential, we may 
take the following relations quoted in fliaiiter IV (7). which ^ 
determine the possible variation of the ee. ifiefonts S aiu^.VC along 
a h'ne of constant 11. • 

C{dSldr),i = {dSldI% (dSldP)r ! CidSjdr),. - S [dCldT),.. 

. .( 80 ) 

The first of the above relations follows from the definition of L* 
The second follow's from the general expnssion for the variation 
of S in terms of P and T. The third follows by substituling for 
(dSldP)p its equivalent — (iA5r/d7’)y, from the eomlition (!t.i) that 
dH is an exact differential. The last exiiression shows that if 
(dCjdT)p = 0, or if C is a fiinetion of th(»])ressure only, both dS/dT 
and dSjdP must also vanish when II is eonstaiit; in other words 
S must be constant along a line of consfant II, or must be expres¬ 
sible as a function of II. ^ 

Simffarly if we take the corresponding ri’lations for SC, namely, 

C(dSCIdT)u ^idSCjdP)ii ^(dSCIdP)j, + C(dS(S(dCjdP)p, 

• “ .(37) 

/ • 
which are obtained exactly in the same way as those for S, we 
observe that if {dCldP)j. = 0, or C is a fiinelioii oS T only, SC must 
be conjtamt at constant H. This relation has many useful applica¬ 
tions in practice., 

A precisely similar relation holds between the partial derivatives 
of E, or V, or any property of a substance depending only on the 
state. But a relation of this kind cannot be satisfied by the deri- 
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vativcs of Q, though they have d^inite values, namely S and 
- (SC + aV) rcsj)cctively, in any given state, beeause Q itself 
cannot be expressed as a fuiiVttion of the cooirdiiiatcs defining the 
initial and fituil states, unJess the process of truiisforniation from 
0116 •state to the other is given. The general expression for dQ 
differs from dll by the term — aVdP, which cannot be integrated 
imless V is givf-n as a function of P, i.c. unless the process of trans¬ 
formation is ditlincd. This may Ix! expressed by saying that dQ 
is not an exact differential, because the nceessar}' condition 

' (dS/dP)j. - - (d (SC I aV)ldT),. 

cannot be satisfied if ^dl.dition (.15) liolds in the case of H. But 
although dQ itself cannot Ije an exact, differential, so that Q cannot 
be tabulated as a jwoperty of the substance, it is |)ossible to find a 
closely related*function called the Kntropy, which serves the same 
purpose. 

■ 185 . iFlxpressistr for the Entropy <I>. An, expression of 

the form given for dQ by the first law, namely, 

dQ SdT - (SC f III') dP .(.tt) 

can always be converted into lui exact differential by multiplication 
l»y an appropriate factor. If .V is tin; r< (pured factor, the value of 
A' is determined by the condition already given for an exact 
differential, which reduces in the present case, remembering that 
(dSjdP)j. - (dSC'IdT),., to the form 

S (dXjdP).,. t (SC t aC) (<lX/dr),. e nX (dVjdT)i, - 0 . ...(38) 

.Since it is essential that the differential XdQ of the new function 
should b(! simply relatixl U\dQ, we isapiire only the simplest possible 
value of A’ satisfying this (saidition. .\pplying the condition to 
the case of an ideid gas, for which C 0, and (dV/dT)/, = YJT, we 
have the sim|ile solution, .V - 1 /7'. It follows from Carnot’s 
principle that the integrating factor .V must be tho same for all 
substanecs, and must be a function of the temiM-ri^urc only. * * 

Putting \jT ior X in the alwve condition (38), jve obtain the 
relation , 

(dQldP)T, = - (SC + aV) = - aT (dVldT)p ..J39) 

as a general expression of Carnot's principle, or tte second law of 
thermodynamics, in a form appliadde to ail subulances. The relation 
in this form is also the direct c.*tpression of the condition that 
XdQ or dQjT should l)c the exact differential of some function ^ 
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of the coordinates P and T germing the state. Tlic function is 
called the Entropy, and is a proiK-rty of the siihstance capable of 
tabulation for ifti}* temperature and 'iiressure, like the total heat. 
The entropy $ is the property which remains eousiftuit in an adia- 
f)otic transformation when no heat is su|>nlied by friction or otlier- 
wise, and is therefore extremely useful in the theory of heat-engines, 
where adiabatic processes play such mi importanj pfirt. , t 
The general expression for the entnipy ^f any substance is 
obtained by integrating the expression for (M- or (HijT, namely, 
d<t> - (l<Hr Sd'I'IT - a (d'-ldT),. dP, to) 
which is neeessarilv an exact differenti»i if the expressions for 

* ft . . 

S and {dVldT)i, are chosen to satisfy the two eomlilions given by 
the first and second laws. These conditions can tie exiiresscd in a 
great variety of ways in terms of otlier variables, sufh as P and T, 
or P and V. .Some of tlic simplest and n os* fiscTiiTof the resulting 
relations arc collected in the following Jlion. 

Example 20. Verify that the expression ahoie givdi for dQ/T 
is an exact differential. • 

We have evidently. ((/<l>/d7’);. SjT, and 
(d<\>ldP).,. - a{dVjdr),.. 

These must satisfy the condition 

(l/T) {dSjdP)., - a {dH-ld'n,.. 

Hnt this is identical with the eondiWon 

(dSIdP).,. - aT{dn'!dr‘),. 
obtained from the expression for dll hx snhstiinting 
aT (dl'ldT)i, -,al’ 

for SC, from (39). 

Eu^mple 21. If II - a (« h 1) /' (P M i abP f B, and 
V ~ RTjaP - c + b, find the condition to tic satisfied by the 
expression for c as a function of T. 

From the expression for II, we have .S' - a (ii^ l 1) P (dPIdT)/,. 
But from that for V we obtain, (dPldT)), KjaP - {dcj(U),,, se 
that S = (»t + 1) - a (n + 1) R (dcjdl),,. If is a function o 
T on^, [dSldP)j< ~ — a{n + 1) (dcjdl). Hnt this must be equal t< 
- aT (d*VjdT% or -t aT (d^cjdP). Which gives for c the differ 
ential equation 

T {(PcjdT^) (n + 1) (dcjdl) .(41) 

the solution of which is of the form c = feT"* + 6', where k and I 
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are constant. This method* ^ves the right value of the index n 
representing the variation of c with temperature, but it leaves the 
constant b' undetermined, ‘ * e • 

A more dirett method is,to substitute for F - 6 in the expression 
for'#, whieh gives for (dflldl% the expression - o (-« + 1) c + aft.’ 
But this must be equal to - aT {dVIdT),, + aV, which gives the 
condition T ((Htjdl^ = - wc, showing that the only solution possible 
is c = kT-p, if c is at'unetjon of T only. 

If c may be a fiiVietion of Iwth P and T, the condition to be 
satisfied, as explained in Chapter III, § ‘iC, is that cPjT must be 
some function of but the form of the function remains 

indeterminate. ‘ 

Example 22. Integrate the expression for d<I> with the values, 
of S and F, givx'n by the condition c ~ kT~’'. 

The expression foV <I) is given in Chapter VII, equation (13). 
That for (I<I> may be vcriVied by ditferentiation of <I>. 

l86. Integration of the Expressions for H, <I>, and E. 
The values of II and F at any temperature and pressure can be 
detennined by direct observation, but those of the entropy <I> 
can lie deduced only by ealeulitt ion. The mctluxl usually employed 
ilt tabulating values of <I) is a numerie.al process of integrating 
(SjT) dT at each constant |)ressure, starting from assumed values 
at the saturation point. This prociss necessarily gives results for 
(I) consistent with those for U i? tla^ same tables of S are employed 
for both. But siuci^ no account is taken of the term a(dVldT)pdP 
in the expre.ssion (40) for tlie values of <I> obtained are very 
likely to be inconsistent with those of F, and may not satisfy the 
fundamental relation - {d^jdP)/. a (dVjdT)i, required by the 
second law. 

In the Tables o\’ Marks and Davis for instance, the values of 
H and ‘h reckoned from saturation appear to be based solely on 
tables assumed to K’present the variation of the specific heat,* 
without direct ref«rcncc to Linde’s equation, whichXs assumed for 
the volume. Thus the difference at 200° C. between the values of ® 

tabulated by Markk and Davis at 80 and 200 lbs. is 0'1177 which 

» 

• This ia merely the iiiveree of the method adopted (U. S., 19*0) in deducing the 
expretnion for H from that for V oti the assumption that c was of the form 
Prof. Bavia {he. rtl.) recently adopted the sajue method in the endeavour to show 
that the two expressions for H and V were inconsistent. He would naturally have 
failed to End any mconaistency but for bis mistake in omitting a numerical factor. 
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agrees closely with the difference 0-1175 given by the author’s 
equation. But the value of the same difference obtained by inte¬ 
grating a {dVjd3r)f,dP from Linde’s <cqiiation is 0-1230, showing a 
discrepancy of 5 per cent. Similarly .it 250° C> the differenee 
between the tabulated values of O at 200 and .500 lbs. is 0-121/but 
the value ealculated from Linde’s ei|uat!on is 0-157S, showiitg a 
discrepancy of 30 per cent. So large .i discrepancy, obttiinerj tfy 
extrapolating Linde’s formula beyond the ex)>(-riiuental range, 
would no doubt be excusable if there Vcrc’no laws o*f thermo¬ 
dynamics, and if Prof. Davis harl not employed the saarc extra¬ 
polation of Linde’s formula (Chapter VI, !j 57) by an (rroneous 
method to demonstrate that his extrapoliftud \ alues of tlie specific 
heat in the neighbourluxal of 500 lbs. were more rrhable than the 
-exirerimental values directly measured by Thomas. 

The simplest analytical niethoil of di biejngs'vuVxpn-ssion for 
<1) consistent with the second law, is to ^..-.imie (I) an expression 
for Sg (the specific heat at some convenient slmulard pressure P„), 
as a function oT T, and (2) a suitable form of cfiarai-t eristic eipiation 
for V in terms of I’ and T. The valuewf <I) at any point T, is 
then easily obtained in terms of the standard value <I>„ at 1\, T„, 
by integrating (SJ'!') (IT from T„ to T at constant pressure 
and adding the integral of - a {(lf''jdT)i,(IP at constant temperatuijp 
T from P„ to P. This method may appear at lirsl sight to neglect 
the variation of >S' with pressure, but in reality it takes exact 
account of this variation in a mamier consistent with the funda¬ 
mental relation (diS'/di’)/- - - a'T {(l-P because it is tacitly 
assumed in the iirocess that d<I> is exact diffi-rential. A con¬ 
sistent expression for ll is readily obtained by int(-grating the 
expression for dll on the same assimqitions. The \-alues of the 
constants in the expressions for .S'„ and T may then be determined 
to satisfy all the experimental data, such as tJiose for .S', and C, 
and II, and V, and p, and L, as closely as possible over the experi¬ 
mental range. If this cannot be done satisfactorily, the forms of 
j ^he CTpressions^hosen IotS^ and V must be modified. It is theoreti¬ 
cally possiblcsto represent any experimental data within the limits 
of error of observation by making the expr«ssions sufficiently 
complicated, but it is most important in practice to keep the 
relations as simyle as possible by choosing expressions of a suitable 
form. Except in the ncighlrourhood of the critical point, very 
simple expressions for 5, and^F will generally suffice. In many 
cases, complications which have been introduced with the object 
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of representing a particular series fft experiments with extreme 
accuracy, are found on further investigation to be irreconcilable 
with other properties of the'substance, and«to, be due to experi¬ 
mental errors m the original observations. 

* If an expression of the fonn V = F (P, T), giving V explicitly 
as a function of P and i\ cannot be found to fit the observations, 
tfce^ procedure next in point of simplicity is to express P in the 
form F (V, T) as a|function of V and T. The corresponding ex- 
pressions'for dK an' d<l> fn terms of .V„and {dPldT)y may then be 
' employed; but tlie expressions obtained for //, S, C, and {dVjdT) 
are much less eonvenient than in the previous case. No form of 
characteristic cipiatiotf lias yet been found capable of representing 
all the properties of both liipiid and vaixiur. Many of the equations 
which have been proposctl cannot be integrated for both H and ❖ 
in finite term's:- ai\(l arc otherwise objectionable even when 
apparently simple. Huj; it is generally possible to find simple 
.integrable expressions to satisfy the experimental data with 
sufficient ilceuracy over the limited range reipiired in practice. 

The following table eo.itains some of the assumptions which 
have been made for S and V, together with the corresponding 
terms in the expressions for If, '!>, and K. The various terms in 
the first column may be combined in many different ways. The 
corresponding expressions for U, (1>, and E, arc obtained by adding 
the corresponding terms in the other columns, together with a 
constant of integration, which is determined by substituting the 
known value of the quautity required at some standard temperature 
and pressure. It is eonveiiie.it to take .V„ as the limiting value of 
S at zero pressure, wliieli gives .S'„ — R for the specific heat at 
constant volume. The letter k. stands for any constant, and c for 
a volume varying as 7'-". 


Table. Expn-ssions for //, O, and E, on various assumptions. 


Alisumed 

II 

«*» 


&= constant 

' i 

V 

log, T 

{S^-R)T 

+ kT 


+ kT 

+ kT*l2 

+ PIT 

‘ + t'iog,r 

- P/T 

+ P log, T 

V = Bt/aP 

0 

-B]og.P 

0 

+ 6 

+ abP 

0 

0 

- c 

- a (a + l)eP 

- ancPjT 

* - ancP 

- 

- a(n + 

- amP'P^ImT 

1 -m) 

aP=BTHV - 4) 

+ bBTI{V-b) 

-B\og,(y-b) 

0 

- cBTIV 

-(n+l)cRT/V 

- (n - \)cRIV 

- ncBTIV 
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Example 28. Find expres^^ions for H, <1>, and E, frons Zeuner’s 
equation. 

In this case, •= 0-480S, a = 1^21, cfc"= 192-3, n = 0, and 
m = 1/4. II = 0-48037 - 1-816P>/* 4 B, and • 

<I> = 0-4803 log, T - 0-1201 log, P t <h„. 

Example 24. Find corresponding --xpressions ^froin Liiulc.’s 
equation. • • f 

In this case, n = 3, m - 2 , 0-^2 />• -- 0-0052, 

c = 0-031 at I 00 °(’., II = 10,000/427, U 0-1103, and .S'„ may l>e 
taken as desired (VI ( 10 )). * 

Example 25. Find an expression for C/fr^tn Hankine's (-quation 
for COj, namely, aPV HT - cBTJF, taking S„ eonslant and 
= 2 (VIII (16)’). 

The required expressions for S and .V'’ .-ire gl)t^dned hy differ¬ 
entiating tlie expression for II givcn,by tin aoove table. 

Example 26. Find II, <I>, and E from \'an der Wauls’ e<piation,. 
VIII (27). • * ' * 

187 . Thermodynamical Relations depending on the 
Second Law. From the ex|)ression (.‘tO) abov<- givi-n for S(l I aF 
or (c/Q/dP);., \vc obtain imna-diately the following, 

(ilUI<lP)j. - - SC - - a (T (dl’iilT),. - F).(42) * 

(ilSldl% - - (dSCjdT),. - - hT {dH ’IdT-), .( 43) 

= + {d(ildT)j. - {d(ildl% (dPld'l\ 

- + iir{dF!dT),.(dPldn .(44) 

S,, - S,. - (.VC + aV)(dPjdT)y - ar\<H^ldr),, (dPIdT), .(45) 

Similarly by substitution from the rj-lalion 

(dVjdT),. - (dVldP)y(dPldT)y, 
and ot^er relations of the same type, we obtain, in terms of V and 
T as coordinates, 

(dQ/dFlj. = f:dQldP)r(dPldV)j. = + ar{dPldT)y ' T(d<l>ldV)r, 

, . . m 

(dEjdV)T = (dqidV)j, - aPaT (dPjdT)y - aP, ...(47) 

(dSyjdV)j. = aT{(PPId1'^)y, *.( 48 ) 

Sy^Xdq.ldT)y = - (dqidF)r{dFldTU = - ar(dPldT)y (dVjdT),,. 

• . m 

Clapeyron’s equation may fee regarded as a special case of the 
general relation (dXlldV)j. = aT (dPjdT)y, as applied to a mixture 
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of the two states of liquid and vapour, since the general relation 
must hold for any state of the substanee. The value of (dQjdV)j, 
for the mixture is evidently rthe ratio of thevl^tegt heat L to tlie 
change of volume V — v in the vaporisation of unit mass at con- 
sthxt T. The value of (dPldT)y is the same as the rate of increase 
of saturation pressure, ^pldt, so long as both liquid and vapour 


iVnnain prcscifc. We thus obtain 

. ' \ Ll(y - V) = aT (dpidt) .(50) 

From the two relations, (d(I)/dr)y = a (dPjdT)y, and 
(d<D/dP),. = - a (dVldT)p, 

already given, it is eas(' §o deduce two similar relations, 

(dPidV)., .^-a (dPld<i>)y .(51) 

by substituting (d<t>/dVy - - (d<l>ldT)y (dTjdV)^, 

'{dridP\^-a (dVjd^),„ .(52) 

,by substituting (d<I>/dP)j. - (d^jdT)i,(dTldP)^. 


These four simple and symmetrical relations arc often called 
“The Four Thermodynamical Relations.” 

It would not be dillleult to make out a list of a hundred or more 
thcrnuKlynamical relations between the various coefficients. But 
there are only two laws of thermodynamics, and only two inde¬ 
pendent thcriiKKlymimical relations, namely (24) and (39), or their 
equivalents, from which all the others arc readily deduced by 
purely formal transformation!}. In the maze of possible combina¬ 
tions, it is important to keep this fundamental fact in mind. 

* 

Kmmpk 27. Verify thb general relation 
{dVidr)y(dPjd't\ [- uiPldr)y(dVidn, 

- (dP/dr)y {dVjdT), .(53) 

Either side of'this equation when inidtiplicd by aT ia an ex¬ 
pression for tho difference of the siiccific heats at constant pressure 
and volume. * 

« I 1 

Dividing the equation by the right hand side obtaini 

(dP/dT), (dr/dP),, t- {dVldT\ (dTldV)p w 1. ...(54) 

* 

There are several symmetrical relations of this type which may be 
deduced by suitable pennutations of the symbols, but such relations 
are of little use except as mathematical exercises. * 

Example 28. Verify the generpl relation, 

(dT/dP), - (dr/dP)H = aVjS. 


,(55) 
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This relation follows by y»e substitution of 
,^{dVldT)r,=ii{dTldl\ 

• • 

(44), in the ex])ression for SC. It sho\js that the tooliiiff-effect in 
Expansion at constant 11, which is denoted by can never c^jfcced 
the cooling-effect in isentropic expiiosion, at eonstiint <I), since 
and S are always positive. The two become n<j|irlj' equal iiktlic 
neighbourhood of the critical |K)int wlieii V Is small aqjl S large, 
and coincide with dpfdt at the critical point, where S is iidiuite. 

Example 29. Verify the relation 

{dIIIdT)t. = aT {dVldT),.\dPid7\ 

Jbr steam, according to the author’s equations, and nmnerically 
from Tables IV^ and V. 

The expression for II gives (dllldT),.^ n (« + 1) P {d1’ld7')i,. 
The adiabatic equation A', gives ^ (;i H- \)PjT.^ 

The relation may be verified numerically from tin; taUles at any 
point by taking (dlljdT),, from Table IV’, and (i/F/d'/');, from 
Table V, and multiplying the latter by the factor a (u t 1) P. 

Example 30. Verify from 'rablei V and \’I the relalion 

- (ddi>jdl\. = + a (dVIdT),.. 

The mean values of these coellieients taken frtan 80 to 100 lbs. at 
200° C., and from 190° to 210° d at 90 lbs. rcs|)ectivcly arc 
0-0013C6 and 0 0013C2. 'riic mean values will not agree exactly 
over such a large range of pressure aiwi tem|)erature. The exact 
value of either at any point is given by the formula RjP + anelT, 
which gives 0 0013018 at 200° C. and Oil lbs. 

i8fc Direct Deduction from Carnot’^ Principle. It is 
of historical interest to remark that the general •expre^ssions for 
tljc Iptept hc&ts of expansion and com[iression were first given by 
.Clapeyron (Jovfnal de I'^cole Polytechnique, xi*', p. 153, 1884. 
Translated in Taylor’s Scientific Memoire, vol. i, part HI, p. 847, 
1837) in terms of Carnot’s function, and werc'deduced directly 
from Carnot’s principle before the first law of thermodynamics 
had been disco-tered or formulated, 'rhe method adopted by 
Clapeyron was as follows. 

According to Carnot, if a (^antity of heat dQ is supplied to 
any working substance in a heat-engine at a temperature t, the 

30 
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quantity of work obtainable in a cyjle of range di is given by the 
equation ^. 

where F'(i) is a function of the temperature only (commonly 
knojvn as Carnot’s function), and is the same for all substances 
at the same tcrapcraturA 

\ The heat supplied per unit mass of any working substance for 
a sinall expansion at constant temperature t, when expressed 


in terms 6f the latent hcilt of expansion, is by definition 

dQ = (d(ijdV)j.dV .(57) 

The work done in thevycle is measured on the indicator diagram 
by the product of the expansion dF by the mean effective pressure 
(dPjdT)y dT. Hence 

«. dW = (dFldT)y dTdV .(58) “ 

' * • 

Substituting in Carnpt’s equation, and dividing by the common 
, factor dVdT, we obtaiq the relation 

(dPIdT^y = F' (<) {dQjdV)^ .(39) 


which takes tl»c form (dilldV)j, - T (dPldT)y, if heat is measured 
in mechanical units and absolute temperature T is defined as the 
jwiprocal of F' (<). * 

Clapeyron deduced the corresponding expression for (dQ/dP)y 
by the substitution already given. He also obtained another of 
the most commonly quoted irelutions in the form of a general 
expression for F' (f), namely, 

XjF' (<) = (d(ijdV)y (dridP)y - (d(ildP)v (dTldV)p, ...(60) 


wliich follows immediately by s\ibstituting 

(dQ/dF)j. = midV)p + {dqidP)y (dPIdVy .(61) 

in the first relatiob (39). ** 


It would appear that the first two thermodynamical relations 
might just lus well be called Clapeyron’s relations, as the.gepei^ 
expression for the latent heat of a vaimur which he gave at the, 
same time, Carnot had previously employed equivalent methods 
for calculating the numerical values of his function, but he had 
not given the corresponding analytical expressions in terms, of the" 
partial differential coelficients. 

W. Thomson (Lord Kelvin) adopted the first of Clapeyron’s 
relations as the general expression of Carnot’s principle in his 
development of the differential equations of thermodynsumics 
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(Phil. Mag., 1852). He assui^jed that Carnot’s function might be 
approximately represented by the reciproeal of the temperature 
measured from thc^z#ro of the gas thermometer, b\it he retained 
the symbol for Carnot’s function in ipost of th^ ndations for 
^ater generality, beeaiise it was at that time imeertain how'lar 
the temperature by gas thermometi r l•ould l)e identified with 
the reeiprocal of Carnot’s function. Kelvin ajiiiejfrs’to have bgA 
the first to give the general expression (tS) Mr tlie difference of 
the specific heats, and to have been the tii-st to sliow how the 
variation of spcciftc heat with pressure (18) i 'uild be deduced from 
the consideration that <IE was an exact differential {Phil. Mag., 
1852, vol. IV, p. 170). These relations are^Minimonly atiributed 
to Clausius, who gave them some years later in his jiaper {Pogg. 

* Ann., 125, p. 3C7, 1865) on the general cipiations of tj^c lueehanical 
theory of heat, in which he refers to the pn \ioff. .fork of Kelvin. 
The identity of Carnot’s function witli If reciprocal of T laid 
by that time licen established by the exppr|jueiits of .Joule and . 
Thomson, and *thc general adoption of Keb in's alisoflite scale. 
Clausius was thereby enabled to give tht^elalions in greater variety 
in their modern form. But. some credit is due to Clapeyron and 
Kelvin for having been the first to ^y;>rk out the general princijiles 
involved in these relations. When once the method has been ex* 
plained, it is comparatively easy to jiut the finidaineiital relations 
in a variety of different forms by purely mathematieol manipula¬ 
tion. It is most important from tht: experimental standpoint to 
realise that the multiplication of mathematiial Iransformations 
cannot lead to any fresh devclopmcfiit of physical knowledge, 
although the choice of suitable expressions may lie a matter of 
convenience in tlie treatment of any special problem. 

i 89» Thermodynamical Potential G. The potential G may 
be defined for the present purpose as the fuiietion, J'O - U, and 
itj vjliij is itSidily deduced from those of II and <1). It pnivides 
A convenient method of expression in many casc.% and is a useful 
quantity to tabulate, especially for wet steam, but it cannot give 
any information which is not otherwise obtainable from II and •!>, 

Thaequation of saturation pressure eorresiionding to any given 
assumptions employed in deducing the expressions for II and <I>, is 
readily found by equating G for the vapour to G for the liquid. 
The simplest tjqie of expressiodyfor G in the case of the liquid is 
that already given for water. 


30—2 
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Example 81. Find the expressijjn for G from Van der Waals’ 
equation, and show that it gives the same equation of saturation 
pressure as Maxwell’s thconSn, if is the s&n^ for the liquid and 
vapour. • ^ 

•Since by the first law, dll = Td<P + aVdP, we have evidently 
, dG - 4)d2’ - aVdP .(62) 

Tlfe fimdamcntaU relation {d(bjdP)j. = - a (dVjdT)p, is often 
deduccd'from the consitlcration that dG is an exact differential, 
but this^s a circular method. 

Example 32. Verifv from the tables that (dGjdT)p = (b, and 
(dG/dP)r - - aV. • 

It follows from the expression for dG, that the thermal equi¬ 
valent, — aV4P, of the work done in isothermal How is equal to tilt 
ncrcase of G. SiiJTilifrly the work done in adiabatic How is equivalent 
o the increase of G diminished by H) times the increase of T, or 
jo <t> tiiqfs till! drop of temperature minus the drop of G. These 
jxpressions are often useful, cs|)ceially in finding the adiabatic 
drop of 11 for wet steam. 

From the expression assumed for G in the case of the liquid 
under saturation pressure, w^ have the following simple relations 


{dGld'I\ - log, (Tll\) - 0-008/2'„.{03) 

T {dGIdT), -G, = St- 0003, .(64) 


in which the small constants* arc practically negligible. These are 
useful in considering the How of wet steam. 

By equating the values of dOjdT for the liquid and vapour at 
saturation we obtain Clapeyron’s equation in the form 

Q>-4,^‘a(V- V) (dpjdt) = LIT .(63) 

The foregoing summary, together with the examples and 
equations giv(n in the body of the work, sufficiently illustrates 
the application of the laws of thermodynamics to-the properties 
of a simple Hu\^ such as steam. There are many other' thermo¬ 
dynamical relations which may be required in other branches of 
physics, but the«gcncral principles remain the same, so that when 
the application to a simple case has once been mastered, the student 
should have less difficulty in following the development of more 
complicated relations. An index of coefficients, alphabetically 
arranged, is given at the end ofaAppendix 111, pp. 521-526, 







APPENDIX *II 

ON THE USE OF THE I)IAGR4y. 

• 

190. On the Choice of a Diagrafii. Slmiy problems con¬ 
nected with the properties of steam can be readily selved by 
graphic methcxls with a degree of approNimation snlbeient for 
practical purposes. The kind of diagram5)e«t suited for any par¬ 
ticular pur]K)se naturally dc|)cnds to some extent on the nature 
* Wf the problem to bo solved, but for general use it i^ desirable to 
employ a single diagram on whieh all tlie rc'iaitM properties may 
be adequately represented in a manner Mnt,,''li' for exaot measure¬ 
ment. The diagram issued in conucction witl^lbis lHX)k has been 
selected with tfie s])ccial object of illustrating the ))r()pertics of 
steam, and facilitating the measnrem#fits required in practical 
calculations. It will be well, however, to consider brielly some of 
the other diagrams commonly emph^cd, in order to explain more 
clearly the requirements to be satisfied and the conditions on whicln 
the choice depends. 

The Indicator orPV Diagram is primarily requir(xl for measuring 
the work done in the cylinder of a rffeiprocating engine, for which 
purpose it is the only mcth(Hl available. It is also appropriate for 
exhibiting the results of experiment over, a limited range when the 
observed quantities are the pressure and volunu!, and has been 
employed most frequently in theoretical t\()rks as a graphic meth<Ml 
of illustrating the principles of thermcxlj'uamies. \I'ork, beat, and 
energy.aire naturally represented by areas, which tire troublesome to 
measure, but otherwise afford the most ajqjropriate »e|)resentntion. 
Tlje s^tf of tlte substance with regard to temperature and entropy 
p»ay be represented by drawing families of isothermal and adiabatic 
curves. These •ciurvcs are instructive in relation to the actual 
expansion curves obtained by the use of the iitdicator, but are 
difficult to construct accurately, and intersect at inconveniently 
sharp angles, even in the best part of the diagram. The indicator 
diagram is essential to the scientific study of the steam-engine, 
but is in many ways most unsuitable for the representation of the 
properties of the working substance. Except for a limited range. 
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if any two cooidinates are pven degning the state, and the object 
is to determine with a fair degree of accuracy the numerical values 
of the remaining quantities,* the indicator diagram is one of the 
most inapproj^riate that ^ould possibly be devised. The uniform 
scales of pressure and volume, which are essential for the measure¬ 
ment of work in terms of area, involve excessive inequality of scale 
fbx, all the otter,properties required, and preclude the attaimnent 
of uniform proportHmate accuracy —the chief desideratum in experi¬ 
mental measurement —even in the ease of pressure and volume. The 
isothemrals and axliabaties become inextricably confused at high 
pressures and large volumes, and it is practically impossible to 
distinguish the lines '.if'constant total heat from the isothermals 
in the dry region. The di(Tic\dty of scale is avoided in the practical 
use of the incjicator by using many different springs with differeiTt * 
scales, but siiSli S’jvoccdure would evidently be impracticable in 
using the diagram forirepresenting the properties of steam over 
• an extended range., , 

The 'temperature Entropy, or 2'0, Diagram Is also most in- 
stnictive for theoretical ^iirposes, but probably owes much of its 
popularity in practice to its great sujjcriority over the indicator 
diagram in point of suitability of scale over an extended range for 
wiost of the (piantitics required. The areas representing quantities 
of heat are of a convenient shaiie, and the drop of total heat, 
required in so many problems, is often estimated by measuring the 
appropriate area on tlie diagram. The inconvenience of having to 
measure areas is commonly avoided by drawing lines of constant H 
on the diagram. This is easily done in the wet region, but the lines 
arc peculiar in shape, and change their direction abruptly in crossing 
the border curve. The same is true of the lines of constant pressure 
and volume, which intersect at sharp angles and are difHcult to 
distinguish in tht dry region. There is no simple scale fer either 
pressure or volume, so that, although the small volumes and the 
low presstircs are not so crowded as in the PV diagrath, it is difflcplt 
to read either accurately owing to the variability of scale in different 
parts of the diagram. The only uniform scales arc those of tem¬ 
perature and enttopy, but the numerical vtdue of the latter is rarely 
required. The chief advantage of the diagram is the ease of fcllowing 
adiabatic expansion, since the lines of constant entropy are 
straight. 

The Mollicr Diagram. A great practical improvement is 
effected by taking U as the ordinate in place of T, which makes it 
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possible to measure the adiabatic heat-drop in the simplest way 
on a scale of equal parts. An'additional advanta).^ is that the lines 
of constant pr^s^jr* cross the satumtion line without any abrupt 
change of direction, in virtue of the fuiuhunental reWtion dW/dO^r 
•at constant pressure. But the scale of |>ressurc varies consideplbly 
from one end of the diagram to the ot her,*whieh makes it necessary 
to rule the lines somewhat closely, and precliufes aceurac^^'of 
measurement in locating the state-point unless* the pressure is a 
round number. The cliief ilcfcct of tlK»//<b diagram ilk that the 
lines of constant volume (the other quantity most oftei; nspiired) 
cannot be inserted without risk of confusion with the lines of 
constant pressure. For this reason, a dei\prnte diagram is often 
employed for the volume. Mollier takes I[ and P as coordinates 
for this purpose, but the adoption of a scale of ecpial parts for the 
pressure involves the consequence that liie scales i/f volume, tem¬ 
perature, and dryness, arc so minutp in I h ' n gion of low pressures 

that the diagram is useless where it is most reiiuired. 

^ * .# * * 

The H logf’ Diagram. In the diagram issued witif the Steam 

Tables the logarithm of the pressure i;»dak(tn as abscissa with II as 
ordinate. This has the i«lvantage that erpud rrdio.v of expansion, 
which are of equal importance in practice, are rc])resentcd by equal 
intervals. It also gives a more opeii scale Ibr the pressun- than tlje 
Mollier diagram, and makes it |)ossible to nsul the valm^s on a 
simple logarithmic scale with uniform proportionate accuracy in 
all parts of the diagram. The lincs»of eoustaut \’olmne are readily 
shown on the same diagram, and the volumes can be read on the 
same logarithmic scale with almost (jqual ease. The adiabatics are 
no longer straight, but their eurvatuw! is slight, and they cross the 

saturation line without any abrupt cluingc of directi. in virtue 

of the fundamental relation dlUdP - aV at constant <1>, It is 
almo^ as easy to follow adiabatic expansioiv as in the entropy 
diagram. The essential point, however, is that jdl the required 
quantities ‘are accurately measurable on scales which do not vary 
matenally in different parts of the diagram. 

191. Description of the Diagram. The scale of pressure 
emp^yed is the familiar logarithmic scale of the 25 cm. slide- 
rule, which evqjy student possesses, in which the ratio lOO/I is 
represented by 25 cms., and other ratios in pro|)ortion to their 
logarithms. The lines of constant pressure, the fundamental co¬ 
ordinate in the case of the steam-engine, are vertical straight lines, 
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of which veiy few need be drawn, sinee the pressures are read off 
with the slide-rule scale as easily as wfth a scale of equal parts, but 
with the additional advantageiof unifom proportiqpote accuracy. 

The lines of constant volume are slightly curved and inclined 
to thg vertical, but the scalfe of volumes is so nearly the same as • 
that of pressures in all pdl-ts of the diagram that the volumes can 
be^^d on the tame logarithmic scale with nearly equal ease. 

The saturation* line, dividing the wet from the dry region, is 
nearly straight, and but sHghtly inclined to the horizontal. 

• The ac^iabaties, or lines of constant entropy, are diagonal 
curves (dotted) of nearly equal curvature and spacing, and are 
inclined at a favourabif Angle to the lines of constant pressure, 
temperature, volume, and total heat. In virtue of the fundamental 
relation (dUjdP) = aV at constant entropy, the adiabatics cross - • 
the saturation Jjjie jyithout any abrupt change of direction, since 
the change of volume is contiyiious. By using a set-square with 
a curved diagonal, as (fescribed below, it is almost as easy to 
follow adiabatic expansion as in the entropy diagram, but the 
new diagram has the advaitkitge that the initial and final pressures 
can be more accurately located. 

The lines of constant dryness are easily drawn in the wet 
region, but a few only are inserted, because they are very seldom 
required when the volume and all the other quantities are shown 
on one diagram. 

Lines of constant temperature arc vertical straight lines in 
the wet region, but are not drawn, because it is easy to read the 
temperature, if required, from the scale of saturation temperature 
and pressure at the base of the diagram. 

It should be observed that the horizontal lines of constant 
total heat and the vertical lines of constant pressure, are not 
closely ruled (as isyeustomary) throughout the whole Icngtjb and 
breadth of the diagram, but a few only arc inserted as reference 
lines. The reason of this is that it is more exfieditious and accurate 
in practice to rcad^ the values from the nearest reference line with* 
a millimetre or logarithmic scale placed on the diagram than to 
refer continually tij finely divided scales at the side. The constant 
vohune lines are ruled about twice as closely as the pressure ^nes, 

, because the scale of volumes is not so accurately logarithmic. The 
temperature lines are niled for each 20° in the dry region, to 
facilitate the use of a millimetre scale for interpolation, as the scale 
is very nearly 2° per mm. The entropy scale is T mms. per unit 
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along a vertical in any part of the diagram, and is uniform along 
each vertical in the wet region? 

Auxiliary Cuxjtes. A ctirve of Latent Heat, L, is drawn in the 
wet region, from which the values of the latent heat ii| any pressure 
may be read on the total heat scale. This' curve is useful in solvjiig 
problems involving latent heat withiait leference to the tables. 
The heat of the li<iuid h, if required, niaj be found vi7v accurately 
by adding to t the ordinate of the wnter-hent euA'c, given in flic 
lower right-hand comer of the diagram. 'Khc curve of th<*thermo¬ 
dynamic potential of water G = 7'(^ - h, sliowu in the saiye region 
of the diagram, affords the most e.\|)c<litious method of calculating 
the total heat of wet steam in any state by fiieformula II jf’<D - G, 
when the temperature and entropy are giviai. 

192. Method of Using the Diagra.n wU-h pivided Set- 
Square. Values sidlicicntly close ^or lu^iiiy purposes may lie 
obtained by simple inspection, but in ord<'r to obtain aeeurate 
results from the diagram, it is most convenient folix It on a drawing- 
board, adjusting it carefully so that ^le straight edge* of the 
T-square is parallel to the horizontal lines ol constant total heat. 
The T-square may be used to refer the reading ol total heat at any 
point to a scale at the side, and a stt-stpiare may be employed to 
give the corrcs|)onding value of the pressure by the sc.ile at the 
top. Or the distances on the diagram may be measured with a 
pair of dividers from the nearest rcfe»t'nee lines, and read off on the 
millimetre and logarithmic scales of an ordinary 2.5 cm. sli<Ie-rulc, 
But a more accurate and expeditions n*ethod is to employ a sjiecia! 
set-square of transparent material, witJi a millimetre scale divided 
on its under side along the vertical edgq, and a log. scale similarl> 
divided along the horizontal edge. Th(^ millimetre scale serves foi 
tempemture and total heat, and the log. sealq for pressuixi am 
volum* The diagonal edge of the set-sipinre is curved to lit thi 
mean adiabatic, and is useful for following adiabatic exiiansion 

or flildiAg the entropy. , 

‘ To read tlui Entropy. The only scale that is materially variabl 
in different parts of the diagram is that of entippy. In order ti 
meet this, without confusing the diagram by drawing too man; 
lines, the isentropics or adiabatics arc drawn only for each tentl 
of a unit of entropy from 1-4 to 2-1, and the scale of entropy i 
divided to hundredths along e^h of the vertical reference line 
of the pressure scale. To find the numerical value of the entrop; 
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Torresponding to any given point on the diagram, mark the required 
point with a fine pencil, find the jJart of the curved edge of the 
set-square (or of a paper teipplate traced and^cqjt to fit the mean 
adiabatic l-7)^hich corresponds most nearly in curvature with the 
nearest adiabatic, set the burve to pass through the pencil dot anB 
divide the entropy seaSes equally on either side. By estimating 
iy»nths of a dh-ision, the required value of the entropy can be found 
to'l, in the third place of decimals. 

To rehd the Total Iledt at any Point. Read the vertical distance 
in mms. ,and tenths above the nearest reference line, and add the 
reading to the value marked on the reference line. 

To rt).easure the Il^tt-Grop between two given Points. Adjust the 
T-square to pass through the lower point, and slide the set-square 
until its vertical edge meets the upper point. The drop is given bj* • 
the vertical s%de»TCading in mms.; but unless the T-square and 
drawing board are very^perfegt, it is usually better to measure each 
value of H from the nearest reference line, and take the difference. 

To reitd the Pressure at any Point on the Diagram. Place the 
set-square on the diagrarl**,with its vertical edge to the right, and 
the log. scale reading backwards from right to left, the divisions 
being on the under side. Slide the set-square along the T-square 
^intil its vertical edge passed through the required point. The 
pressure is then read on the log. scale at the point where it is 
crossed by the 1, 10, or 100 lb. reference lines of pressure. Thus if 
the pressure is 157 lbs., the 100 line will cross the scale at 1-57, 
or the 10 line at 15'7. Similarly, to mark a vertical line on the 
diagram for any given pressure, say 157 lbs., slide the set-square 
horizontidly along the T-square to the right till the division 1’57 
of the log. scale meets the 4.'dgc of the 100 lb. line, and rule a short 
vertical line with a fine pencil along the vertical edge of the set- 
square near the required temperature or entropy. Sinqe it is 
generally necessary to mark the pressure in this way with a short 
vertical line, it is most convenient to have the log.'-scale reading 
backwards from right to left, which also suits best for reading^ 
volumes. , 

To read the Volume. Lay the log. scale across the lines of 
constant volume so that the numbers correspond. Thus,fif the 
volume is between 50 and 70, set the divisions 50 ^d 70, or 5 and 7, 
on the log. scale to fit as nearly as possible with the 50 and 70 lines 
of constant volume. The fit can usually be made exact by sloping 
the scale. If not, adjust the errors at cither end of the 60 to 70 
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interval by estimation in the same proportion as the whole interval 
is divided by the required po’Jnt. Read the required point on the 
scale, estimating tenths of a divisior\ as usual. 

To read the Temperature for Superhraled Slenin,P]a<x the mm. 
'scale across the lines of constant tei(S]XTiituri^ so that the, cm. 
divisions nearly fit. Adjust the small enOrs at citlicr laid, if any, 
proportionately to the division of tin; intiTvnl h? the requqfd 
point. Read the point in mms. and tcntlis. Miltfply by 2, andTadd 
the result to the temperature marked o.t the lower line.* 

To mark the State-point, given P and T for Siiperhrq/ed Steam. . 
Set the vertical edge of the set-square for the recpiired pressure, 
slide the square vertically till the cm.* divisions fit thf lines of 
constant temperature near the re(|uire(l point, mark the required 
temperature with a line pencil dot by the aid of the mm. scale. 

To mark the Final Slate-Point, given aud llulc a short 
vertical for the final P to cross the, ndialMiit, Adjust the curved 
edge of the set-square to the value of <l> as prto iously explained, 
and mark thCVoquircd point with ;i dot, or fiy rnlirig i/short piece 
of the adiabatic. Or conversely, rule ty/liorl piece of the luliabatic, 
and mark the re()uired ))ressure on it. 

To find P and II, lehen V and <1> are given, Ruh; a short piece 
of the adiabatic, adjust the log. sJalc to lit the lines of constant 
volume, and cross the adiabatic at the given value of V. Hold a 
pencil or a divider point at the crossing while shifting the sct-sipiare 
so that its vertical edge rests agai»isl the point and its horizontal 
edge fits the nearest reference line of II. Head the vertical scale for 
H at the point, and the log. scale for P where it crosses tlie 1, 10, 
or 100 line. 

To read the Temperature for Salundeil Steam al ani/ Pressure. 
Reverse the log. scale to read from left to right, and lay it along 
the temperature scale at the base of the diagripn. To find h for the 
liquid, add the ordinate of the h — t curve to the value of t. 

193. 1 o^nnd the Heat-Drop in Adiab,atic Expansion. 

The commonest use of the diagram is to find the values of any one 
of the properties P, T, H, V, or d), when any other two are given 
defining the state. The solution of almost any problem may be 
worked out in Jhis way to a fair degree of approximation without 
using the tables, by reading the required values at suitably selected 
points according to the data sad conditions assumed in the problem. 

One of the most familiar examples is to find the efficiency of the 
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Rankine cycle, or the heat-drop in adiabatic expansion, which will 
be considered in detail as affording & good illustration of the use 
of the diagram in following adiabatic expansiont ^ityee the adiabatic 
heat-drop depends only on the properties of the working substance, 
thwipsult can be worked ouf theoretically to a high order of accuracy* 
from the tables or equations; the accuracy obtainable with the 
di^am is necessarily limited, but is greater than might at first 
sighf be supposed*, on aecount of the use of the logarithmic scale 
for the pressure and volurt*. For instance, in the following example, 
tthe initial^value of H can be found to the limit of accuracy of 
reading the millimetre scale for //, since the data for P and T are 
given. Thf error should^nc* exceed a fifth of a mm. or 0-2 cal. For 
the final state the pressure is only 1-7G lbs., and it might be thought 
that the decimals could be neglected, since the initial pressure* 
cannot be readAclosier than about half a lb. But an error of a 
hundredth of a lb. in the final pressure is as important as an error 
of half a lb. in the initial pressure. Both correspond nearly in fact 
to an error*of a fiftli ot a caloric in the heat-drop, as is easily 
estimated from the fundaffipntal relation (d/i/dP)^ -•= aV, which 
gives 0-17 cal. for the error in II due to an error 0-01 lb. in P, 
under the condition <I> constant. The advantage of the log. scale 
of pressure is that it is just as iasy to read to 0-01 lb. at the final 
pressure as to 1 lb. nt the initial pressure. The resulting error in 
the measurement of the heat-drop (182-S cals, in the present 
example) is seen to be of the older of 1 in 1000 only for an error 
1 in 176 in the final pressure. In general the results obtainable by 
the use of the log. scale are mnch more accurate than might appear 
to be the case at first sight. But it will readily be understood that 
this order of accuracy could not be attained withoiit the use of 
finely divided seales, rendered possible by a proper choice of 
coordinates for the /liagrain. 

Example. Find the heat-drop in adiabatic expansion, and the 
efficiency of the llankine cycle, for the following experimental data,^ 

Initial temperature, 288° C., pressure, 142-5 lbs. (gauge), 
vacuum, 25-9 inches, barometer, 29-5 inches (14-51'br..). Whence 
P'— 157 lbs, abs., P"= 1-76 lbs. abs. 

To locate the Initial State-point, Lay the set-square ABP on 
, the diagram, as shown in the annexed figure on q reduced scale, 
so that the division 1-57 of the log. scale lies on the 100 lb. reference 
line. The vertical edge then corresponds to 157 lbs. Mark a fine 
pencil dot on this vertical for t at 1-5 mms. above the 280° line 
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of constant t, which gives the initial state-point, (1) at 288° C, 
This point is found to be 21-8 mms. above the 700 reference line 
of //, whence //' = 721'8. • ■ r> 

Read O' with the curved edge of the set-square, whence 0'=1*682. 

‘Read V on the log. scale between divisions 3 and 4, whence* 
F'= 8-69. * 

'I'To locale file Final State-point Set the square so that the 
division 1-76 of the log. scale lies on the 1 lb. reference line. Rule 
a short line along the vertical edge at P = 1'76 to cross the adia- 
• batic 0 =t. 1-C82. Mark the exact point of crossing by ruling a 
short piece of the adiabatic with the curved edge. This gives the 
final state-point, 40, in tile figure. The required heat-drop can be 
read off directly on the vertical scale by setting the T-square to 
pass through the final state-point and sliding the set-square into**' 
the position a6c in<l)c figure, to meet the initial state-point. But 
a more accurate result in^y be«obtained by measuring H" from the 
‘ ,500 reference line, w^ich gives H"= 539-3. Read V"— 169 
(expansion*ratio 46) on the log. scale, and <"= A"= 49'6, on the 
scale at the base. 

The required heat-drop is, IF- H"- 721-8 — 539-8 = 182-5. 

The work done l)y the feed-pump is a (P'— P") 0-20. 

The heat supplied is, IP— fi'— 721-8 — 49-0 = 072-2. 

The efficiency of the Rankine cycle is 182-2/072-2 = -2710. 

The velocity due to reversible adiabatic expansion is found from 
the heat-drop by the formula, 17 = 300-2-v/f//'— //"), which gives 
U — 4055 ft./sec. A velocity scale is often given on the diagram, 
but the .scale is no use for clfithges of velocity, and it is usually best 
to work the result on the slidfc-rule. 

The initial and final volumes are not required in the above 
example, but are useful for other purposes, e.g. in the case of in¬ 
complete expansion, or for finding the appropriate dimensirns of 
a cylinder or turbine, or the final section of a nozzle. 

194. Incomplete Expansion. The expansion in the idetd . 
Rankine cycle is supposed to be continued down to the 'condenser 
pressure. In practice this woidd require cylinders of an excessive 
size, and would give very low mechanical efficiency. It is therefore 
I of interest to investigate the necessary loss of efficiency due to 
incomplete expansion, and to compare it with the actual gain of 
mechanical efficiency. There are other sources of loss in practice, 
such as leakage and cylinder condensation, but the loss due to 
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incomplete expansion can be separately investigated, and affords 
a good illustration of the use ot the II log P diagram, because such 
problems are difl^ti|t Id solve with theJaMes, or the Mollier diagram. 
In order to find the thermal equivalent .1(1' of the wi^k done by the 
Aeam in the cylinder, w'hen the expansion ratio is given, and^the 
steam is released at the end of the stroke at a pressure P" greater 
than the condenser pressure P„, wc ha\ e simply to aiW to the heiij^- 
drop //' — H" in adiabatic exjiansion I'rom P'<i(fP" . the thermal 
equivalent aV" {P"— Po), of the work (*ue to the excAs of the 
release pressure over the back-pressure, I bos, 

AW = IP- //"+ aF" 

* • 

The heat-drop //'- W for a given expansion ratio V'jV, and 
•the release pressure F", arc easily found by observing the inter¬ 
section of the adiabatic with the volume: luio ( •', bg/ it is essential 
for this purpose that volume and entropv ^boolil be shown on the 
same diagram as the pressure and total heat. 

Taking steam in the initial stale given in tlTe i)reeediiflv example, 
namely, d)'= l-68‘2, F'-= 3-t>9 and r< |Vj)fing to the same Fig. 30, 
the pressures correspomling to ‘1, 4, (i, 10, and 20 exp.ansions are 
marked by short vertical lines on the adiabatic <1) 1-0S2. Ihc 

values of the pressure P" and total ||eat II" aiv read off as .alreadj^ 
explained, and the remainder oi the ealenlation proceeds very 
simply as indicated in the following table. 'Ihe lirst line gii es the 
expansion ratio, or the reciprocal #1 the cut-off. Ihe second line 
gives the volume at release. The third line gives the pressure at 
release, and the fourth the total heat. Adding the pnxluct 
aV"(P"-Po) to the heat-drop IP-•II" we obtain the thermal 
equivalent AW of the maximum work indicated, or obtainable in 
the cylinder per lb. of steam, given iii line 7. The ipiotient UMlAW 
gives ^c theoretical minimum consumption in Hjs. |>er I.II.l’.-hour, 
line 8, which reaches the limit 7-8 for the ideal Uankinc cycle when 
the expansion is complete, but does not at all represent the cfli- 
^ciencies obtainable in practice, when the power is regulated by 
varying the esepansion ratio. 

Some idea of the necessity of incomiilctc ufcpansion (even if 
cleart^ce and other losses are neglected) is given by working out 
the brake efficiencies for a single cylinder of given volume. The 
volume is taken as 8-69 cubic feet, requiring 1 lb. of steam per 
cycle, under the initial conditions when the expansion ratio is 
unity. The equivalent AW of the indicated work per cycle is then 
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Table showing effect of incomplete expansion. 

Initial state, /'= 288°, P'= 167 lbs., V'= 3-69 ft.», H'= 721-8, 
®’= 1-682. • 

Condensers pressure, Pj = 1-76, cylinder volume taken §s 
8*60 cubic feet. 


• iilxpaniMOftis 

1 

2 

4 

1 ^ 

10 

20 

46-3 

® 1 

(V" 

Final state 1 P" 

Ur 

.3-69 

7-38 

14-70 

22-14 

30-9 

73-8 

169 

167 • 

03-9 

27-3 

17-2 

9-70 

4-06 

1-76 

721-8 

«73-4 

030-2 

017-8 

596 0 

668-5 

639-3 

W- H" 

0 

48-4 

8.50 

104-0 

12.5-8 

1.53-3 

182-6 

aV'AP",- Po) 

68-4 

400 

38-4 

34-9 

30-1 

21-8 

0 

I. AW/ll. 

95-0 

124-0 

138-9 

155-9 

175-1 

182-5 

Lb8./I.H.P.H. 

24-2 

14-9 

11-4 

10-2 

9-1 

8-1 

7-8 . 

Actual lbs./I.H.P.H. 

26-0 

— 

17-9 

100 

10-3 

18-2 

24-3 

44-0 

I. Alf/ovcio 

•68-4 

47-6 

310 

23-2 

15.59 

8-70 

3-94 

Brake AlF/lb. 

54, 

8A 

100 

111 

109-5 

82-5 

Nog. 

Lb8./B.H.P.H. 

26-2 

i(i*5 

13-4 

12-7 

12-9 

17-2 

Inf. 

Actual lbs.^B.H.P.H. 

•21P8 

19-8 

18-8 

20-3 

25-5 

61-0 



found by dividing the indiAitecl AfV jier lb. by the expansion ratio. 
The figures for the I. AfV per cyelc arc proj)ortional to the I.H.P. 
at a given speed. The inechanical losses per cycle may be taken as 
Jbeing independent of the loadj and as ccpiivalcnt to 4-6 cals., which 
gives a mechanical efliciency of 80 per cent, at 0 expansions. 
Deducting this constant loss from the values of the indicated AfV 
per eycle, and dividing by the lbs. per cycle in each case, we obtain 
the figures given in the next line for the equivalent of the work 
done on the brake per lb« of steam. This reaches a maximum at 
about 7 expansions, but becomes negative before the expansion is 
complete. The figures given for the consumption in lbs. of steam 
per brake horsc-power-hour, arc much better than those attainable 
in practice with a single cylinder, owing to the neglect oP other 
losses, but sufiiee to show the necessity of incomplete expansion in 
practice. The indicated efliciency would vary with expan.sion -atio 
in a similar manaer to the brake cITiciency for a si-igle cylinder, if 
account were taken of losses dtie to leakage and cohdensation, as 
indicated by the Values given in the line representing “actual” 
Ibs./I.H.P.H., calculated by the method explained below, in the 
section on condensation and leakage. -* 

^95* R^ulation by Throttling. Another common method 
of regulation is by simple throttling, with a fixed boiler pressure and 
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expansion-ratio. In this case the initial value of the total //' 
remains constant while the initial pressure is varied. For any given 
value of P', the initial voliune V ij read oft on the line /£', or 
caleulated, if the steam is dry, by the eq.iation foj V in terms of 
H and P. The final volume F" is found by multiplying V by,Hie 
given expansion-ratio. The final pressunsF" is obtained on the 
diagram from the intersection of the adiabatic throtgh IVP’ wjlh 
the volume line V". * • *• * 

The equivalent AW of the indicated«ivork per lb. is*givcn by 
the same formula as in the previous example. When //' and F"/F’ • 
are given, it will be found that the heat-drop W- f/'^is nearly 
independent of P'. The variations of f/i'- 11" in the following 
example are so small that it might have been taken ns constant 
.and equal to 88 cals. 


Table showing effect of regnlatioji hy throttling. 

Initial .state //'— 700. Expansion ratio, ' ■’ 5- 
Cylinder vofimic taken as 3-09 cubicjeet. Condonsc't pressure. 


2 Ibs./sq. in. 

« pf 

Initial state! ^ 

TiOO 

1070 

.•MK) 

1-78 

200 

2-()ti 

hTO 

a-.-vi 

)(H» 

Trail 

\{\m 

20 

20-6 


J5-35 

8-90 

1:13 

17-7 

29-5 

530 

132-6 , 


740 

43-7 

28-9 

21-4 

14-1 

0-8 

2-62 

ar'iP"- 1\) 

;«)■« 

38-2 

3ft'7 

35-3 

32-9 

26-3 

8-6 

W- H" 

88-8 

88-2 

8)»0 

87-9 

87-8 

88-0 

88-7 


128-4 

126-4 

124-9 

123-2 

120-7 

114 3 

97-2 

Lb*./LH.P.H. 

11-0 

11-2 

11-3 

• 

11-6 

11-7 

12-4 

14-6 

I..41^oyole 

B.ilH'/oycle 

8.^8716. 

88-3 

62-2 

34-6 • 

’ 25-7 

1(1-9 

7-9 

2-7 

83-7 

121 

47-0 

116 

30-0 

108 

.21-1 

101 

12-3 

88-2 

3-3 

47-4 

( - ) 
(0) 

Lb8./B.H.P.H. 

11-7 

12-3 

1.3-1 

14-0 

16 0 

:«)0 

liif. 

Actual lbs./B.H.P.H. 

17-3 

18-3 

19-4 

20-7 


44-6 

>3 


It will be^een that there is little loss of indicaftd cfiicieiicy by 
throttUbg over a wide range of power. In practice, the variation 
‘would generally be less owing to inerease of &)ndcnsation and 
leakage with mcrease of pressure. The tlux)ttling method has the 
advantage over the variable expansion method that these lasses 
ere reduced at-low loads. On the other hand, if the expansion ratio 
is fixed to give a fhir degree of efficiency at normal loads, the engine 
win not take a large overload ^thout a corresponding increase of 
boiler p^uie. 
aa 
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ig6. Effect oi Condeas&tioa and Leakage. Losses due 
to clearance, condensation, and leakkge, depend rather on the type 
and arrangement of the enginp than on the prcpert^s of the working 
fluid. For a giyen engine, working under given conditions of initial 
aift^ final pressure and temperature, these losses may often be 
represented roughly by* adding a constant quantity to the con- 
!flynption pci*hour. For a given speed, the “missing quantity” 

measured in*lb«./eycle, would also be constant. The “actual” 
consumption per cycle, er “cylinder feed,” would be M, + VJV", 
in place of VJV", where V„ is the cylinder volume, and V" the 
volume per lb. at release. The “actual” consumption per I.H.P.H. 
or per B^H.P.H., can estimated on this basis by multiplying the 
theoretical consumption already given by the factor (1 + M^V'IVJ. 
With suitable values of M,, this method gives figures for tha. 
consumption ^orcrfiearly resembling those attainable in practice. 
But it is better to reverse the procedure, and to calculate the values 
of M, for different engines by comparing the theoretical with the 
observed performance. The study of these losses* affords a very 
instructive exercise on tlV^tlicory of the steam-engine, but is so 
varied in detail for different types of engine that it would be 
impossible to discuss it intelligibly in the present work as an illus¬ 
tration of the use of the diagram. The figures given in the above 
tables for the “actual” consimiption in a single cylinder engine 
should be regarded merely as an illustration of the effect of as¬ 
suming (1) a constant value OtlO lb. for M, in the case of variable 
expansion, and (2) a value P'jlSOO, proportional to P', in the 
throttling table, where the initial pressure is variable. For a 
detailed discussion of cxiierimental and theoretical methods of 
estimating M,, the student may refer to the paper previously cited 
“On the Law of Condensation of Steam” {Proc. Inst. C. E., 1898). 
A general account, of the theory is also given in many textbooks, 
e.g. Dalby, Steam-Pmeer, p. 282. 

Losses due to condensation and leakage cannot easily ^ 
represented on a diagram. The method is most approprikUi for 
representing continuous expansion, with or without, friction, as in 
a turbine or nozzle, by curves drawn on the diagram as in Figs. 28 
and''82. The single copy of the diagram supplied with these Jables 
would be inadequate for long-continued use, and its accuracy is 
somewhat impaired by folding. Arrangements have accordingly 
been made by the Publishers for„8uppiying additional copies of 
the diagram at a moderate price. 
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Spedal scales foT reading the diagram have lieen constructed. 
A set-square with finely divided scales in tnuisparent celluloid may 
be obtained frwn.hfc W. H. Ilarlmg, t7, Finsbury Pavement, 
London, E.C., price 5s., and a short millimetre and logarithmic 
scale in celluloid, price Is. Prints of tfie set-squai-e and scal<4 on 
paper similar to the diagram, may he h!hl from Mr Harling for 
temporary use or Examination purposes. 

The steam tables contained in the followiifg ’Appeiulix III arc 
published separately, including an explahalion of the diagram. 
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STEAM TABLES 

Units«aQd Constants. Systems of Units. Values are 
tabulatedton the followii^ three systems: 

F.P.C., or Foot-Pouiid-Centijfrailc, with pressure in pounds 
per squarft- ineh, volume in eubie feet per pound, and temperature 
on the Centigrade scale. ^ 

F.P.^'., or Foot-Pound-Fahrenheit, with the same units of 
pressure and volume, but with temperature on the Fahrenheit 
scale. s 

m*' «rt 

K.M.C., or Kilogfam-Mctre-Centigrade, with pressure in kilos 
per sq, cm., volume in Cubic metres per kilo, and temperature on 
* the Centigsade scale.* ‘ 

Reduction Factors. Th% following reduction factors arc assumed 
for metric units; 

One Foot — 0-30 t800 Metre. One Pound = 0-453592 Kilogram, 
jrhich give the following factors for the derived units; 

Density; 1 pound per cubic foot - 16-0184 kilograms per cubic 
metre. 

Pressure; 1 pound per squfcre inch = 0-070807 kilo per square 
centimetre. 

Work; 1 Foot-Pound = 0-138255 Kilogram-Metre. 

The Intensity of Gravity \n London at sea-level is taken as the 
standard for the tables, atid is assumed to be 1 in 2000 greater 
than the conventional value of the mean intensity in latitude 45°, 
namely 080-065 C.C.S., which gives , 

g "= 9-8116 metres/sec.* or 82-190 ft./sec.* at London. 

The Boiling-Point of Water, 100° C. or 212° F., is defined &s 
the temperature of steam condensing under a pipsure of one' 
standard atmosphere, equivalent to 760 mm. of mercury at 0° C. 
at a°placc where g = 980-665 C.G.S. ^ 

1 atmo. •= 14-6890 pounds per sq. in., or L08274 kilos per 
sq. cm. (London). 

Units of Heat. The unit of heat on the F.P.C. system, with 
the pound as unit of mass, is the Pound-Calorie; on the KJMLC. 
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system, the Kilo-Calorie. But the numbers riipresenting Total 
Heat, etc., in pound-calorie? per pound arc the same as those 
representing tha s%nlb quantities in kilo-calories per kilogram. The 
total heat of water at 100° C. may be stotetl as lUO mean calories 
‘centigrade on either system, reckoned from 0° C. , * 

The Mean Thermal Unit is wloptod id these tables as the unit 
of heat. The mean thermal unit on the centigrade s%le is i/iwtfh 
part of the change of total heat of unit mass of water under satura¬ 
tion pressure from 0° C. to 100° C. Simil*rly the unit of Iteut on the 
F.P.F. system is taken ns the Mean livilish Tliermi)) Unit, or* 

B. Th.U., which is l/180th part of the (piuiility of heat nspiire<l 

to raise 1 lb. of water from .32° F. to 212^ F, • 

Fundamental Constants for Water ami Steam. The following 
values, expressc<l in terms ol the uusm speeilic ^lu'at of water 
between the freezing- and Iwiling-poiuts lyMui jawunity, are the 
same in all three systems of units: . 

Minimum specific heat of water, •s O'OOCJO. 

Gas constant for steam per !mit mans, II 011012. 

Specific heat of steam at zero pre:#urc, .V„ - 0-17719. 

Ratio, SJR - « + 1 - 13/8. Index, n - 10/3. 

The following fundamental coi^stauts depend on the tempera¬ 
ture scale: 

Latent heat of stcan» at B.P., L .539-.30 C. 970-7.1 F. ^ 
Absolute temperature, T = t +#273-10° ('. t f ■l.'50-.58 F, 

Values of the Mechanical Equivalent. The absolute value of 
the mean gram-calorie C. is taken ns *1*1808 joules, or 1-1808 x 10’ 

C, G.S., from the results of experimenfs on the total In-at h of water 
by the continuous electric and continuous mixtun- melluHls (Phil. 
Trans., A, 199, pp. 57-118,1902; A, 212, pp. 1-.32,1912). 

•The corresponding values of the (-(piivalcnt J <)f the mean 
thermal unit in gravitational units of work for gsavity at Ixrndon 
are^a%follows: 

• J = 1400-00 (F.P.C.), J = 777-8 (F.P.F.), r- 420-7 (K.M.C.), 

which muH be increased by 1 in 2000 for gravity in latitude 46°. 

The reciprocal of J is denoted by A. The factor for reolicmg 
a product of dimensions PV to thermal units is denoted by a, and 
has the following values: 

a - 144/1400 (F.P.C,^, a - 141/777-8 (F.P.F.), 
a = 10000/426-7 (K.M.C,). 
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^198. Summary of Equations. Expression for the Total Heat 
Water h. The effect of the ice tn<flecules on the total heat neap 
the freezing-point may be noglccted in steaftt-pngine work. The 
effect of the steam molecules in the liquid is most simply repre- 
seAt#d for water under safuration pressure by the equation 

A.=> st 4- vLim, - ») — 0-008 = st+ (H, — st) o/F, — 0-008 = H, — L 

**** • 

where 0 and V, are the volumes of water and dry saturated steam 
at t. H, ahd L the total ifiid latent heats. 

The eqjropy of water under saturation pressure, 

^ = s log„ (T/Tj) -1- vLjT (V,-v)- 0-000010. 

Expression for the 'fatal Heat of Steam II. The general expression, 
deduced from experiments on the specific heat S and the Joule-< 
Thomson “ccjjling-fiffcct,” C = {dTldP)ji for dry steam in any 
state, is as follows: * 

S4' - SCP + B, 

where S £ S^ + an {n + 1) cP/'P, and SC = a{n -f l)c — ah. 

K 

B is a constant deduced *from L — 589-80 at 100° C., giving 
B = 464-00 cals. C., or 835-20 B.Th.U./lb. F. 

Characteristic Equation for Dry Steam giving V in terms of P 

mdT. v-h-^ BTlaP - c, Vherc c = Ci 
Bja ». 1-07061, T, = 878-10°, Cj = 0-4218, h = 0-01602 (F.P.C.), 
Rja = 0-59470, Tj = 671-58°, = 0-4218, b = 0-01602 (F.P.F.), 

Bla =■ 0-004699, T, = 878-10°, c, = 0-02680, b = 0-00100 (K.M.C.). 

The “ CO- volume” b is‘token as the volume of unit mass of 
water at 0° C., or 82° F. » 

The “co-aggregation volume” c is deduced from the cooling- 
effect C, and expresses the diminution of volume from the idea^ value 
BTjaP due to co-aggregation or pairing of molecules. Values of 
c and V, in cubic feet per poimd are tabidated for each 1° C. in 
Table III. Values of V for dry steam in terms of T and P ar& gfven 
in Table V. 

Expressions for^E and H in terms of P and V for Dry Steam. 

' (10/8) oP (F - i)-f B, 

// =. JB -f aPV = (18/8) aP(F-b) + abP ^ B, 
which gives for F in terms of H an^J P, 

F = 8 (H - B)/18aP -1- 106/18, 
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whence F = 2-2486 {H - 464)/P + 0-0128 (F.P.C.), 

V - 1-2464 {U - 885-4)/P 0-0128 (F.P.F.), 

V = 0-0«984?(ff - 464)/P -|«0-0007T (K.M.C.). 

• General Expression for tlie Entropy ^ ofDry Steam at P and T, 

O = 1-09876 log (T/r,) - -25356 log {PIPfi - ancP/T + 1-76300. 

where Tj, P, are the values of T and P at the boiling-point. 

The Entropy is the same in all three systeifs of units. 

Adiabatic or IserUropic Expansion iff Dry Steam. ‘Adiabatic 
equation, 

P (F - = constant, or P (F -^ft)/7’ ■ constant, 

or Pjjnsts _ constant, or {F — b) 2’*"'“ i-onstant. 

Ileal-drop from //„, Po, F^, T„, in he ,tropic Expansion of Dry 
Steam. •* ** 

- H)^ :: (13/3) «P„ (F„ - 5) (1 1 i ab (P„ - P) 

= {/?„-«- abP„) (1 - TIT„) ; <n> (P„ - Pf. 

General Expression far Velocity U due to Ileal-drop. 
U--:{-lJg)'lHlI„-liyl\ 

which gives U == 300-2 (//„ j- Il)'''‘ ft./sec. (F.P.C,), 

or [/ = 223-8 (//„-2/)'/Ht./scc. (F.P.F.), 

or U = 91-51 (//„ - //)•'* ni./scc. (K.M.C.). 

Cross-section X of a Nozzle for Diseliarge of .Mass .1/ per second. 

X (in.») = 144.1/F/r7 ‘(J'.P.C. or Ft), 

X (cm.®) = lOOOOMVIU^ (K.M.C.). 

Discharge MfX, through a Nozzle per Unit Area of Throat X,for 
Dry Steam. , 

MIX, (lbs./sec. in.®) = 0-8155 (1 -f 0-2745/F„) {PJVJI\ (F.P.C. 

• • * orF.) 

MIX, (kg./sqrf cm.®) = 0-02090 (1 -i- 0-2746/F„) fP«/F„)'/» (K.M.C.). 
Throat Pressure, P,IPq = 0-5457 - 0-1896/l\. 

(The 5 terms may be omitted in all the above formulae unless 
F is small.) * 

Approximate Formula for Volume V, of Dry Saturated Steam. 
pF,»®/“ = 490 (F.P.C. or*F.), pF = 1.-786 (K.M.C.), 
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whence Discharge of Steam, initially dry and saturated, without 
condensation in the supcrsaturated^tate, 

MjXt = 0 0178«Po“/“ (F.P.C? <* F,), 

Jf/A, = 0'01^98Po®/»a (K.M.C.). 

'ipproxinutte Equation (Zeuner) for Adidbatics of Wet Steam. 

= constant, where q - initial dryness fraction, 
whence Discharge •of Steam initially dry, but with reversible 
condensation, according to the above formula, 

P,/P(^= 0-577, MIX, = O Ol646Po”/»» (F.P.C. or F.), 

M/X, = O-OlSlOPo**/^^ (K.M;C.). 

• • * 

Gibbs' Function or Potential, G = Td* — II,for Steam in any State. 
For water or wet steam at t, 

G.^T,/,- H, = sT log., (r/7’o) -St- 0-003 «/r„, 

a function of the tcnijfcratiipc only, tabulated in Table III, for 
•eachl°C., • ' , 

The equation T<t> — E G„ with II and for dry steam, 
determines the saturation pressure p. 

The relation // -- T<t> — G, is the exact equation for the adia- 
batics of wet steain when is c<mstnnt, giving II directly in terms 
Of t and O. It may also be writcen in the forms, 

H. - // = r (O, - <!>) == (1 - 7 ) i = (1 - q) {H, - .V<) (1 - v/V.) 
^(U,-st)(V,-V)lt*, 

where II„ O,, V„ arc for <li-y steam at t, and II, d>, V, for wet 
steam. The ex|5i-essions in ‘terms of q are not required unless the 
hypothetical value of q is one of the given data, or unless a diagram 
is employed which gives q only in place of giving V directly. The 
cxprcs.sion for the luliabatic heat-drop (//' - II'\, is obtained by 
taking the diffcrenA- between the initiid and final values of Jf,‘ 

{IF- U'\ - {t*- t") O'- (G'- G") = H'- II," + O')., 

The first cxprcssiriu is general, and is most convenient for wet 
steam. The second applies only when the final state Is wet. 

Rankine Cycle hnd Relative Efficiency F, Thermal Equivalent 
AW ot the work done in the cycle between limits p' and p" • 

AW « (H'- IF%- a ip’- p") t-"=. (<'- /") O'- tG'- G") - Axe. 

Heat supplied, II'- h"- Ate. Efficiency, AWI{H'~ h"- Aw), 
where Aw “ a(p'- p")v". The “ElBciency Ratio” is the ratio 
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of the indicated efficiency of the aettial engine to that of the 
Rankinc cycle between the sa^c limits of t and p. 

The “ Relative Jiffleiency” F may l’<' defined as the ratio of the 
indicated work per unit mass to the available wevk .7 (//'- //")« 
*in isentropic flow with the same limits'of t and p, which giveyi T(fr 
the power and the consumption. 

Indicated horse-power = 2-5ioMF {W— (K.1M»,V 

{M = mass-flow per sec.) I-H til/F (II'- H")^, ^F.P.F.). 

Indicated kilowatts = (//'—(K.M.C.). 

Pounds per I.II.P. hour 14l t-3/F (//'- 7/")^, (F.i’.C'.). 

„ .. » ‘2SH)IF (W-ir\, (F.P.F.). 

Kg. per kilowatt hour == SGO-O/F (77'-*/7")j, (K.JP.C.). 

1 kilowatt — 1'34()3 horse-power (Lotjdon) 1-3507 chcval- 
vapeur (lat. 45°). 

//^99. Description of the Tables. |Tal)le I contains those/ 
pro]X!rti(!S of sineani wliieh are eoini)arativel_\*seltloin ritjuired, and 
arc tabulated only for each 10 ° C. of^enipenilun- in F.P.C. units. 
The quantities most often required, namely (log//). 1'. Il< ”'"1 f*/ 
are separately tabulated for each degree centigrade (or Fahr.) in 
Table III, and are also given, Jogether with the eniropy 
in Table II, where the pressure is taken as argninent, in idl three 
systems of units. The use f>f the potential, (! Ttf)— h, makes it 
unnecessary to employ //, <l>, i’, 7<, «uid LjT for finding the volume 
and the heat-drop in .adiabatic expansion, and will be found to 
save a good deal of trouble in cidculation. . 

If values of L are required for any other purpose, they may Ijc 
found by interpolation, or may l)c directly ealeiilated with less 
trouble from the formula, L = (11 - at) (1 vjV). 

TJ>e ratio vjV,, which wcurs as a small correction in the formula 
for*thc latent heat, L, and the heat of the li<piid,^/(, may be taken 
for this purpose as p/25000, where j) is the saturation pressure in 
Ibsri^r sq. in. , 

The wetness fraction, (1 — 5 ), if required very accurately, may 
be deduced by dividing the defect of total heat///, — II,, from the 
satufption value by H, — st, and adding the fraction »//*,, or 
0-00004^, of the^rcs/ilt. 

The quantity actually required in most cases is not the wetness, 
but the volume of the wet mixture, V,, which is iiccurately deduced 
from H, by the formula V, = V, (II, - »i)l(H, - si), without 
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calculating q or making any correction for v, or for the variation 
of the specific heat. * 

The external work of v%porisation, apiV^—j)), and the in¬ 
trinsic energy are very seldom required, but are easily found 
fnJnj the tables of p, V, and H. * 

The auxiliary quantities SC and Z = amIT are useful in 
c&lpulating /f %nd C, or <1> and S, respectively, but are also easily 
obroined from ThWe III (c), giving c for each 1° C., so that it 
is imnecessary to tabidatc them more fully. The speeific heat S, 
and the cooling-effeet C, are so easily found from the table of 
total heat} that it is unnecessary to tabtdate them separately, 
especially as their chic^ usn is for calculating H. 

Table II contains the most imjwrtant properties of saturated 
steam tabidated in terms of pressure for all three systems of units,* 
and will be 4)iutd /he most useful table for general purposes. 
Except for pressures below } lb. per sq. in. (which are alto¬ 
gether omitted in many*stcam tables) the intervals of pressure are 
graduated so that th^corresponding intervals of tera|)eratHre shall 
never exceed 2° C. or fah ^bclow l^C., which affords the most 
convenient scale for interjKilation. The corresponding values of the 
pressure in kilos per sq. cm. in the second column are the exact 
equivalents to five significant ^gur(!s of the pressures in lbs. per 
sq. in. in the first column. The values in both cases are for the 
latitude of London, and must be increased by 1 in 2000 if it is 
required to express them in terms of the conventional value of 
gravity in latitude 45°. This correction may generally be neglected, 
since it does not affect the relative values, and is beyond the limit 
of accuracy of most observations. It should not in any case be 
applied to individual obsors’ations, but only as a final correction 
to the results of a series. 

The values of tjje volume in the third and fourth columps^are 
given to four si^iificant figures, i.c. with a minimum accuracy of 
1 in 2000, corresponding to about 0-01° C. of temperature. More 
accurate values n^ay be obtained, if required for small diflefeiiees, ^ 
from Tabic III (F), for each 1° C. Owing to the great range of 
variation of the pressure and the volume, it is impossible to secure 
a urfiform degree of proportionate accuracy in tabulating,these 
quantities, except in the table of logp. ^ 

The values of the entropy in the fifth column are the same in 
oil three systems of units. They are seldom required for small 
differences, and are often tabulated to three places of decimals only. 
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The values of t, H, and G, for saturated steam are tabulated in 
both Fahrenheit and CentigrJde systems, to save the trouble of 
reduction to on f|p* the Fahrenlijit scale, which is the most 
annoying feature of the British system of units. ^Fhe values are 
‘given to 0-01“ of temperature and 0 01 a heat «init respcctiydy, 
beeause t, H, and G are most often rcipiited for small differences, 
especially in deducing the heat-drop and velocity.* It would Jffir 
this reason be inconsistent to tabulate then^ (!ls in many otlier 
steam tables) with an order of accuraeyanferior to thatVmploycd 
for the entropy. 

The case of saturated stcajn is most completely covered for 
practical purposes by Table II, but tli« si^iipleinentary .tables of 
p, logp, V, c, H, and G for each 1° C. will be found useful in cases 
’ 'where it is desired to solve, to the limit of aeeurac^, problems in 
which the elimination cannot be effected so^tJiat itjK necessary to 
proceed by trial and interpolation, .as is generally the case in the 
solution of transcendental equations. Quadra! ie and cubic em¬ 
pirical formulae are often cmploy<'il in prclercnce to logarithmic 
with the idea of avoiding this diniculjj^rbut the lulvantage gained 
is fictitious, because it is generally much easier to solve a logarithmic 
formula by interiHilation, than to find the solution, <'.vcn of a 
quadratic, without the aid of logarithms. ^ 

With the exception of the formulae for the saturation pressuK 
and entropy, which cannot possibly be put in any form except the 
logarithmic if they are to satisfy th* second law of thermodynamics, 
the eqtiations expressing the relations between the various pro¬ 
perties of saturated steam arc of thb,simplest possible algebraic 
type, involving no powers or roots, dnd exceptionally convcnienl 
for practical calculations as comparcth with the ordinary type ol 
empirical formula Involving powers of the temperature. 

200. Tables for Superheated Steam. The simplicity of th< 
jharacteristit equation and the adiabatic equation for dry steam 
makes it possible to solve the majority of p^pblems for super 
heated or supersaturated steam as easily as for a perfect gas. Tabu 
lation is superseded for many purposes by diil'ct solution of thi 
equations. The variation of specific heat is too large to nJglcc 
even in rough wprk, and it is a great advantage; to be able to tak 
exact account of the variation in so simple and consistent a mannei 
It is also possible to tabulate the values of the required quantitie 
to a higher order of accuracy than is attainable with empirict 
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formulae without risk of introducing inconsistencies in any of the 
thermodynamical relations. The talllilated values are useful chiefly 
in finding the initial state, when the final •si*it« is wet and the 
simple adiabatjp for dry steam does not apply to the whole range of 
ejfpfnsion. They are also'useful in reducing experiments on the 
cooling-effect, and othe^ relations of superheated steam. 

‘^,The majoRty of problems relating to superheated steam may 
be solved with s/lfitcient approximation for practical purposes by 
the aid <ff the diagram, fl’he tables serve chiefly as a method of 
verification, and supply more accurate values in problems where 
small differences are involved. Thoarrangement of the tables, with 
the scal^of temperatiyc fln the left, and pressure along the top, is 
intended to correspond with the diagram. The practical limit of 
temperature in the use of superheated steam is in the neighbourhood * 
of 400° C., whieh is«c^omparatively seldom reached in the engine. 
The values tabulated for 450°.and 500° C. are of theoretical rather 
, than practical interest. ^ Initial presstires below 50 lbs. are so un¬ 
common, dhd below 20 lbs. so extremely rare, thattlosc tabulation 
by steps of I lb. down to ti»e lowest pressures (adopted in many 
steam tables) is quite superfluous in the case of superheated steam. 
The accuracy of the interpolation formulae given below makes it 
ynnccessary to tabulate the values for intervals of less than 10 lbs. 
in any part of the range. Intervals of 50 lbs. suffice at the upper 
limit of pressure. 

Owing to the comparatively limited utility of tables for super¬ 
heated steam, it has not been considered worth while to duplicate 
them in terms of the Fahrepheit scale and metric units of presstire. 
Values on either of these systems can be obtained very readily, 
if required, by the aid of tiic Fahrenheit scale of temperature on 
the left, and the kilogram scale of pressure at the top of each table. 
This arrangement Jias been found more convenient in pwietice 
than duplicatin;^ the tables. 

In experimental tests, the practical datum is alwbys thg ^n\f 
perature and not the superheat. If the superheat only is given, the , 
actual temperature of the steam must be found by adding the 
saturation tempei^turc which is given for each pressure at the 
bottom of the eoliimn. The saturation line in each table is indnated 
by a zigzag rule. Values below this line represent the state of 
snpersaturation, which is of great theoretical interest, though not 
permanently stable. These values eannot occur as initial states, 
but only as transition states ; and are useful chiefly for the purpose 
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of estimating possible losses due to irreversible condensation, or 
changes of volume in rapid e:lpansion which matci-ially affect the 
discharge throu({h ^rifices. 

201. Table IV. Total Heat ef Superheated Stemm. 

The most useful table for sui>erheatc(l steum is that of total heat H, 
which is the chief factor in determining the heat supply per ijjilt 
mass of fluid. It is very easy to obtain accinaft; values of li’hy 
interpolation because the variation wifh pressure at» constant 
temperature is small, and is accurately rc])resentcd by the cotuiant 
difference tabiJated for 10 Ibs.^of pressure in the third'column of 
the table. If the exact value of II is required at some intermediate 
pressure and temperature, it is generally best, for this reason, to 
•find (1) two values of H at the given pressure for faibiilated values 
of the temperature immediately above and, 1 k“1(v\^, the required 
point, and (2) to interpolate between tlu'.i' I'-.r the required tern 
perature. But for most purposes ample •accuracy is secured bj 
adding simultaneously the appropriate fraflTions of the pressun 
and temperature differences to the luyif’st tabulated value of //. 

The table of II affords the most convenient melh(Kl of findini 
the specific heat S at any point, or the mean specilic heat over any 
range. Values of the mean specific heat for various ranges are often 
tabulated for calculating II when flic superheat is given, but the 
opposite procedure is more accurate and convenient. The difference 
between any two adjacent values (jf II in the some vertical column 
is 10 times the specific heat S at the mean point, which is directly 
obtained to 8 significant figures. Th«s the value ,of S at 600 lbs. 
and 245° C. is (684-01 - 677 - 22)/10 =• 0-(i79, and the mean value 
at the same pressure from 240° C. to 840° C. is 


(789-46 - 677-22)/100 - 0-6224. 

Another useful application of the table is to find the ^ling- 
effect C at any point, which is obtained by dividing the different 
&C*per pound, by the corresponding value of S obtained as already 
des^bed. TRus to find C at 500 lbs. and 245° C., we have 
8C « 0'06l!22 by interpolation from the difference column, £> *= 0*o79 
already found, whence C = 0 - 0902 °/lb. Similarly at 30 lbs# and 
160° C., S » 0-626, SC - 0-1218, C = 0-282°/lb. 

The drop of temperature for a large drop of pressure at constant 
total heat, may be obtained l«r finding the temperature by inter¬ 
polation at the lower pressure required to give the initial value of 
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the total heat, Thiis H at 200° and 200 lbs; is 678-07, which is the 
value given by inter}K)lation at 17#° and 22-69 lbs., or at 20 lbs. 
and 169-48°. It is very casy.to trace lines #f poystant total heat 
in this way. 

202. Tables V, VI, and VII. Interpolation for V, 

^and G. ^hen the flnai state in adiabatic expansion is dry, 
T, 'll, and V are’eSsily calculated from the adiabatic equation in 
the samc’way as for a perfect gas, but the required result may 
• often be obtained with less trouble from the tables by inter¬ 
polation, if exact values arc required. When the final pressure 
P" is gven, find T" |;y mterpolation in Table VI at P". Thence 
find U" by interpolation in Table IV, and deduce V" from H" 
and P", or by interpolation in Table V. • • 

Accurate values sat any point intermediate between the tabu¬ 
lated values may generally ba obtained with a small slide-rule by 
simple proportion in the usual way, provided that the differences 
Involved itfe small, tut this rule is insu(ficiently*exaet for some 
purposes in the case of V, and G, when the pressure differences 
are considerable. The following rule is exact in the case of V at 
constant temperature, for any pressure difference, however large. 

^ If V, V" are tabulated yalues of the volume at the same 
temperature T, coreesponding to pressures P', P" (of which P" 
is the larger) to find the value of V at any pressure P intermediate 
between P' and P", find the value of the difference 

F'_ V « (V- V") (P - P')/(P"- P') 

by simple proportion in the .usual way, increase it by the fraction 
(P"— P)/P of itself, and subtract the resiUt from V'. 

Li the case of <I) and G a similar rule applies, but the corre¬ 
sponding difference. O'- O, or G'- G, found by simple proportion, 
must be increased oy the fraction (P"— P)/2P of itself (wilh*^2P 
in the denominator in place of P) before subtraction from O' or G'. 

Table VIII. * Adiabatic Heat-Drop to i lb.. This table is * 
fully explained aigl illustrated in Chapter IX, § 92, but has Jieen 
placed with the other tables to facilitate reference. / 
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!UXX I.-iUXILIABT TABLE FOB SATUBATBD STEAM OF QUANTITIES 
* SELDOM BBQUIBED, IN TERMS OF TEMPEBATUBB OENTIGBADE IN 
FOOT-POUND UNITS. (F.P.C.) ' 
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(UU n.—FBOFEKTIZS OF SiTUIUTBD 8TSAU IN TSBKB OF PBKMOBI (jt 
FOB KUiOOBAUMETBB AND FOOT-POUND UNITS, OBNTIOBADB AMD 
FAHBBNHBrr. (KJLO.), (F.P.C.), »nd*(P.P.P.) * 


PrcMura p. 

Voinma V, j 

Entropy 1 

Tamparattire <, Total heat B, and Poiantlat <7. 

Poondi 

8qM&.' 

KUm 
iq. cm. 

- 

— 


CaAigp«.le iinlU. 1 

VahTvnhalt ttnlU. 

Ou. 

Vouiia 

Cti. m. 
Kilu. 

C. or F. 



0 

9 - - 

t 

// • 

a 

0-08922 

0-00627 

3276 

204-6 

2-1760 

0° 

• 

594-27 

0 

,32° 

1009-70, 

0 

0-1 

0-00703 

2940 

183-5 

2-1662 

1-59 

595 03 

OWK 

34-86 

1071-io 

0-009 

0-2 

0-01406 

1524 

95-17 

P&riiTi 

11-69 

591^1 

602-77 

0-246 

63-04« 

1079-66 

0-448 

0-3 

0-02109 

1038 

6-1-78 

2-0727 

17-99 

0-58 

04-38 

10.84-99 

1-04 

0-4 

0-02812 

790-7 

49-30 

2-0482 

22-6»l 

full is; 

0-91 

72-7^ 

1088-95 


0*5 

0-03.715 

040-5 

40-61 

2 0299 

*26 41 

6CK(-73 
60S 19< 

I 23 

79-64 

1092-12 

2-21 

0-6 

0 04218 

539-1 

33-66 

20148 

29-51 

1 53 

85-17 

* 1094-74 

2-78 

0-7 

0 04921 

466-2 

2011 

2-0018 

32-25 

60!) 41 

1 82 

90-05 

1096*99 

3-28 

* 0-8 

00.7625 

411-1 

25-66 

1 9!K)6 

34-65 

.i|(l-.5,5 

2 10 

nlB^ 


3-78 

0-9 

0-06328 

367-9 

22-97 

1-9810 

36 83 

61, .S 

2-37 

e 

^8-30 

’ « 

110084 

4-27 

1-0 

0-07031 

333-1 

20-79 

1-9724 

.38-74 

01" 

2-61 

101-74 

1102-43 


fl 

0*07734 

301-5 

19-01 

1 9616 

40-52 

iii3i!!i 

2 8.5 

101-94 

1103-90 

913 

1-2 

0-08437 

280-0 

l7-i>2 

I 9575 

42-17 

611-(H 

^■08 

iPVC'll 

1105-27 

b-54 

1-3 

005)140 

260^! 

16-21 

1-9.509 

4.371 

01V55 

3-31 

110-68 

1106*55 

6-96 

1-4 

0-09843 

242-7 

16-15 

1-9449 

4514 

615-41 

0 

3-52 

113-25 

1107-74 

6-33 

1-5 

0i0i>lrt 

227-4 

14-19 

1 9392 

46-49 

61602 

3-73 

115 69 

1108-84 

6-71 

1-6 

0'U24'.1 

214-0 

13-36 

1-9339 

47-77 

616-61 

3-93 

117 98 

1109-90 

7-(» 

1-7 

0-119.52 


12-63 

■Bim 

48-98 

617 16 

4-13 

120-17 

■TTMia 

.7-44 

1-8 


19)-6 

11 -96 

1-9244 

50-13 

617-69 

4-32 

122 23 

1111-86 

7-78 

1-9 

0-13358 

182-1 

11-37 

1-9200 

51-22 

618-19 

4-51 

124-20 

1112-74 

8-12 

2-0 

0-14061 

173-5 

10-83 

1-9159 

.52-t7 

618-67 

4-69 


1113-61 

8-45 

2-2 

0-1.54C8 

158-7 

9-006 

1-9081 

54-24 

6I9-.55 

5-03 

129-04 

1116-20 

9-08 

2-4 

0 16874 

116-4 

9-140 

iSMg 

56-06 

i»20-36 

5-37 

132-92 

1116-6.5 

9-67 

2-6 

0-18280 

135 6 

8-4)Wl 

1 -8917 

57-75 

tW114 

669 

’135-94 

1118-06 

10-24 

2-8 

0-19686 

126-6 

7-897 

1-8888 

59-34 

621-86 

6-00 

138-82 


10-80 

3-0 

0-21092 

118-6 

7*401 

1-8833 

60-83 

622 53 

630 

141-50 


11-34 

3*2 

0-22498 

111-6 

6-967 

1-8780 

62-24 

62310 

H-68 

144-04 

1121-69 

11-84 

3-4 

»23904 

105-4 

6.5S2 

1-8731 

63-58 

623-76 

6-^6 

140-44 

1122-77 

12-35 

8*6 

0-25311 

99-93 

6-238 

1-8685 

64-85 

624-32 

7-13 

148*73 

1123-78 

1283 

3-8 


PmSi 


1-8641 

66-07 

6-24-87 

7-39 ■' 

1.50-92 

1124-77 

13-30 

4-9 

lh28123 

90-54 

-- 

5-652 

1-8000 

67-23 

625-38 

7-04 

a 

153 01 

1125-69 

18-76 


1* — t + 278-10° Centigrade. T—t + 459-58° Fahrenh^t. a^T0-H. 
Adiabetio Heat-Dtop. ff - H" =. (f - CW - 

tA euffi* ,in Bt< ^i, denotes the tabulated saturation value at (or p. 
Tto find H and F^or wet steam, given 0, and (or p, 
ot B-T0-a, 

F, - f - F,(H, - Bi/{B, - s() Qent. - F,(fl, - B)/{B, - s(t - 82)) Fahr. 
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TAiU n.—PBOPBETIES OF BATOBATED STEAM m TBBMS OF PEBBSCEE (.) 
• FOB KIIiOGBAMMETBE AND F9OT-POUND DNITS, OENTIGBADE AND 
PAHEENHBIT. . 


Preuara p. 

Votame V. 

Entropj 

if uperature 1, Total heat H, and Fotentla! 

6, 






Centigrade unit#. • 

\ Pahrenhelt nnitai 

Pounds 

Kilo* 

Cu. ft. 

Cu. m. 








8 q. In. 

em. 

Pounii 

Kilo 

C, or P. 

• 

t 

u 

G 

t 

a 

.e 

4-0 . 

'T- 

0-28123 

90-M 

6-662 

f-8600 

07-23 

026-38 

7*64 

163-01 

1125-09 

13-75 

4-2 * 

^■29S29 

86-80 

6-400 

1*8561 

08-34 

025-87 

7-89 

165-01 

1126*67 

14-20 

4-4 


82-80 

|-U!9 

1-8524 

69*40 

020-34 

8-12 

150-92 

1127-41 

14-02 

4-6 

0-32341 

70*42 

4-958 

1-8489 

70-43 

626-79 

8-30 

158-77 

1128-23 

15-05 

4’8 

0-33747 

70-31 

4-704 

1 S 455 

71-42 

027-22 

8-59 

100-66 

1129-00 

15-46 

6-0 

0-35164 

*73-44 

4-585 

1-8422 

72*38 

027-04 

8-81 

102-28 

1129-75 

15-80 

5-2 

0-.3tf5«0 

70-80 

4-420 

1-8391 

73-30 

028-03 

9-03 

103-94 

1130-46 

10-25 

.6-4 

0-37911* 

08-34 

4-200 1 

|-t«0l 

74-19 

628 42 

9*25 

105-54 

1131-16 

10-05 

8-6 

0-39372 

6605 

4-123 

1-8331 

75-06 

028-81 

9-46 

107-11 

1131-80 

17-03 

6-8 

0-40778 

03-01 

3-090 

1-8303 

75*90 

029-17 

9-00 

108-02 

1132-51 

17*4^ 

6-0 

0-42184 

6l4il* 

3-80* 

1-8277 

70-72 

629-52 

9-86 

170-09 

1133-15 

17-75 


0-15700 

57-44 

3*586 

1-8214 

78*67 

63037 

10-34 

173-60 

1134-07 

18-61 

TO 

0-49216 

63-60 

3-;)40 

>-8156 

• 80-49 

031-15 

10-81 

176-88 

1130-07 

19-46 

T9 

0-527;H) 

60-24 

• 

3-13*. 

V 8101 

82-21 

631-88 

11-25 

179-98 

1137-38 

20-25 

8-0 

0-66240 

47,30 

2953 

1-^8 

83-84 

632*67 

11-09 

182-91 

1138-03 

21-04 

8-5 

0-69701 

44-09 

2-790 

1-80011 

85*38 

633-23 

12-10 

185*68 

1139-82 

21-78 

9-0 

0-03270 

42-30 

2-(M4 

1-7960 

86-84 

633*85 

12-60 

188*31 

1140*94 

22*50 

9-6 

0-00792 

40-27 

2-520 

1-7914 

88-24 

634-44 

12-89 

190-84 

1141*99 

23-20 

10-0 • 

0-70307 

38-39 

2*397 

1 -7874 

<89*58 

035-01 

13-20 

193-25 

1143-02 

23-87 

ID'S 

0 70822 

30-08 

2*290 

1*7836 

90*87 

035-.54 

13*63 

195*57 

1143*98 

24-54 

110 

0-77338 

35-11 

2-192 

1-7799 

92-10 

636’U6 

13*99 

197-78 

1144*89 

25*18 

11'8 

0-80863 

33-68 

2-103 

1*7766 

*13-29 

636-56 

14-33 

199-92 

1145*79 

25-79 

12<0 

0-84308 

32-37 

2-021 

1-7731 

94-44 

((37*02 

14*67 

201*99 

1140-04 

26*40 

12'5 

0-87884 

31-16* 

1-945 

l-708,lf 

96:55 

037-47 

16-00 

203-99 

1147-45 

27-00 

13-0 

0-91399 

30-03 

1 -876 

1-7669* 

1)0-02 

037-91 

15-32 

2051)2 

1148-24 

27-57 

18-5 

0-94914 

28-00 

I-810 

1-70^0 

97-66 

038-.^5 

16-03 

207-78 

1149-03 

28-13 

140 

0-98430 

28-02 

1*749 

1-7011 

9S-(>(i 

638-77 

16*94 

200*f>9 

1140-80 

28-69 

14-5 

1-0195 

27-11 

1 093 

1-7.584 

99-W 

639*16 

16-25 

211-34 

1150-49 

29-25 

14-689 

1-0327 

20-70 

l-(f<2 

1-7573 

100® 

039-30 

16-36 

212° 

1156-74 

29*46 

15-0 

1-0640 

20-27 

i*mo 

1-7657 

ioo-.5a 

039-63 

10*54 

213'05 

1151-10 

M-77 

16-0 

1-1240 

24-73 

1 641 

1-7506 

102*41 

640-26 

17*12 

216*34 

1165-<8 

M-82 

17-0 

1-10.62 

23-37 

f-469 

1-7458 

101-14 

610-95 

17-68 

219-46 

1153-72 

31^2 

18*0 

1-2065 

22-16 

1-383 

1-7414 

105-79 

041-00 

18-20 

22?-42 

1164-88 

32-70 

190 

1-3358 

21-00 

1%16 

1-7373 

107-30 

642-22 

18-72 

226-24 

1156-00 

33-69 

20-0 

14061 

20-08 

1-253 

1-7333 

108-87 

042-82 

19-22 

22797 

115J98 

34-59 




r-t + a 73 - 10 » Centigrade. T = J + ddS-SSo Fahrenheit. G——H. 

Adlahatia Ueat-Drop. II' - J3" — (t' - <") ' -^0'— G") - {B’ — H*,) + - (p'). 

The anffiz , in B„ Y,, ot 0, denotee the tabulated eaturation value at ( tap. 







XAUX n.— PROPERTIES OP SATURATED STEAM IN TERMS OP PRESflUBH 
FOR KILOGRaMMETBE AND FOOT-POUND UNITS, CENTIGRADE AMD 
FAHRENHEIT. * 


PreuuK p. 

Voium« f. 

Entropy 

) Temperature (, Total hiat //, and PoteotiaJ Q. 

PoumU 

Kllim 

Cu. ft. 


<P 

CenOyrade untl*. 

• 

Fahrenheit uiitia. 

rt(|. i». 

• 

iiq. cm. 

Pimnd 

Kllu 



H 

O’ 


// 

a 

20 

1-4001 

20-08 

1-253 

1-73.33 

UlS-87 

6t-2S2 

19 22 

227-97 

1 isl-iw 

34-69 

21 

1*47(U 

18-18 

1 H17 

1 -7214 

110-32 

043-39 

19-71 

•30 .',8 

11.38-1(8 

36-48 

22 

I ••Mils 

18-37 

1 147 

1-7258 

111-71 

(43-92 

20-18 

2:i3-08 

lISAfN* 

30-32 

23 

10171 

17-02 

i-itw 

1-7223 

113U3 

044-43 

i)-ii 

2:i5-49 

1159 98 

37-15 

24 

1 0874 

10-93 

1 057 

1-7189 

ii4-;h 

(4-V93 

21-09 

237-S» 

1160-88 

37-90 

25 

1 7.077 

10-29 

I-0I7 

1-71.77 

115,30 

01.7-39 

21-,7:1 

240^1 

1101-70 

3'8’-76 

26 

1-8280 

15 71 

0-9801 

I-7120 

416-80 

04.7*8.7 

21-95 

242-24 

1102 53 

39-51 

27 

1-H5m3 

I.VIO 

0-14)4 

1 -7097 

117-97 

(•►fci:« 

22:17 

214:1.7 

1163;<8 

40-27 

28 

1-I«i8« 

14-00 

0-9M9 

1-7(819 

119-11 

6I6-7I* 

22'78 

246-40 ' 

IKH 14 

41-00 

. 29 

2 0:189 

14‘1S 

o-ss.v* 

1-7(42 

120-21 

047-1.7 

23-18 

248-38 

1164-88 

41-72 

30 

21092 

13-74 

0-8577 

1-7010 

121-28 

o r, ,.i 

2:i*.76 

?,30-30 

1*10.7-58 

42-41 

31 

2-179.“. 

13:1:1 

08319 

1 0991 

122:1:1 

04: ■: 

2;t-9.7 

-j!')2 19 

110)026 

43-n 

32 

2-2498 

l2-t4 

0-8O7»> 

1-0900 

123-3f 


2i-;!3 

2.V1 (13 

110014 

43«0 

33 

2-3201 

12-57 

0-7847 

i-t;9i3 

124-33 

648-60 

2t>.9 

2.75-79 

1167)>0 

^l44 

34 

2-3!H>4 

1. .a* ^ 

0*7031 

1-0919 

12.3-31 

619-62 

2.3-07 

257«6 

1168-24 

46-12 

35 

2-4(Mn 

11-90 

0-7420 

1-0S97 

120-2.7 

,3449.36 

25-43 

2.79-25 

1168 86 

45-77 

36 

2-5:111 

ir;.9 

o-7-2:i4 

1 -ii.s74 

127-17 

(i4!» (.9 

2.7-77 

20f0-9l 

ll)>9 44 

46-38 

37 

2 t>0!4 

11-29 

0-7051 

H.S.72 

128 (»7 

050(»2 

*20 12 


1170)4 

47-01 

38 

2-0717 

11-02 

0-0871) 

1 ('.Ml 

128-90 

0.70 .34 

•20 15 

•2tpi-i;t 

1170-61 

47-61 

39 

2-7420 

10-75 

0-0711 

1-0811 

129-82 

6,7005 

26-79 

20*5-07 

1171-17 

,48-22 

40 

2Hl-2:t 

10.50 

0-0.754 

I 0702 

130-07 

0.7095 

27 12 

207-21 

1171-71 

^*■81 

42 

2-9529 

lon:i 

00201 

1 )i7.74 

1:12:11 

Ii51 .7:1 

27-70. 

270-10 

1172-76 

49 97 

44 

:i-093r> 

9 «}(>:{ 

0.7914 

1 0719 

i:i3-'89 

(i.72 (»8 

28 40 

27:i(H» 

1 173 74 

61 12 

46 

3-23*1 

9-212 

0-5750 

1-00H5 

i;i5 11 

0.72 01 

29 IM) 

275-74 

1174-70 

6220 

48 

3-.1747 

8-8.73 

0-5.727 

l-0<i51 

136-88 

<.0.7:1-12 

29-59 ^ 

278-38 

1175-62 

63-20 

50 

3-51.54 

8-520 

0-5310 

i-wao 

138-30 

(ijll'tKi 

:toi6 

280-94 

1176-48 

64-29 

62 

:V6.5(>0 

8-213 

0-5127 

1 0589 

l39-fi7 

8.34 118 

:io72 

283 11 

1177-3.7 

66 29 

54 

3-7900 

7-928 

0-4949 

l-IWil 

Ml 01 

0.51 53 

:ii 27 

28.7-82 

1178-1.7 

56 28 

56 

3-»372 

7-003 

0-4784 

1-6.333 

142-31 

6.74 9.7 

;ii-Ki 

2SH-10 

1178 91 

.37-20 

58 

^«)778 

7415 

0-4029 

1-0506 

14357 

65.7-37 

:i4t 34 

290-42 

1179-67 

68 21 

60 

42184 

7-J84 

0-448.7 

1-6479 

144 79 

6.75-77 

32-8.T 

292-61 

1180-39 

69-13 

62 

•4«u90 

(-.-fttiii 

0-4:48 

l-(453 

145-98 

6.36-16 

3:t-:io 

294-76 

1181 08 

Ob-06 

^'64 

4-49tM! 

6-701 

0-4221 

l-f429 

147-14 

050-.7.7 

:i:i»o 

296-8.7 

1181-79 

00-95 

66 

4-8402 

6-571 

0-4102 

1-6405 

148-27 

656-91 

34-34 

298-88 

1182 14 

01-81 

68 

4-7808 

6-388 

0-3988 

1-0:182 

149.38 

657-26 

34«2 

:ioo-88 

1183-07 

02-08 

70 

4-9215 

• 

6-218 

0-3882 

1-6359 

150-40 

657-61 

:i5'30 

:U)2-83 

llM-70 

• 

63*34 


To find H and f for wet steam, given 0, and ( or p, 

II,-B=‘T{0, — 0 ), orH-T^-G. 

r. - 7 - V,{B, - B)/(B, - .(I'Cent. - 7,(3, - B)/(B, - .(£ - 82)) Fahr. 
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k—PROPEBTIBS OF SATUBATED BTEAII IN TBBMS OF PBBS8UBE 
• FOB KILOOBAMMETBE AND FOOT-POUND UNITS, OBNTIGBADE AND 
FAHBBNHEIT, * 


PrtNarep. 

Volume V. 

Entropy 

Tetfpenture Totll h 

eat H, and Potential 0 . 

Fotindfi 

Klim 

Cu. ft. 

Cu. m. 


^ Centigrade units. * • 

• Fahrenheit units. 

84 . in. 

8 q. om. 

Pound 

(|KUo 

c. or JT. 

t 

H 

0 

■n 

H 

0 

,70 

1 

4'9215 

6-218 

0-3882 

1-&9 

mi 

657-61 

35-30 

302-83 

1183-70 

63-54 

72 

•5^21 

6-060 

*0-3781 


161-61 

mwim 

36-76 

304-72 

1184-29 

64-36 

. 74 

1i«27 

6-902 

0-3685 

1-6315 

162-65 

658-28 

36-22 

306-60 

1184-90 

65-18 

mm 

6'3433 

6*757 

0 3594 

1-0294 

153*56 


36-67 

308-40 

1185-46 

66-01 

78 

6-4839 

#018 

0-3607 

1 - 6 K& 

154*65 

658-90 

37 11 

310-19 

1186-03 

66-80 

•• 

80 

6-6246 

6-487 

0-3425 

1-62.16 

165-62 

6.19-20 

37-54 

311-93 

1186-66 

67-67 

82 

6-7682 

5-;i02 

0-3348 

1-6237 

16647* 

659-49 

37-07 

313-05 

1187 08 

68-34 

84 

5-90.18 

f’24l 

0-3272 

j 6281 

liTsol 

659*77 

38-.39 

316-32 

1187-59 

69*10 

'86 

6-0464 

6-127 

0-3201 

1-6200 

158-32 

Bil 

38-81 

316-98 

1188-11 

69-85 

88 

6-1870 

6-018 

0-3133 

1-6183 

169*22 

(-8)0-33 

39-22 

318-60 

1188 60 

70-,(l0, 

80 

6-3276' 

4-013, 

’0-3067, 

1-6165 


660*59 

39-62 

320-16 

1189-00 

71-30 

92 

6-4682 

4-813 

0-3004 

^-6148 


660*85 

40-02 

321-73 

1189-63 

72*04 

•1 

6-6088 

4-717 

VWA\£ n 


l«l-82 

661-11 

40-42 

323-28 

1190-00 

72*76 

98. 

6-7495 

4*024 

IiSmS' I 

.1-6115 

162*66 

661-35 

40-81 

324-79 

1100-43 

73-46 

98 

6-8901 

4-.7S6 


1-6098 

163 48 

661*59 

41-20 

326-26 

1190-86 

74*16 

100 

7-0307 

4-451 

0-2770 

1*6082 

1164-28 

661-82 

41-58 

327-70 

1191-28 

74-B4 

lOS 

7-3822 

4-251 


l*(H)44 

166-26 

662-38 

42-60 

331 25 

1192-29 

76*50 

110 

7-7338 


0-2.141 

l*«HK)7 

Ill!:9l9 

662*93 

43*40 

334*67 

1193-27 

78-12 

116 

8-08.13 


0-2437 

1-597-2 

169-98 

663*44 

44-28 

337-96 

1194 19 

79-70 

120 < 

8-4368 

3-761 

0-2342 

1*5938 

17.1-73 

663*92 

45-13 

341*15 

1195-06 

81-22 

125. 

8-7884 

3*009 


1-5906 

17347 

664*40 

45*97 

344-26 

1195-92 

82-76 

ISO 

0-1309 

3-479 

0-2172 

1*5875 

17513 

664*83 

46*78 

347*23 

1196-69 

84 20 

185 

9-4014 

3-358 

0 2096 

1*5840 

176*74 

665*27 

47*59 

:160-13 

1197-49 

85-66 

140 

0-84:10 

3-245 

0-20-26 

1-5818 

178*31 

665*69 

48-37 

352-96 

1198 24 

87-07 

146 

10-195 

3-140 


1-6791 _ 

■ 179-83 

6 (H)-10 

49-13 

365-69 

1198-98 

88-44 

150 

10-546 



1-6765 

181-31 



368-36 

1190-68 

89-80 

166 

10-898 


0*1841 

1-5740* 

182*75 


50*62 

360-95 

1200-35 

91-12 

160 

11-249 

2-862 

0-1787 

1-6715 

184-16 

667*22 

51-34 

303-48 

1200-99 

92-41 

166 

11-601 

2*781 

KjajrMjl 

1*5691 

185-.54 


62-05 

365*97 

1201-61 

93-69 

170 

11-952 

2-703 


1*5666 

186*88 


62-75 

368-39 

1202 - 12 * 

04-95 

176 

12-304 

2-631 


1-6643 

188*19 


63-43 

370-74 

1202*79 

96-17 

180 

12-655 

2-602 


tmi 

189-48 


64-10 

373-06 

1203-hS* 

9V-38 

185 

13-007 

2-496 

0 -lfe 8 

1*5598 


668*83 

54-77 

375.-33 

1203-89 

98-09 

190 

13-358 

2-436 


1-6677 


669 13 

65-42 

377-56 

1204-44 

99-76 

196 

13-710 

2-376 

0-1483 

1-6557 

193-18 

609-41 


379-72 

1204-94 

100-93 

800 


2-320 

0-1448 

1-5638 

194-36 

669-69 


381-83 

1206*44 

c 

102-04 


• « 

r«<-faT3-10*0entigr»do, T - t-(-i69-68“ Fahrenheit. G.-IVp-N. 

AUabatio Heat-Drop, fl* - JT' - (t' -1")0' - (P' - G") - (H' - H",) -f T’iifi", - 0% 
Th* tnfBz , in N,, F,, or <])• denotes the tahnlated saturation value at (or p. 

50-2 






























TUU n.-FBOPSBTIBS Ot BkTUBLkTXD STBAU IK TXBMS Or FBASUBBM' 
FOB KILOORAMUETBE AKD FOOX-POUKD TIKITS, CBKTIOBADE <kHD 
PAHBENHBIT. 


Prttturep. 

Volume V. 

Rntropj' 

Tempertture r. Tout b 

lent II, «nd PolenUnl Q. 




• ^ 

0 

CvnlK^t-Ade units. 1 

PnhrenheK units. 

Pounds 1 

Kilos 

Cu. 

Ot. ni. 







B% in. 

8q. cm. 

Pound 

Kilu 

C. or r. 

' f 

H : li • 

t ; 

11^ 

u 

200 

U’OAl 

2-320 

0-1448 

1-55:^8 

194-4.'. ' 

t’.i«r69 i 56 69 

^381 83 1 

# 

1206 44 

10204 

205 

U4IS 

2-26ti 

0*1415 

1-5.520 

195-52 

009-9.S ' 57 32 

*383-94 ; 

1205t(<'l 

103-18 

210 

U-764 

2-216 

0-1383 

1 5502 

196-66 

070-20 f7J)4 

385-98 

12(l»-^ 

104-29 

215 

isViia 

2-167 

0-1353 

1-5483 

197-77 

070-40 58-.73 

387-98 1 

1206-83 

106-35 

220 

15*468 

2-120 

0 1324 

l*54ri5 

198 87 

0-A) 70 ’ 59-13 

389-'.f! 

1-207-20 

106-43 

225 

iS'Sia 

2-07« 

0-1296 

15447 

199-95 

070-95 59-7-2 

31U-9I 

1207-71 

W7sq- 

230 

loni 

2034 

0-1270 

1 5429 

'2Ul 02 

071-19 00 31 

393-84 

121W-14 

108-66 

235 

10-522 

i-iiiia 

0 1244 

1-5412 

202-0<> 

CllK *‘*0-88 

39.7-7 W 

1208-56 

100-58 

240 

16874 

l-9r>4 

0-1220 

r 539.5 

203-09 

<i7l ‘i-l 61-4.5 

397-56 

l208-ii5 

110-61 

• 245 

I7'22r) 

1-916 

0-1196 

15379 

■204-10 

071-80 020-2 

399':*8 

1209-35 

111-63 

250 

17'577 

1-880 

0-1173 

1-5362 

205-10 

672 '>7 ■ 62-.5I# 


1209-73 

112-64 

260 

18 281) 

1 811 

0-1131 

1-5332 

207-01 

8 6.3-66 

404 67 

1210-47 

114-50 

270 

18-1183 

1-748 

01091 

1-5303 

■208tl3 

07:.«8S '',1-72 

408-08 

1211-18 

P6-49 

280 


1 -r.so 

01055 

1-5274 

210-77 

67!^-2i*« 6..*» 77 

411-39 

1211-85 

.118-38 

290 

20-389 

1-634 

0 1020 

1-5246 

212-57 

673-61 06-79 

4l1-03 

1212-50 

120-22 

300 

21-092 

1-583 

(V01»88 

l-.-i2I9 

214 :tiP 

673-96 67 80 

417-78 

1213-13 


310 

21-795 

1 -531 

O-OlCiS 

|-.-||9-> 

21602 

674-29 68-79 

420-81 

1213 72 

123-82 

320 

22-498 

1-489 

0-0930 

1.5167 

217 68 

H71-62 6.9-75 

423-82 

1214-32 

125 65 

330 

23-201 

1-446 

0-l»lM»3 

l-:iH2 

219-30 

974-93 70-70 

426 74 

1214 88 

127-26 

340 

231MI4 

1-406 

0-0878 

l-5io;t 

220 89 

67.5-23 71114 

429-611 

1215-41* 

128-05 

350 

2+li07 

1-36S 

0-OS54 


222-45 

07.-,-.-.-2 72-.57 

432-41 

1215-94 

•130-63 

300 

25-311 

1-333 

00832 

1 5074 

22fV97 

07580 73 17 

43.5-15 

1216-44 

132-24 

370 

26-014 

1-298 

OOKil 

1-.50.53 

225 1.5 

070-07 74-30 

437-81 

1216-93 

133 85 

380 

26-717 

1-266 

0 0790 

|-.5(».32 

226)-9l 

r,76-:i4 , 7.5-21 

440-44 

1217-41 

135-43 

390 

27-420 

1-235 

1 0-0771 

1-5012 

225-34‘ 

, 070-59 70-(l» 

44301 

1217-80 

136-96 

400 

28-123 

1-206 

0-0753 

1-4‘mi 

2-29-75 

,i;T6-S4 76-96 

44.5-55 

1218-32 

138-53 

410 

28-826 

1-178 

0-0736 

I-497I 

■231-13 

677-07 77 80 

148<)4 

1218-73 

140-04 


20-.529 

1-152 

‘ 0-0719 

1-49,-.2 

232-49 

677 30 7H«i3 

4.50-49 

1 121914 

141-63 

^^0 

^30-232 

1 127 

: 0-0793 

1-4933 

233-82 

077-.53 79-44 

452-88 

1 1210-55 

142-09 

440"' 

V935 

1-102 

I 

1-4915 

-2.35-13 

677*76 VO'26 

45.5-23 

i 1219-97 

144-46 

450 

31-638 

V079 

1 0-Wi74 

1-4897 

2.36-42 

677-97 81 06 

457-55 

! I220-;15 

146-00 

460 

*32-341 

1 057 

’ 0-06<i0 

1-4880 

237 69 

1178-18 81-85 

459-84 

: 1220-73 

147-33 

^‘470 

33 044 

1-836 

' 0-0647 

1-4863 

238 93 

678-38 8263 

462-08 

1 1221-09 

148-73 

4^ 

33*747 

f-01« 

: 0-0034 

1-4840 

-240-10 

078.78 8,3-40 

4(.4-29 

; 1221-44 

150-12 

490 

34'4S0 

0-996 

i 0-0022 

1-4830 

241-37 

078-78 ■ 84-10 

466-47 

!, 1221-80 

151-48 

500 

^5-154 

0-977 

j 0-0610 

1-4814 

242-57 

078-97 84-92 

468 03 

! U22-I6 

162-88 


• 


To 6nd n and V for wet steam, given 0, and t or p, 

B,-a= T{0,-0), or H ^J0 - a. 

F, _ r - F,(fl, - - »t) Cent. - r,(H, - - «{t - Si)) Fahr. 
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rn y., ni.-PB0M!BTEB8 OF SATUBATED STEAM IN TERMS OF TBMPBBATUKa 

ra'jo)—SiTOBATIOH PraSSOBK p Ot STEAjH IN PODNDB PBB Sg, IN. (LONDON) FOa ElOH 
* ‘ ’ DEQBiai 0. FBOM 0° TO 259° 0. 





• 

__ ._ 








‘empMmtttre. 

0° 


2° 1 

3° 1 

4° 

6° 

6» 

r 

8° 

V 

0. 

F. 



6 ' 



* e e 


: 


0 

32 

0 08922 

0-00589 

0-10299 

0-lK)66 0-11862 

0-12720 

0-13632 

0-14601 

0-16631 

0^6724 

10 

60 

047883 

0-19112 

0-20415 

(J-21797 0-23260 

0-24810 

0-26449 

0-28182 

0-30014 

0-31949 

20' 

68 

0-33993 

0-36167 

0-38433 

0-40834 31-43366 

0-46034 

0--^344 

0-61804 

0-64916 

0-.58190 

80 

86* 

()-«1618 

?b703 

0*6525« 

0-09037 

0-73030 0-77222 

0-81624 

0-86234 

0-91076 

0-96150 

1-0147 

40 

m* 

1-1286 

141896 

1-2534 ' 

1-3202 

1-3900 

1-4631 

1-5393 

1*6187 

1 

1-7020 

50 

m 

1-7888 

*1-8793 

1-9738 

2^723 ' 

2-1750 

2-2820 

2-3935 

2-6096 

2-6305 

2-7564 

60 

H40 

2-8873 

3-0234 

3-1651 

3-3123 

3-4053 

3-0243 

3-7896 

3-9611 

4-1392 

4-3240 

70 

m 

4-5160 

44144 

4-9205 

6-1343 

5-3500 

5-5857 

5-8236 

6-0700 

6-3253 

6*5893 

80 

m 

0-8027 

7-1451 

7-4377 

7-7392 

8-05& 

8-3763 

8-7100 

9-0.564 

04122 

9-7805 

90. 

194 

10-161 • 

10553 

10-958 < 

11-*76 

11*800 

1 

12-252 

12-710 

13-182 

13-670 

14-172 

100 

212 

14-089 

15-222 

1.5-770 

10-335 

' 10-910 

17-515 

18-131 

18-765 

19-417 

28'(«W* 

no 

230 

20*777 

2l-48« 

22 214 

22-904 

20 733 

24-523 

25-330 

261170 

27-027 

27*006 

120 

248 

28-ti08 

29-7»;i ' 

30-686 

01*658 

02*658 

33*684 

31-735 

35-813 

36-920 

38 052 

130 _266 

39-213 

40-403 

41-021 

42*869 

^4-147 

45-4-16 

40-797 

48-109 

49-674 

51-011 

140 

£84 

52-482 

.53-980 

.55-525 

57-098 

58-709 

60*355 

02-038 

63*759 

05-510 

07-313 

160 

302 

09-1.50 

71*025 

72-911 

74-,898 

70-897 

78*909 

81-021' 

83-160 

85.322 

87-539 

160 

320 

89-800 

92-100 

04-4JH) 

06*861 

99-314 

101*81 

104-30 

106*96 

109-61 

112-;'.l 

4?0 

180 

338 

116-00 

117-80 

120-72 

123-0:^ 

120-00 

129*62 

132-70 

135-83 

139 03 

142-28 

356 

145-69 

14305 

152*08 

155*87 

159-43 

160-04 

100-72 

170-40 

174-27 

178-14 

190 

374 

182-08 

186*03 

190-10 

194-29 

198*50 

202*78 

207-12 

211*55 

216-04 

220-00 

200 

39i 

-225-24 

229-95 

234-73 

239-59 

«4-52 

249-53 

2.'>4-02 

250*79 

265*05 

270-38 

210 

410 

276-78 

281*26 

280-82 

292-47 

298*20 

304-01 

309-91 

315-90 

321-97 

3-28-13 

220 

m 

334-38 

310-71 

:t47-14 

3.53-00 

3(i0*26 

306-96 

373-70 

380*64 

387-03 

394-70 

280 

446 

401-89 

400*12 

416*46 

423-89 

4eioi 

439-06 

440-79 

454-02 

462-50 

470 00 

240 

464 

478-74 

486*95 

495*27 

503-09 

512-21 

520*85 

.529-50 

538-43 

.547-38 

556*46 

260 

482 

565-03 

574-87 

584-22 

' 

5!)0*69, 

<103-20 

612*96 

622-74 

632*67 

042-70 

652*84 
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90 
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Kquivalknt Dkohekr aso Dkcimai^s Faiihenhbit, 


To reduce to kg/sq. cm. (London) multiply hy 0-070307. 

To reduce to Latitude 45° add 1/2000th part. 

To reduce to mins, ol mercury (Lat. 45°) multiply by 760/14-689. 

Beduotton is best ofEocted by the aid of tUo table of logarithms of the pressure given on the 

vLuea of p are oaloulated from the thoriaodynamioal equation — A =• T<t — 
oondltcwt with those ol n and 0. They agree very closely with exBtriment Irom 0* to 200° O 
Bayond XXf 0. the experimental resolte become less certain, but the error of the (ormula u 
Mttainly less than 1° 0. at 250° C. r 
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TABU in.-PBOFEBTIKS OF SATURATED STEAM IN ^BM^ OF 

TEMPERATURE. 

• 

III. (log p).—IiOo„ f Ton EACH I” 0. non 0* to S»“ 0. 
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0 

32 
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01280 
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# 
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16440 
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50 
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50 
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1 
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60 

m 
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70 
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80 

no 
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8.5401 
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00692 . 
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1 
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69525 
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1 
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1 SS591* 
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; 96429 
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o:i983 
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11267 
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356 
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! 2li971 

27911 
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21*775 
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:t2.54I 

33453 

34361 
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m 

3526.5 

1 3<}16.3 

37056 

37947 
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39713 

1 
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4116.3 
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43107 
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44057 
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4.5761 
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; 474.''.0 
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49123 

49955 
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220 
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.0-2424 

53239 

51050 

.54858 

■ .5566! 

.08402 

572.59 

.080.02 

58842 

69827 

230 
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60410 

: 61185 

619.57 

62725 ' 

f 6341H* 

61252 

65(H0 

<1.5765 

60517 

8728f 

240 

464 

68010 

- 68748 

6948-4 

70216 

701*15 

7I67I 

72394 

73113 

73829 
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240 

432 

75253 

j 75957 

1 

788.08 

773.56 
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• 

78713 

79431 

• 

801 IK 

80800 
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F.gCITAI.KST DeOBEBB and r)EClMAI,» i'AHBESHKIT. 


Log p =• 21‘07449 — 2903-39/r — 4-71734 log T + 0-40r,7{ct- h)p/T. 

To reduce to k^/sq. cm. »dd log 0-070307 = 2-840%. To reduce to mme. of meroui 
(L»t. 45*) add 171382. • , ,. 

The oharacterietic ol the logarithm la omitted, and must bo supplied by tapootion of t 
table of f on the opposite page. 

The logwithm o( t^e pressure is the quantity directly given by oaloulation, an^ most 
often required for other purposes. It should be used, when possible, in preforenoe to p itself, 
beoause this procedure permits a more gniform degree of proportionate accuracy. 
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nat’m.— 07 batubatec stkau in tebms of tbhpebatusk 

f ni. (F).—ToiiOiia or SATOBATaD Stxam y, m Cobio Fiet feb Fbuho mb eacb 
l 1° 0. FROM 0° TO 269® C. 


npaniture. 
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297-24 
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V? 
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ft 
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128-38 

90 
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112-70 
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90 

no 
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m 
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230 
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17-011 

17-105 

10-590 

16*092 
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20 
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14-271 
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13*066 

12-092 


11-980 

11-043 

11-316 


30 

me 

10-B9fl 

10-401 
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8*3627 
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8-1431 
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« 

7-3317 
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0-2895 
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5-0939 

5*5559 
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320 
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180 
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374 
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2-3838 
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2*2896 

2-2444 
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2-1148 

200 

392* 

2-0738 

2-0337 

1-9948 

1*9.566 

1*0193 


1-8474 

1-8128 

1-7788 

1-7468 

910 

410 

l-713t 

rtt8!9 

1*6511 

1*6210 

1*5916 


1.5348 

1-6073 


1-4642 
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428 

1-4285 

1-4034 

1-3788 

i*:ir)48 

1;3314 

n230 
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IBum'd 
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1-2214 
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446 

1-2007 

1-1807 

1*1611 

i-1419 


1-0864 
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1-0178 

1-0017 

0*9858 
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0*9253 

Viftiiiii 

0*8969 


260 

482 

0-8005 

0-8.504 
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Equitarert* DeqBeeb and Dkciiiai.8 Fahrenheit. *' • 


Formula F, = l-OTOOlT/ji - (e - 6). 

Whore r».( +27310® 0., ba-OOlOO, and c «• 0-4218(87S-l/T)W». 
f in lba./Bq. in. London, o and 6 in oubto foot per pound. 

To rednoa to oubio metrea par* kilogramme divide by 16'01S1 (or divide by IS and fubtraot 
KlOlU o( the reajilt). ^ 

To Snd F for wet steam, given (, and B or Snd Bs from Table HI., p. 30 (and B 
Etom B «' T0 — 0, Table IlL, p. 81, if 0 only is given), and lobstitnta In tha formnli 
y,-7-K{B,-a)/{B,-$q. 






















lAKS m.-PB0PEETIK8 OP SATORATED STEAM IN TERMS dp TEMPERATORI. 

III. (c).—CO-ASaBIOATlOB VOLCHI C jB COBIO PbBT FIB PODBD FOB BAOH 
1° C. FBOll 0° TO 259“ C. 
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EgUIVALEBT DEGBEBS ABD DECIBALS ^'AIinEBIIErr. 


PoimnJ%c ~ 0-42l8(3731/r)‘'’^ 

Wlitre T ai 373'10 (, Centigrade. 

To reduce to cubic motree per kilo divide by 16’0184. (Divide by 16 and subtract OdXIltS o( 
the result.) * 

Since s is a {unction of the temperature only, the value* given in this table i^ply to dry steam, 
whether su^rheated or supersaturated, as well as to dry saturated steam. The relaUve values ate 
oorrect to about 1 in 2000,Aut the absolute values ate uuoertain to about 1 per cent. 
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III_VbOPERTIK8 op batukated steam in terms op temperature 

II. (H).— Totai- H*at B , or Saiobatid Stsak im MitAH Oalobibs 0. pboh 0° to 259» C. 

* ' ‘ I FOB BACH DbQBBB. 
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071*02 

(f;i-83 

072(W 

072-25 

072-46 

072-67 

072-88 

110 

410 

073-09 

073-29 

073-49 

(>73*00 

073*80 

674-09 

074*28 

074-48 

674-07 

(i(4*87 

120 

4-Ji 

070-00 

075-25 

675-44 

075(12 

675-80 

075*98 

070*10 

070*35 

070-63 

070* >0 

330 

446 

H70H7 

077-00 

(n7'22 

077-39 

0f7*A')0 

077*73 

077-90 

678-06 

678-22 

078*31) 

340 

464 

078-00 

078-71 

078*87 

079*03 

(179*10 

079-35 

079 50 

679-60 

679-81 

679-97 

360 

482 

680-12 

«80*27 

080-42 

• 

680.07 

• 

680-72 

1 • 

080-87 

081-02 

681-16 

681-31 

^81*45 


0 

1-8 

3-6 

5-4 • 

7-2 

9-0 

W8 

12-6 

144 

16-2 


EqdivalbhTjDbobeeb ako Dbcihalb Pahrbsheit. « ,, 


EquAtion B, =• SyT - («{» + l)c - af>)P + 

Whare So •• (n + 1)R = 13 X (J'11012/8, and p = satutation pressure in lbs. per sq. in. 
«-lM/l«0- c - 0-421S(T/?7S'l)'»/>. 6 = 00160. 

To reduce to British Thonuai Units, multiply by 9/5. (Subtract a tenth and multiply by 2.) 
No reduction required for Metric Units 0. ^ 

To find H tor 4ot steam, given $ and (. B= T<J> — O. 

To*nj H tot wot steam, given V and A Find V, from Table m. (F)i*. *8, and substitute in th 
(ormnla, V, — P“« V,{B^ — B)/{B, — sJ). 

When (P and V ate given, proceed by trial and intergplation. 




tata in.—PB0PBBTIE8 op saturated steam in^ermS op 

TEMPERATURE. 


in. (G).— Thebbodyhauio PoiESTiiL 0, = lypj - //, OP SiTuniTED Steam ib 
Mbak,Calobies O.^fob each 1“ from 0“ to 'ijaj C. 


Temperature .1 

(P ^ 

e,,« 1 

2 -* 

1 

3' 1 

• 4 

5’ j 

6 ‘ 

’■ ! 

8 ’ j 

9^ 

a 

F. ! 




1 


1 



! 









j 

/ j 




0 

32 

0 

0*002 

0*007 

0*010 

0029 

0040’ 

OiHli;; 

O-IKK) 

,0 HO 

0*140 

10 

SO 

0181 

0-218 

0*259 

0*301 

0 

0405 

0459 

0517 

0.579 

(V045 

20 

63 

0-714 

8*79 

0-80 

0*93 

1 01 

1 :o 

> \ h 

1 - 2 S 

i-.is 

1 48 

30 

36 

1-58 

1*09 

1*79 

1*90 

202 

*-•14 

2-20 

2:19 

^.81 

204 

40 

lOi 

2*78 

2*92 

30(i 

3-20 

3*35 

3-.50 

:vo5 

:i-8i 

• 

3-97 

4*13 

SO 

122 

4*30 

4-47 

4-04 

4-82 

499 

5-17 

5:to 

5-55 

5-74 

.2103 

60 

140 

013 

0*33 

(}-53 

(V74 

095 

7 10 

7-37, 

7-.59 

7-SI 

8-03 . 

70 

153 

g-’O 

8-49 

8*72 

«-90 

9-20 

9 11 

9-OS • 

9-t>;i 

10-17 

1043 

80 

m 

10(i8 

10-94 

11 *20 

11-40 

U'Vl 

L2<)0 

12-27 

l&5t 

12-82 

13*10 

90 

m 

13*38 

13-07 

l3-9(i 

14 25 

14-54 

11 .81 

15-13 

154:1 

ir.-j4 

16-05 

100 

212 


10-07 

10*99 

17*31 

l7-0:i 

17-95 

lS->7 

IH-OU 

i8-9:i 

1920 

110 

230 


19*94 

2(V2S 

20-02 

20-97 

-:fc32 

24-0-. 

2-2U2 

•>2:i8 

22*74 

120 

2iS 

2:110 

23-40 

2:VH:t 

24-20 

2157 


• 253:1 

’*.’*-71 

20()9 

20*47 

130 

266 

2<V8ft 

27-25 

27-01 

28 04' 

28-M 

28 si 

-.’9-24 

29-04 

3U-W 

Jb*4!5 

140 

234 

3()'80 

31 27 

31-08 

:t 2 -io 

3*>*.52, 

H2i9l 

;i:i-37 ^ 

;t:t HI) 

34*23 

.34*00 

150 

302 

35-10 

35*54 

35-98 

:m 12 

liii-HO 

37:11 

:i7-7’» 

.38-21 

.38-00 

39 12 

160 

320 

39-.’)8 

40-0-4 

1IC50 

40-97 

A 1*41 

41-91 

12 : 1 s 

12-85 

4 : 1:13 

43-81 

170 

333 

4t*29 

44-77 

45-25 

45-74 

10-23 

4ti-72 

17 22 

i:-72 

4H22 

48*7' 

180 

356 

49-22 

49*73 

50-24 

.50-75 

51-20 

51-77 

.52'29 

.52-81 

53:13 

53-86 

190 

374 

54-38 

.54*91 

.5514 

55-97 

.50-50 

57 01 

.57-.5S 

.58 12 

.58-00 

• 

59*20 

200 

392 

.59-75 

00*30 

(io-Hr> 

01*40 

01-90 

02-.52 

O.i-08 

03 -i'hi 

04-20 

04-70 

210 

410 

05-33 

05-90 

00-47 

07-04 

07*02 

i;.s-20 

08-78 

09-30 

09-94 

* 70-.5:i 

220 

42S 

71*12 

71-71 

72*30 

72-8'| 

7:t-40 

7H19 

74-09 

75-29 

7.5-89 

70-.50 

230 

446 

77*11 

77*72 

78-33 

78-94 

79.50 

8018 

j 80-80 

81 42 

82-04 

82-07 

240 

464 

83*30 

83*93 

84-50 

85-19 

K5-H2 

80-40 

87-10 

87-74 

88-38 

89-03 

260 

432 

89-08 

90-33 

90-98 

9103 

S;528 

92 94 


9120 

94-92 

UC-50 


¥ 

0 

1-8 

30 

5-4 

7-2 

90 

1 

i lo-s 

L... 

J2 6 

1 

I_ 

j 14-4 

162 


Ecjuivalekt Deobeks asd DecimaA Fahiiesiieit. 


Equation Q. =» sT log, T/Tg — st — 0 003 l/T,, • 

.* = 2'2949r login T/m i - t + 1/300 - 0 003 (/273'1 
whore s »* 0'99666, and T «= l-p 273*10. ® 

To reduce G to Britioh Thermal Units, multiply by 9/5, or subtract a tenth and 

mulfiply by 2., 

No reduction rinuirod for Metric Units Centigrade. 

The value of Q is the same for water and saturated steam at the same temperature or 
prossute, and for a mixture of watgr and steam in any proportions. 
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nr.—^ aiIheat b of superheated ob supersatubated steam 

. IN MEAN OALOKIBS CENTIQBADB. 


Temperatare. 

Differ- 

^ Preuure In pounds per sq. In. (Kff. per sq. cm. In Italics.) 

to lbs. 


30 

40 

60 

» 60 

7(f 

80 

90 

too 

0. y. 

ios.c. 

vimi 

t‘m3 

t'SltS 

s$m 

4-#WA 

i'ifits 

a . 

cam 

6-S37e 

7-oaw 






• 






600 m 

0-1492 

832-01 

^2-40 

8.32-31 

832-16 

832-02 

831-87 

831-72 

831-67 

831-42 

450 842 

0-1004 

808-07 

lo8-48 

808-2» 

808-10 

807-91 

807-72 

807-63 

807-34 

807-15 

400 m 

0 2404 

784-70 

784-45 

784-20 

783-96 

783-71 

783-47 

783-22 

782-97 

782-73 

890 1U 

0:2|98 

770-90 

*770*04 

779-38 

779-12 

778-80 

778-60 

778.14 

77808 

777-82 

880 716 

0-2740 

775-10 

7749I9 

774-56 

774-28 

774 00 

773-73 

773-46 

773-18 

772-91 

870 6S8 

0-2802 

77^-30 

770-01 

709-72 

769-43 

709-14 

708-85 

768-66 

768-27 

707-98 

860 680 

0-3050 

765-49 

70519 

704 f8 

704-57 

704-27 

703-96 

703-00 

703-36 

763-06 

850 6et 

0 3232 

700-68 

760-30 

760-04 

769-71 

759-39 

769-07 

768-74 

768-42 

75810 

840 644 

0-3420 

755-8? 

755-53 

755-19 

7.04-85' 

754-61 

7,54-16 

753-82 

763-48 

763-14 

880 626 

0-3020 

7B1-00 

750-70 

460-31 

749-98 

749-61 

749-25 

748-89 

748-53 

748-17 

880 608 

0«840 

746-25 

745-86 

745-48 

745-09 

744-71 

744-,-13 

743-94 

743-50 

743-17 

810 500 

0-4072 

741-43 

741-02 

740*61 

740-21 

739-80 

7-39-,30 

738-98 

738-58 

738'ir 

800 572 

0-4324 

'736*01 

•.730-17 

• 

736-74 

736-31 

734-88 

734-44 

734-01 

733-58 

733-15 

890 554 

0-4590 

731-78 

731-32 

7?i0 8fl 

73#-40 

720-94 

729-48 

729-02 

728 66 

728-10 

880 536 

0*4888 

720-95 

720-40 

72.t97 

725-48 

724-99 

724-50 

724-02 

723-53 

723-04 

870 5tf 

0-5204 

722-U 

721 -59 

•921107 

720-56 

72003 

719-51 

718-90 

718-47 

717-95 

880 500 

0-5644 

717-27 

710-72 

710-U) 

715-01 

71506 

714-50 

713-05 

713.39 

712-84 

860 482 

0-5020 

712-43 

711-83 

711-24 

.710-05 

% 

710-00 

709-47 

708-87 

708-28 

707 09 

840 464 

0-0324 

707-57 

700-94 

700-31 

705-08 

706-04 

704-41 

703-78 

703-15 

702-51 

880 446 

0*0704 

702-71 

702-04 

701-30 

700-09 

700-01 

099-33 

098-00 

697*98 

697-30 

880 428 

0-7244 

097-85 

097-12 

090-40 

096-07 

094-95 

094-23 

093-50 

092-78 

692 05 

810 410 

*•7768 

602-97 

002-10 

(i9l-42 

09ff(M 

089-86 

089-09 

088-31 

087-53 

080-70 

800 392^ 

o-8:mo 

088-08 

087*25 

080-42 

085*58 

084-75 

083-91 

083*08 

082-26 

681-41 

190 374 

0-8908 

083-10 

082-29 

081-.19 

080^ 

079-00 

078-70 

677-81 

076-91 

670-01 

180 356 

0-9050 

678-28 

077-31 

070-35 

075-38 

674-41 

073-45 

072-48 

071-62 

670*53 

170 338 

1-0422 

673.35 

072-31 

071-27 

^170*23 

069-19 

008-15 

667-10 

066-06 

60i-02 

160 320 

1-1250 

tH18-4l‘ 

0(ft-20 

000-10 

'S0.0«4 

60.3-91 

602*79 

001-66 

600-54 

669-41 

160 302 

1-2187 

603-46 

002-24 

601-02 

669-80 

658-59 

657-37 

666-16 

654-93 

653-71 

140 284 

1-3208 

058-48 

057-10 

065-84 

054-62 

663-20 

651-88 

650-66 

649-24 

047-92 

180 266 

1-4345 

053-48 

052 05 

050-01 

049-18 

047-75 

640*31 

044-88 

043-4^ 

642-01 

180 248 

1-5615 

648-40 

040-90* 

0-45-3-1 

643*77 

042-21 

640*65 

630-09 

037-63 

'635-97 

110 230 

1-7027 

643-40 

04970 

040 00 

038-30 

036-50 

634-89 

633-19 

031-49 

629-79 

100 212 

1-8008 

038-31 

030-45 

• 

034-69 

632-73 

030-87 

629-01 

627-16 

625-2(1 

.62>-43 

« 

-- 

1 




063-60 




iiii 

661-82 

sataratlon 

C. 

108-87 

121-28 

130-07 

138-30 

144-79 


155-62 

■BiSl 

104-28 

teBspsratiure. 

j F. * 

227-9? 

250-3/ 

267-21 

280-94 

•292-62 

302-83 

3ivn 

ft_ 

32019 

327-« 


Formula H - S^T -SCP + 464 00. S„ - 0-47719. 

To reduce to B>Th.U. Fahr.» subtract a tenth and multiply by 
No reduction required for Metric Units (K.M.O.). 

Yaluea below the black zigzag Uue represent supersaturated steam. 
. ftift 



TABU IT.— TOTAL HEAT H OP SUPERHEATED OB SUPBRSlTUBAtED STXAlf 
IN MEAN CALORIES CENTIGRADE. ■ , 


PrsMure in ponndi pnr K|iMre Inch. (Kg, per «q. cm. in lUIJ*.) 


120 

140 

160 

• 180 

20% 

2SO 

300 

350 

Aoo 

450 

500 


9'i8S0 

iJ?49 

JS'6SS 

n-m 

/: --.r? 

31-OH3 


' is-iiS 

iieas 


8.71-12 

830-82 

• 

830*62 

t • 

8,30*22 

829-93 

• 

829*18 

828-43 

827*69 

826 94 

826-20 

825-46 

&6-77 

806-39 

806 00 

805*62 

805-24 

804-29* 

803*34 

80l*39 

801*43 

660-48 

7«9-53 

782 23 

781-74 

781-25 

780-76 

780-26 

779 03 

*77-80 

776*57 

77533 

,774-10 

772-87 

777 30 

776-78 

776-26 

*775-75 

775-23 

773-03 

772*63 

♦7rJ3 

770*03 

M8-74 

767*44 

772-36 

771-81 

771-20 

770-71 

770-17 

768 SO 

767*43# 

^6606 

764*69 

"nS-;i2 

761 Its 

7B7-40 

760-83 

766*25 

765*67 

765*0i» 

763*64 

762*20 

760*75 

759*31 

7.57*86 

756*41 

762-44 

761-82 

761*21 

760-60 

759-99 

758*46 

*7.76 9.-) 

755*41 

7.Vl-88 

752-:i6 

760-82 

767-4.5 

756-81 

756-16 

755*51 

754*87 

753*25 

<51 *03 

750*02 

748*40 

746*79» 

745-17 








< 



• 

762-45 

751-77 

751-09 

750-40 

749-7! 

748-01 

746-.W 

744 59* 

742-88 

741-n 

730-46 

747-44 

740-72 

74,5-99 

745-27 

744*55 

1 742*74* 74(^93 

739 12 

731*31 

736 50 

733-69 

742-41 

741-04 

740-87 

740-10 

739*33 

737-11 

735 49 

733*57 

731*65 

728-73 

727-81 

737-30 

738-64 

735*73 

734-91 

734*10 

732-Ott 

7;«)*03 

727-lKi 

725*95 

723-92 

721-88 

732-28 

731-42 

730-55 

729-69 

728-82 

726 lifi 

724-50 

722-34 

720-K 

718-01 

716-85 

727-18 

726-26 

725-34 

724-43 

723-51 

7^1 21 

iliol 

716*61 

714-31 

712-02, 

709-72 

722-06 

721 08 

720*11 

719-1.3 

718*15 

715*71 

'4*13*26 

710*82 

708*37 

705*93 < 

703*49 

716-9J 

716-87 

714*83 

713*79 

712-75 

710*14 

JOT-W 

70r94 

702*34 

61MC74* 

697-13 

711-73 

710*62 

709 *al 

708*40 

707-211 

7«)4*52 

,701*75 

698-98* 

696*21 

693*43 

690-66 

700-61 

705-32 

704 14 

702*95 

701-77 

69881 

695 8.5 

692*89 

680*93 

686*97 

684-01 

701-25 

099-99 

698 72 

697*46 

696*19 

693*03 

689*87 

686*70 

683*54 

680-38 

677-22 

605-95 

694-00 

693*24 

691*80 

690-54 

(i,S7-l(i 

6H3-77 

680*39 

677*01 

673 63 

670-26 

690-60 

689-10 

687*71 

<i86-26 

684*81 

681-19 

677*56 

673-94 

670 32 

666‘gO 

663-06 

885-20 

083-65 

682-10 

680-54 

67899 

675-10 

671 22 

667*34 

663*45 

659*57 

655*68 

679-74 

678-08 

676-41 

074-74 

673-07 

668-90 

664*73 

660*56 

656*39 

652-28 

618-05 

674-22 

672*43 

670-03 

068-84 

667-04 

• 

662*56 

(■,.'■>8-08 

65;i-.'i9 

(i49-ll 

644-62 

040-14 

6193-62 

666-69 

864-70 

662-83 

660*00 

0561)7 

1,51-21 

646 41 

641-.'-4i 

6:16*70 

031-03 

662 04 

060*86 

658*77 

650-69 

654*60 

((49-45 

644*19 

6jh-98« 

633*77 

628*66 

623-36 

667-16 

654-91 

652*66 

650-41 

648-16 

(i42*53 

6:J6 91 

631*28 

625*66 

620 03 

614-40 

061-28 

648-84 

04641 

043*97 

641-53 

635 44 

629*35 

623*26 

617-17 

611-08 

601-99 

646-28 

642-64 

64000 

637*36 

634-72 

628*12 

621*52 

6J4 92 

608*32 

601-72 

696-12 

639-141 

636-27 

033-41 

630-54 

627*67 

620*50 

6i3;i:\ 

(J06I6 

508-99 

591-82 

584-65 

832-85 

629-73 

626*61 

623-48 

620-36 

612-56 

tl04*76 

.59695 

589*15 

681-34 

57364 

628-38 

622-98 

,619-57 

616*17 

612-77 

604-26 

595*75 

387*24 

678-73 

670-22 

661-71 

6!9-74' 

b 

615-99 

612-27 

608 55 

604-83 

595-52 

586*22 

576*92 . 

B 

567-62 

558-32 

649-01 

663-92 

665-69 

• 

667-22 

668*53 


lHH 

673 97 

676-62 

076*84 

677-97 

678-97 

171-78 

178-31 

184-16 

189-48 

194-36 


214-32 

222-45 

229-76 

236-42 

242-67 

UllS 

352-95 

353-49 

373-07 

33135 


417-73 

432-41 

445 - 55 ^ 

457-56 

463-63 



• 





__ 


-#. 



Ponnul»H-S(,T-SCP + 464 00. S„=-0-47719. 

To rednco to B.Th.U.'Eohr., subtmot n tenth and multiply by 3. 
No reductioD required lot Metric Unite (K.M.C.). 

Yaloei below the bleok r^grrc line represent snpersetureted steem. 













TAKE V.*-VOl|mE T OF SUPERHEATED OB SUPERSATUBATED STEAM 
IN CUBIC FEET PEB POUND. 


Freuure In poundi p«r s<j. In. (Kg. per eq. cm. In Italics.) 


0. 

F. 

20 ' 

(t-mi) 

30 

S‘llKt! 

40 

S'SJSS 

50 

S'sm 

wO. 

U'tm 

70 

4-95^ ^ 

80 

90 

6‘SV8 

too 

7-0307 

iOO . 

sdij 

11 mo;! 

2T%0 

20-671 

J6-.632 

13-774 

11-803 

10-325 

9-1754 

8-2568 

4S0 

S-/2 

^;w'(i78 

25-776 

19-324 

15-453 

12 872 

11-029 

9-6466 

8-6714 

7-7111 

4(U) 

7S2 

0 

35-988 

23-978 

• 4 

17-975 

14-3J0 

11-967 

10*252 

4 

8-9048 

7-9040 

7-1632 

390 


35-4r)n 

23-018 

J7-702 

14-152 

11-786 

10-096 

8-8281 

7-8421 

7-0533 

380 

7ie 

Mill 2 

23-258* 

17-431 

13-9.36 

11-004 

9-9396 

8-6910 

7-7200 

6-9430 

870 

60S 

;M-37? 

22-807 

17-1601 

13-717 

11-422 

9-7833 

8-6537 

7-6976 

6-8325 

360. 

sso 

33-834 

22-637 

10-880 

13-600 

11-240 

9-6260 

8-4102 

7-4748 

6-7217 

360 

66.i 

33-296 

^22-177 

16617 

13-282 

11-058 

9-4698 

8-2785 

7-3620 

6-8107 

340 

644 

32-75fl 

21-816 

10-345 

•13-(K>3 

10-875 

9*3125 

8-1403 

7-2287 

0-4994 

830 

6jj6 

32 215 

21-451 

10-073 

12-846 

10-692 

9-1651 

8 0020 

7-1052 

8-3878 

820 

606 

31-675 

21-092 

16-800 

12 626 

10-.609 

8-9973 

7-8634 

6-9815 

6-276(1 

310 

500 

3W136 

2^-730 

15-528 

12-400 

10-326 

8-8391 

7-7243 

0-8672 

6-1030 

800 

5T4 

30-61)4 

20-368 

1.^264 

12-187 

10*141 

8-6805 

7-6848 

6-7327 

0-0509 

29t 

554 

.30-0.62 

20-004 

14 984 

ii-oob 

9-9.609 

8-5216 

7-4449 

6-0070 

5-9378 

280. 

536 

29-510 

19-641 

li-J06 

11-740 

9*7718 

8-3020 

7-3045 

6-4821 

6-8241 

270 

513 

2S!t«7 

*19-277 

14-431 

11-624 

9.5803 

8-2019 

7* 1030 

6-3600 

6-71(K) 

260 

500 

28-425 

18-013 

14-150 

11,303 

9-4002 

8-0413 

7-0221 

6-2295 

e-oo.w 

250 

► 

433 

27-881 

18-547 

13-880 

iiaiso 

0-2134 

7-8800 

6-8799 

6-1021 

5-4798 

240 

464 

27-3.37 

18-181 

1.3-603 

10-857 

9-0200 

7-7180 

0-7370 

6-0741 

6-3637 

230 

446 

26-791 

17-814 

13-320 

10-0.32 

8-8370 

7-5.561 

6-5933 

5-8452 

6-2467 

220 

^28 

20-210 

17-447 

13-048 

10*40^ 

8-0483 

7-3913 

6-4486 

6-7166 

6-1289 

210 

410 

25-099 

17-078 

12-708 

10182 

8-4582 

7-2207 

6-3031 

6-6848 

5-0101 

200 s 

302 

25-160 

16 709 

12-488 

9-9552 

8-2008 

7-0009 

6-1604 

5-4529 

4-8901 

190 

374 

24-001 

16-338 

12-200 

9-7209* 

8-0743 

0-8938 

6-0086 

5-3199 

4*7090 

180 

356 

24-050 

15-905 

14-923 

9-4974 

7-8805 

0-7255 

6-8592 

6-1856 

4-6405 

170 

338 

23-407 

j.veai 

11-6.38 

9;21>01 

7-0860 

6-5565 

6-7083 

6-0496 

4-62^ 

leo 

320 

22-944 

15-216 

11-362 

9-0334 

7-4878 

6-3838 

6-6558 

4-9118 

4-3966 

150 

302 

22-:i88 

14-8.38 

11-003 

8.7984 

7-2888 

6-2101 

5-4012 

4 7721 

4-2687 

140 

284 

21-829 

14-4.68 

10-773 

8’5613 

7-0871 

6-0341 

5-2443 

4-6301 

4-1386 

130 

266 

21-268 

14-076 

^-479 

8-3217 

6-8832 

6-8657 

6-0850 

4-4866 

Il-fl061 

120 

248 

20-705 

13-091 

10-183 

8-0791 

6-6762 

5-6742 

4-9227 

4-3382 

3-8706 

no 

230 

20-138 

13-30j 

9-8840 

7-8332 

6-4661 

5-4896 

4-7672 

14-1876 

3-7318 

100 

242 

19-567 

12-910 

9-6800 

7-6837 

6-2622 

6-3001 

4-6878 

4-0331 

•?68^2 

Baturatlon 

108-87 

121-28 

1 

130-67 

138-30 

144-79 

150-46 

166-52 

180-09 

164-28 

Tempertture/f 

^27'$? 

25034 

267-24 

280-04 

292-62 

302-83 

344-93 

320-46 

,327-71 


To reduca to cubic metros per kilogram divide bj 16'018i (divide b; 16 and subtract 
O'OOllS of tbe result), , 

No reduotion required for F.P.F. units. 
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«iBU VOLUME Y OF SUPERHEATED OR SUPERSAldkATED STEAM 
IN CUBIC FEET PER POUND, ' 

___ > _ 


Preuttre m pouodt p«r sq. In. (Kg. per »i. on. lu iulloi: 



KU 




R 



3-28U7 'Z 

:V(X>(i2* 2’5/iOI 2 

2S3J5 2*3091 2 

* 

2-79.17 2-3205 f 
2-7477 2-2815* 4 
2-7014 2-24-21 1 

2-0519 " 2(i;«) I 
2-0081 I 2-1035 1 


1-4851 1-1902 0 

1-4107 1-129* !<( 

1-:m. 54 1 0049 : y 

1-2708 0-9975 0 

1-19-20 0-9203 : 0 


0481 I 1-8182 1-0342 
90.50 i l-JlOOO 1-5179 
7580 1*1-5584 1-3983 

I - - 

7289 4-VI7 1-3730 
0988 1-5040 1-3492 

<9187 1-4774 1-3244 

0382 1-4499 1-2903 

0075 1-4222* 1-2740 


4104 1-2489^ 1-1149 

38.-I0 1-21851 1-0809 

3491 l-187(fl 1-0.584 

3148 1-1502 I 1-0294 

2790 1-1240 0-9990 

• 

2437 1-0911 0-9091 

2071 1-0574 0 9377 

1095 l-02r.) 0-0065 
1310 0-9874 0-8724 
0914 0-9.5(ft 0-8381 


1-2270 1-0505 0-9128 

I;I8I0 1-0083 0-87:ifl 
1-I3.-19* 0-9045 0-8327 
l OHIO I 0-9190 0-7902 
1-0332 1 0 8714 0-7450 


9790 I 0-8217 0-0984 0-6005 
9235 0-7094 0-0495 0-5536 
8045 0 7141 0.5972 0 5037 

8022 0-0557 0.5417 0-4506 
7401 0-5934 0 4820 03937 


205-10 214-32 222 45 | 229 75 236 42 242-67 
401 19 4I7-7S 43l’-4l | 44S SS^ iS7 S6 \ 468-93 


Valam below (he black zigzag line represent supersaturated steam 
Formula Y - l-0706ir/P -0-i213ia'i/T)'’’^ + O OICO, 
where T- 27810 + 4 Cent., and T,378-10°. 
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»A»l*n.-BtTEOPY OF BUPBSHEATED OB BXJPBBSATtJBATED STEAM 
;IN THERmAa units per degree, centigrade or FAHRENHEIT. 


FreMOre is ponndi per iq. in. (Kg. per sq. cm. in italloa.) 


Tempwatore. 

0. F. 

"A 

i-ifiei 

30 

9-im 

40 

fWiJ 

60 

s-sm 

^0. 

70 

' 80 
6-6g/^ 

^_ 

90 

6’St76 

too 

VOSffJ 

500 

932 

07840 

0|168 

99974 

• 

97600 

05465 

93702 

92274 

90900 

89781 

.460 

’S42 

04439 

93952 : 

96762 

*94283 

92252 

90634 

89040 

87721 

8654{ 

400 

*• , 

7i2 

01003 

96508 

g . 

933f0 

90823 

• 

88784 

87068 

85556 

84229 

830t( 

890 . 

Hi 

00284 

957ff/ 

92687 

90098 

88057 

86329 

84825 

83496 

8230f 

380 

he 

69555 

9505$' 

91853 

80362 

87319 

85589 

84082 

82761 

8J56fi 

370 

ess 

08»13 

943J0 

91101 

88613 

80567 

84835 

83326 

81993 

89797 

360 

eso 

98001 

93667 

9035(7 

87853 

85805 

84071 

82559 

81223 

80025 

sSo 

ee2 

97294 

92787 

80577 

87078 

85028 

1 83260 

81776 

80437 

79236 

340 

644 

1 

98516 

02006 

88792 

^86290 

M23G 

82495 

1 

80978 

79636 

78432 

■830 

62e 

9S724 

91211 

o-ftos 

85489 

83432 

81088 

80168 

78822 

77615 

320.: 

‘eos 

64919 

90402 

87182 

84673 

82613 

80865 

79341 

77992 

76781 

310 

690 

94099 

Ji9578 

80364 

83841 

81777 

80025 

78497 

77144 

75929 

800 

572 

*93204 

^ 88J39 

M611 

82993 

80924 

79168 

; 77636 

76278 

7,50.50 

aco 

554 

92418 

87886 

\ 

84053 

82134 

80057 

78290 

70769 

75397 

74173 

2t0 

sse 

91551 

87016 

837'^ 

81250 

79171 

77405 

75863 

74496 

73260 

270 

SIS 

9000’h 

86126 

525)82 

80349 

78264 

70492 

74044 

73671 

72336 

260 

600 

89708 

85221 

81970' 

79431 

77340 

75502 

740(T7 

72027 

71386 

250 

4S2 

88860 

84206 

81038 

78^92 

76393 

74007 

73046 

71000 

70411 

240 

464 

87014 

H3352 

80087 

77532 

75426 

73633 

72064 

70070 

60413 

.230 

446 

80957 

82386 

79112 

76.')49 

74434 

72032 

7J064 

69051 

68386 

220. 

42S 

85980 

81399 

78110 

75543 

73418 

71007 

70019 

08007 

67332 

210 

410 

84970 

80388 

77094 

74r.l(t 

72375 

70563 

68955 

67531 

66246 

20p 

392 

83957 

79354 

70048 

73452 

71305 1 

09471 

67861 

60420 

65128 

190 

374 

82012 

78296 

74975* 

' 72366* 

70206 

68.-j58 

06734 

05280 

63975 

180 

356 

81830 

77208 

J3873 

71249 

69073 

67210 

65,572 j 

64108 

02782 

170 

33S 

80740 

760^2 

72741) 

70899 

67906 

60020 

64371 1 

02800 

61547 

160 

320 

7!H112 ' 

! 74944 

71573 

6^1813* 

<i6702 

04803 

63128 

61028 

00200 

150 

m 

78454 

, 73766 

70372 


65467 

63536 

61840 

00319 

58035 

140 

2S4 

772(')4 

72550 

09133 

66427 

04170 

62225 

00504 

68958 

57560 

130 

266 

70038 

1 71297 

07862 

05118 

02832 

60859 

69111 

57637 

564P^ 

120 

24S 

74770 

70002 

*00625 

03759 

61442 

69437 

57050 

50060- 

54583 

110 

230 

73473 

686f)3 

05149 

62347 

59993 

67052 

60134 

5^492 

52988 

100 

212 

72127 

67276 

« 

03720 

00870 

58479 

56306 

54638 

52852 

. 

51304 

Satuiatioa VC. 

108-87 

121-28 

f 130-67 

138-30 

1 

144-79 

160-46 

166-52 

t 

160-09 

164-28 

Temperature (F. 

f 

227-97 

250'Zi 

1 267-21 

2S0-94 

292 62 

i 302 S3 

311-93 

320-16 

321-71 


cbancterifitic (or fi^ro before the ctecixsal point) end the decimal point are 
omitted. The characteristic is always unity, ezo^t for the first four values under 
SO 11».« and the first only under SO lbs., for which tlfe oharaoteristic is S. 

The entropy is the same in all systems of units. 
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TABU Tr.— samioPY <p of superheated or supersatIrated steam 

IN THERMAL UNITS PER DEGREE. CENTIGRADE OR IfAHRENHE^T. 


PreMure In poondn prr iq. In. (K*. per eq. em. In Iwllce, 


120 

140 

160 * 

180 

20* 

2S0 

300 

350 

Ksl 

450 

500 

8'US^ 

rum 

It'tUi 


jum 

:7-r>77 

sro9i 

HfW 




87744 

86014 

84611 

83180 

81987 

• 

79448 

773.57 

7.5.S8 

74024 

72647 

71403 

84488 

82747 

81233 

70891 

78087 

7012(r 

74(H(2 

72fK5 

70<I14 

O9207 

07938 

80972 

79216 

77085 

70327 

75107 

72.500 

w;m2 

0849.5 

6i;s74 

«i427 

64118 

80233 

78472 

70938 

75570 

74352 

717.35 

69567 

1^710 

00079 

0.^12^ 

03303 

79482 

77716 

70177 

74811 

73.5a3 

709.55 

08770' 

Ii(imi8 

6.526(i 

03798 

02408 

78716 

76946 

76402 

74031 

72798 

701.58 

679.57 

6('t087 

04433 ; 02953 

01011 

77939 

70164 

74615 

73230 

72(XH 

60340 

%7I4.5 

65253 

63.586 

62094 

60739 

77144 

75303 

73810 

72428 

71184 

68.51H 

66300 

04304 

62713 

61207 

S0838 

70334 

74.547 

72087 

71509 

70349 

07007 

(1.5434 

63,512 

( 

61816 

60294 

.58910 

76510 

73717 

72150 

70755 

69499 

00800* 

(>4«>1 

(;2()i2 

o<«/Vi 

59:161 

67901 

74670 

72808 

71205 

69803 

68629 

65013 

63(i45 

01089 

.599.58 

581^ 

-40983 

73809 

72(KH) 

70419 

GOO(H» 

07737 

6.5(K‘' 

02713 

00737 

5.S986 

574(K» 

55971 

72030 

71113 

60523 

68104 

6682.3 

64(((iri 

‘•1755 

• 

597.5T 

• 4 

.57984* 

50380 

54925 

72035 

70208 

68608 

07180 

6.5890 

93108 

t 

i6()77r) 

.58733 

56957 

55.335 

«!gSl 

71117 

60280 

67660 

00-231 

(U930 

02121 

.flnoi 

.57714 

5.5891 

.54242 

.32732 

70170 

68327 

66705 

(15255 

03943 

61106 


.5(;641 

^»4790 

53113 

^1674 

69213 

673,51 

0i?I17 

64254 

6292t> 

600(>0 

r 57640 

.55.5!t 1 

.5:t(;i8 

519.39 

60308 

68224 

66348 

64609 

63222 

61883 

589f8 

# 

56.523 

54378 

52400 

50715 

49109 

m 

67210 

05319 

030.54 

02101 

60807 

57803 

.5r>3(‘>0 

53186 

51228 

49444 

47799 

66166 

042.57 

02576 

01005 

.50(193 

56706 

.541(i8 

51941 

49949 

48113 

40424 

6S093 

63105 

61464 

.50034 

58513 

f.5.508 

52922 

.566-47 

4S.598 

40723a 

44980 

03985 

62036 

00313 

.58763 

57350 

.54201 

51022 

49-J94 

47191 

45202 

I 43472 

62844 

60870 

.59123 

57.549 

56112 

.52964 

1 

,50264 

f 

47S76 

45713 

43725 

*41874 

61664 

50603 

57800 

.50288 

.54825 

,5I6(K) 

48843 

46387 

441,58 

42103 

40185 

60440 

68410 

50000 

54975 

53481 

.50?00 

4-348 

4.yil7 

42512 

40379 

38388 

66171 

57107 

55270 

53604 

52076 

•48T»Aj 

45774 

431571 

40707 

38550 

30473 

67852 

55750 

53874 

52170 

50604 

4713^ 

44110 

41399 

3S914 

:t6601 

34428 

66478 

64332 

52413 

50660 

49057 

45478 

42348 

39.527 

:t6934 

34514 

32232 

66044 

62849 

60881 

49085 

47428 

43720 

10474 

37532 

31S16 

:12274 

29872 

93^9 

61289 

49206 

47413 

45700 

41859 

3K167« 

3.53K() 

32,531 

298.50 

27307 

61957 

19043 

47.565 

45039 

43863 

39801 

3C.310 

33071 

30057 

27214 

24513 

60290 

47993 

45742 

43754 

41903 

37720 

3:«mft 

:jii.503 

27367 

24:M5 

21400 

485^6 

46053 

• 

43809 

41736 

39803 

31HI0 

31467 

27835 

» 

24429 

21194 

18102 

171-76 

178-31 

184-10 

189-48 

194-30 

20.5-10 

214-32 

222*45 

229*75 

2.30-42 

242-67 

34416 

3S2-9e 

363-/9 

373-97 j 3S1-35 

40Pia 

4I77li 

4.72-4I 

44.',-65 

j/57-46 

4CH-63 


Values below the black zigzag line reprcHent supersaturated steam. 
0 - 1-09876 log (T/Ti) - 0-21>3S6 log (P/P,) - ancP/T + 176300, 
when T, - 878-10', P, -14-6890. and the logs are to the base 10. 
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TA fT-i? TO-THlfeMODYNAMIO POTENTIAr,, 0 =fP-B, OP SUPERHEATED 
pB SUPEBWUBATED SOTAM, IN MEAN CALORIES CENTIGRADE. 


Premure in poundi per fq. in. (£g. per iq. cm. In ItaHcs.) 


Tempersturt!. 


L 30 

40 

60 

tP 

70 

' 80 

90 

100 

C. 

F. 

I-iMt 

^ t'lOOt 

i-SJgS 

S-515U 

k'im" 

k’ffiis 

6'6tm 

6SS78 

7'(m 

600 

932 

772-65 

738-16 

713-69 

• 

694-71 


666-11 

— 

054*76 


835'81, 

460 

S42- 


637-OT 

614-51 

8*6-77 

682-27 

670-03 

l£i& J 


641-72 

4O0 

m 


638-24 

■■III 


486-99 

476-62 

BS3 


449-31 

aoo 

734 

^8-18 

61^^ 

1497-67 

481-42 

468-14 

456-95 

*447-24 

438-71 

431-04 

380 

rii 

1328-19 


,4*8-44 

EM£I 

EMa 

438-34 

428-78 

420-36 

412-85 

370 

69S 

508-28 

479-62 


443-66 

430-68 

419-83 

mm 


394-73 

360 

m 

488-44 

460-22 

Ksuf'I 

•424-72 

412-07 

401-38 

392-12 

ESH] 

376-69 

360 

•€61i 



421-23 





366-88 

358-72 

*340 

644 

448-96 

«l-66 




364-71 


347-88 

340-83 

330 

626 

429-3* 

402-49 

383-4fi 

368-71 

35007 

346-61 

337-70 

.329-96 

323-03 

320 


EnTX» 

383-42 

364-70 

350-20 

338-37 

328-38 

319-73 

312-10 

305-31 

310 

6W 


364-41 

:moo3 

331-78 

320-15 

310-33 

301-83 

204-35 

287-67 ‘ 

300 

672 


34if.50 

327-43 

313-44 


292-37 


276-07 

270-12 

200 

^664 

361-72 

320-«7 

308-9i 

295-18. 




259-10 

262-66 

280 

• 636 

3;i2*62 

307-93 

290-60* 

Fmijl 

2(i6-00 

26()-72 

248-67 

241-60 

236-29 

270 

‘613 

313-41 

1289-20 

27? (6 

L 258-92 

248-13 

239-01 

231*13 

224-19 


260 

600 

294-38 

PirliKSI 

253-92 


230-34 

221-42 

mm 

206-89 

200-82 

260 

482 

275-46 

262-22 

235-78 

222194 

212-66 


196-33 


183-73 

240 

46t 

250-62 

233-84 

217-72 

205-25 

195-07 

186-50 


172-56 

i(i0-74 

230 

446 

237-88 

2l5-.'>0 

199-70 

187-54 

177-58 

IMEl 

161-93 

165-54 

149-86 

220 

428 

219-23 

197-36 

181-90 

10!)-!)3 

160-18 

151-97 

144-87 

13862 

133-07 

210 

tio 

PHTiTml 

179-20 

101-12 

152-42< 

142-88 

i:i4-86 

127-91 

121-81 

110-38 

200 

m 

• 

182-22 

101-28 

140-47 

135 02 

123-70 

117-86 


105-11 

99-81 

190 

374 

163-88 

143-39 

128-92 

•117-73 

i 108-63 

100-96 

94-34 

88-53 

83-35 

180 

356 

146-66 

12503 

111-48 


91-00 

84-19 

77-73 


07-02 

170 

338 

127-61 


nim 

83-^8 

74-79 

67-53 


55-71 

mm 

160 

320 


»04r 


6«-64 

68-08 

50-98 

44-85 

39-48 

Km 

150 

302 


72-97 

59-83 

49-70 

a 

41-47 

34-68 

28-60 

23-38 

|H 

140 

284 

73-80 

55-05 

42-86 


24-98 

18*27 

+ 12-48 

+7-41 


180 

266 

56-14 

38-46 

20-00 

EBtigid 

+8-63 

+2-11 

—3;60 

-8-41 

SIScU 

120 

248 

37-69 

21-38 

+<l-28 

-0-03 

“7-58 

-13-91 

19-34 

24-()9 

'Ss’So 

no 

230 

21-18 

+4-46 

, -7-30 

10-34 

23-65 

29-77 

35-03 

39 62 

43-68 

100 

212 

-4-3-89 

!- 12-36 

1 

23-70 

e 

32-51 

39-58 

46-49 

60-88 

65-00 

^90i 

Saturation C. 

108-87 

121-28 

ll0-67 

138-30 

144-79, 

160-48 

165-62 

« 

160-09 

164-28 

Tenperature V. 

227'07 

• 

260-34 

267-21 

280-94 

292-62 

302-83 

341-93 

320-16 

327 71 


The iign of 0 changes from positive to negative a little below ftie saturation line, at 
indicated by the sigus + a^d —. 

• G-S„Tlog,(r/ri,-Briog,(P/P,) + a(e-6)P^«Pl-S„)r-J3 
where T, - 878-10°, Pj - 14-6890 Iba., 0, - 1-76800, B - 464 00, Sq - 0-47719. 

SIG 

























CUUt TO.—THERMODYKAinO POTEKTIAL, 0=:7^-B, 
OR SUPERSATURATED STEAM, IN MEAN CALORIES 


B, oj superheats 

IE8 CENTIGRADIi; 


PrsMure In pouniln per xj. In. (K*. per aq. cm. In lullca. 


illct.lf ~ 

Jfioo~T* 



250 300 

360 

1 

J7-c^?7 tJ-09f 1 

• 1 


tins 

558*12 . 542*70 

52j|70 

.'■>18 44 

4*iU*22^ 4,'>4-Kt> 

; 1-lf-7tl : 

: ■i:t2*2S 

:iS2*t>5 ' ,‘i®8*75 

1^57*55 

347*88 


;tli4 84 : Sni-TS 
347-70 ; .3;t4-84’ 
3:»0li.7 3I8M 
;tl3-(i7 ■ 11-24 


309-S0 301-li7 2114-70 
202-25 284 56 277-70 
275-07 207-53 2l»-80 
257-08 2.50-57 243 08 

240-98 233-72 227 24 


232-18 I 224-08 216 06 210-62 

215-20 I 207-26 21X1-29 104 07 

198-32 i 190 .54 183-71 177-63 

181-54 173-^3 107-24 101-29 

164-64 157-40 l.X)-80 145 04 

148-27 140-08 I 134-liO 128 01 


66-07 I 60-55 
51-07 


290-70 I 281-78 
274-31 21m 40 

< 

2.57-01 240-23 

241-IXI I 23 J -09 
225-30 I 217-05 
209-2i 201-10 
19^-24, 18.5?6 

177-32 169-51 

101-50 153-87 

Il.5 78*l38-:i4 
I I.-IO-I 7 I 122-01 


I I 

I j 00-30 I 92-42 


102-38 ! 

9097 

4(5-03 

70.50 1 

08*91 

80-44 1 

81*10 

70*13 

01 -2<i 

53-74 

70-03 j 

65-.50 

54*77 

t 

40*17 

9 

:«»-04 

54-93 1 

1 49-05 

:19*54 

Jl-2ii 

24*32 

39*,38 1 

34-5,5 

-24^0 

1 10 41 

-W-77 


I 42^1-05 I \14'8 
!*330-36 I 331-7 
! . • 
!*2:i-86 I 315-4 
ixi-44 i 299-1 
-2'.KI-10 282-9 
273 84 206-7 

257-68 * 250-7 

i < 

241-60 ‘ 234-8 
225-W) 218-8 

- 4 ^ 9 ^ 203-2 

103-94 187-5 

178 24 - 172 -C 

162 - 67 «i 156-6 
I 47 -I 8 ^ 141 -S 
131 81 ; 126-4 
j 110 .50 : llO-l 
101-42 i 05 -( 

I • 

86-42 r sn 

71.55 06-4 

00 -W 51 4 

42-19 37-4 


18-50 +13-45 +9-( 

+4-17 i -0-67 -4-1 



To reduoo to B.Th.U. Fahr., subtract a tenth and multiply by 2. 
No reduction required lor Metric lAnits (K.M.C.). 

Values below the black aigsag line represent supersaturated steam. 













TABU ?ni.-iU}UBATtC HEAT-DROI* TO 1 LB. ABS. IN CALS. O FROM 
\ INITIAL STATES.— 


TflfRMraturo 

-a-•-;-_ 

• Initial Pmssiirca in LIk per Sq. Fn. AU. 

c. 

F. 

16 

20 

SO 

\ 

40 

• 

SO 

60 

70 

80 

90 

,100 

600 

460 

S32 

542 

177*94 

■io:i97 

187-77 

173-7^ 

201-57 

lto-.57 

^1-31 

197-32 

218-90 

204-80 


230-25 

2ft-18 

234-74 

220-06 

238-69 

224-58 

242-1 

228-1 

400 

752 

jB*eo 


17?-jjl 


191-52 

197-62 




214-i 

390 

734' 



171-71 

181-40 





208-49 

211-8 

• 880 

716 

14.5-84 

155-43 

109-18 

m-91 

180-40 

192-51 

197-00 

202-04 

205-93 

209-,1 

870 

6!/S 

14:)-13 

1.52-93 

100-08 

iWiglil 

183-87 

189-99 

195-07 

199-51 

203-39 

200-8 

369 

660 

140 09 

1.50-48 

104-23 

173-93 

181-40 

187-47 

192-.58 

197-01 

200-85 

204-2 

860 

662 

138-28 

148-07 

101-80 

1714U 

1 , t. 


185-03 

190-13 

194-54 

198-39 

201-8 

840 

C44. 

626 

W.5-90 

TlJ-Sl 

14.5-08 

159 39 

109-09 

170.55 

182-02 

187-09 

192-10 

195-94 

199-3 

830 

143-34 

157-04 

100-72 

174-18 

180-22 

185-30 

189-69 

193-51 

ft03) 

820 

608 

I31-28< 

ui-o.r 

154-73 

104-39 

171-84 

177-88 

182-94 

187-31 

191-12 

194-5 

810 

590 


138-78 

452-48. 

102-10 

109.54 

175.58 

180-02 

185-00 

188-79 

19-2-1 

»800 

57J 


130-55 

150-24 

1.59-87 

107*28 

% 

173-33 

178-37 

182-71 

180-50 

189-8 

290 

5.U 

128-04 

134-39 

148-Oa 

.1.57-07 

105-07 

171-09 

170-1.3 

180-45 

184-24 

187-51 

280 

636 


132<.> 

145-90 

l.-Si-S'I 

102-90 

108-90 

173-91, 

178-24 

182-01 

i85-:r 

270 

618 

120-43 

130-17 

143-81 

133-41 

100-79 

100-74 

171-77 

170-07 

179-84 

183-r 

260 

600 

118-41 

128-14 

141-75 

151.35* 

1.58-70 

101-07 

109-00 

173-90 

177-70 

l8i-o; 

260 « 

482 

110-42 

120-14 

139-70 

149-32 

' iso-in 

102-02 

107-60 

171-88 

175-02 

178-9 

240 

464 

114-50 

124-21 

137-80 

147-30 

154-08 

100-03 

103-.58 

109-84 


176-8( 

230 

446 

112-04 

112-34 

135-91 

145-43 

152-70 

1.58-07 

103-03 

107-85 

171-57 

174-81 

820 

428' 

110-81 

1-20-51 

134-08 

143.59 

lSO-89 

1.50-79 

101-72 

105-94 

109-04 

172-8t 

210 

410 

1(81-07 

113-70 

132-31 

141-79 

149-00 

154-90 

159-87 

104-07 

107-73 

170-91 

800 

392' 

107-351 

117-00 

130-57 


147-32 

153-17 

158-07 

102-20 


169-OS 

190 

374 

105-73 

115-40 

128-91 

138-35 

14.5-61 

151-44 

150-31 

100-47 

164-08 

167-28 

180 

366 

104-17 

113-83 

127-31 

180-74, 

143-97 

149-78 

1.54-02 

158-77 

162-37 

i0.5-5J 

170 

338 

102-09 

ii2-:y 

105-80 

135-21 

H2-40 

148-22 

1.53-01 

157-13 

100-71 

Tb3-8C 

100 

320 

101-28 

110-92 

124-33 

133-72 

140-89 

140-07 

iTngCT 


159-12 

162-24 

160 

302 



122-97 

132-33 

139-49 

145-23 

150-01 

154-07 

157-55 

160-00 

140 

284 



121-08 

131-01 

138-15 

143-80 

148-55 

1.52-.54 


158-94 

180 

286 

07-54 

107-13 

120-48 

129-80 

130-85 

142-47 

147-09 


154-32 

157-24 

120 

248 

90-47 

lOO-Oi) 

119-3? 


135-34 

141-07 

146-59 

149-41 

162^?* 

155-51 

110 

230 

95-45 


118-27 

127-38 

134-22 

139-64 

144-08 

147-81 

IEimI 

16373 

100 

212 

94-66 


ll'M8 

120-16 

132-87 

138-20 

142-62 

146.10 

149-25 

«> 

161*91 

• 





• 







• 


;BfQ1 

104-95 

119-50 

129-87 

1.37-92 

144.53 


154-90 

159-16 



108-87 

121-is 

130-67 

138-30 

U4-79 


155-52 


164-28 

Hgj 

227-97 

260-31 

207-21 

280-94 

292-02 

Ijll 

311-93 

32<);]6 

327-71 


-(<]'-0"). r=38-74"c. 0"=2-61 cals. C. The Snal state is taken as wet 

Mtuiated at 1 lb./m.* aba. 
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TA^ Vm.<-ADIABAT1C HKAT OaOP TO I LB. ABS, IN ^IJS. a FBOK 
INITIAL STATES 


Initial rreMurcw in Mw. iM'rStj. In. Alw. 





irt— 

_ - 



— 

.... . 


— 

120 

• 

Iwl 

160 

180 

200 

ZbO 

300 

350 

i 

400 

450 

( 

248-27 

253-37 

257-77 

201-03 

265-05 

272:2*» 

♦78 01 

f 

282*81 

280-80* 

290-47 


234-10 

239-14 

243-48 

•.’47-29 

2.50-08 

2.^7 72 

203-30 

a08^2 

272*tKI 

275-47 

27 

220-52 

22551 

229-78 

233-55 

236*86 

243 74 

2411*25 

• 

'2.53-77 

257-.59I 

•2go-9o 

20 

217-89 

222-87 

227-15 

2 :iO*KS 

234-10 

241-02 

240.50 

2,50-98 

*54-70 

258-03 

26 

215-30 

220-25 

224-51 

228*22 

231 49 

238-3;.’ 

•■243-77 

24S-2I 

251 <15 

2.5,5-17 

25 

212-74 

217-05 

22!-DO 

22.5.59 

228-85 

23.5-0.5 

‘241-05 

24.5*4r» 

249-10 

2.52-3S 

25 

210-20 

215-10 

219-32 

22 ;i(H 

220-24 

23301 

2:i8-:t4 

242 72 

240-40 

249-52 

25 

207-07 

212-58 

210-80 

220-45 

223-1* 

23040 

235*(»6 

240*1)(T 

243-00 

240-71 

24 

205-18 

210-10 

214-28 

2l7*9:t 

221-13 

227 SO 

2;i3*0.1 

2.37-31 

240-92 

■rtriiT 

•24 

£02-70 

207-05 

211-78 

215-42 

218-02 

22 

2.30-42 

2:14-0.5 

238-19 

24 

200-30 

1206-22 

2093:i 

212 94 

210-12 

222 t.s 

227-,82 

232;»l 

2.3,5M9 

238-44 

24 

107-97 

202-81 

2(Hi-93 

210-51 

213-07 

2-20 1,^ 

..'2.V2.5 

229';ui 

232-H6 

235-70 

23 

195-04 

2lM)-44 

204.54 

208-09 

211-23 

217 1... 

• 


220-78 

2;i0-13 

232-9^ 

23 

193-33 

I9H12 

202*21 

20.5-71 

208-82 

21.5-19 

22l>g7 

224-18 

‘227-48 

2.30-25 

23 

19.-09 

105-84 


2n;{*;i9 

266 47 

213-77 

*217-09 

221 -OJ> 

224-85 

227-57 

22 ' 

188-88 

IlKI-'iO 

197 - i ! i ) 

2(H-08 

201-13 

21 (Kill 

21.5-24 

219-10 

222*26 

224-IHt 

22 

180-08 

191-37 

19.5 38 

198-81 

201-83 

2 <IMt)2 

2(l.v7il 

2I2S6 

21656 

219-09 

222-25 

22 

184-54 

189-18 

193-18 

190-59 

199-59 

210.39 

214-10 

217-12 

219-01 

2 » 

182-45 

187-08 

191-01 

194-39 

197.37 

2413-38 

208-00 

211-03 

214.57 

216-97 

211 

180-41 

IK~HH> 

188*88 

192-25 

11 >5* 17 

201-10 

205-01 

26!t*l‘J 

212(14 

214-35 

211 

178-40 

182-97 

180-82 

I'.HMl 

193-01 

KIS-88 

2<K3;n 

200-77 

2 («»*ri<» 

21l’li5 

2 i: 

170-40 

180-98 

184*80 

188-09 

190-92 

190-08 

201-04 

204 33 

2 <M»*!M» 

208-89 

211 

174-55 

179-05 

182-83 

180-07 

188-87 

194 51 

198-08 

201-81 

204-*l 

2(Wtl4 

20 ' 

172-70 

177-14 

180-88 

18108 

180-84 

19231 

190-28 

199-23 

201-44 

203-09 

20 - 

170-W) 

175-31 

I79*0<1 

182-14 

181-80 


UI3-06 

190.57 

198-,59 

200-0.3 

2 o: 

lil-lO 

173-52 

177*09 

180-13 

182-70 

187^3 

191-27 

10.3-81 

195-02 

190-85 

19‘ 

107-47 

171-08 

175-16 

178-<«t 

186.56 

lH;>*:U 

188-04 

Ilt6*‘»^ 

192-54 

193.55 

im 

165*70 

109-81 

17310 

175-99 

178-35 

l82-tV7 

185-94 

187-99 

189-32 

190-07 

im 

163-91 

107-89 

171-13 

173-83 

I76*(HI 

180-33 

183-12 

184-90 

185-90 

186-44 

181 

162-07 

16.5-93 

169-03 

171-01 

173-74 

177-07 

180-17 

lHl-0.5 

182-41 

182-01 

18! 

160491 

103-89 

160-87 

109-31 

171-30 

174-91 

I77*(iff 

173*83 

178-2.3 

178*67 

178-54 

17! 

168-25 

161481 

164-03 

100-93 

168*77 

172-03 

174-64 

174-71 

174-23 

17i 

166*27 

• •• 

159-051 

162-31 

164-45 

100-13 

168-ini 

170 40 

370-81 

170-49 

169-01 

lOf 

» ♦ 

169*47 

175-00 

•*79-79 

183-96 

187-71 

19.5.59 

202 -0.1 

207-37 

211 -mi 

210-02 

211 

171-75 

178-31 

184-10 

189-48 

194-35 

20.5-10 

214-.3? 

222-45 

229-75 

236-42 

24! 

341-16 

3o2-96 

363-49 

373-07 

381-85 

401-10 

417-78 

432-41 

44r>55 

• 

457-56 

4« 


To reduce to B.Th.O. Fshr., aubtntct a tenth and multiply by 2. No reduction i^uired 
Metric unito* final preasuro 0*07031 kg./cm.L Fur fuller explanation eee Chapter 1X» { 92. 
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tlBlE IX.—VALUES OF loose (CALORfES CENT. PER 100 LBS. PRESSURE). 


„ I V Values of 100 SC forflach degree Celitigrade. 

Temperature ' > . 


1#0 212, 1801 18-4.0 18-29 

ItP 230 17-09 1%88. 10-73 

120 21S 15-02 lff49 al.5-90 

180 S6'j» 14-34 14-22 1^-10 

140 .28i 13-21 13-11 *13-00 


160, 302 
160 320 

170 338 

180 356 

190 374 

’ • ' V* 

200 m 

210 410 

220 428 

230,, 440 
240> 404 

2B0 482 

260 m 
270 518 

•-280 530 

290 554 

300 , 572 
310 500 

320 , 608 
330 626 

840 644 

860 662 
360 680 

870 608 

380 716 

390 734 

400 752 


12-19 12-09 12-00 
11-20 11-17 11-08 
10-42 JO-34 10-20 
9-00 9.59 9-,52 

8-97 8-91 8-84 

8-34 8-28 8-22 8-10 

T-77 f-71 7-0.5 7-00 

7-24 7-19 7-rt 7-09 

0-70 0-71 0-07* 

0-32 0-28 0-24 

' « • 

6-92 *^6-88 5-84 

5-.54 5-50 5-47 

5-20 .5-10 .5-13 

4-89 4-80 4-83 


4-32 4-30 4-27 

4-07 4-05 4-03 

3-84 3-81 3-79 

41-02 3-00 3.58 

3-42 3-40 3-38 

3-23 3-21 3U9 

3-00 .■!-Or 3-03 

2-89 2-88 2-80 

2-74 2-73 2-71 

2-00 2.58 2-57 

2-40 2-44 2-43 


3-6 5-4 



EQUlVALEN-r OKOBRKS AND DECIBAI^S FaHBENUEIT. 

























INDEX OF PARTIAL DIFFEU^TFAI 
COEFFICIENTS OF E, GJI, F, Q, <I> T, AND Y 


To find a general expression for any eoenicient Iif terms of Hie speeUic 
;at S at constant pressure, and the cooling-Wfects, iiumely :* 


C ^ Cii = (dTldP),[, in a throttling process at eonsjjmt. U. 

Cg = Cf = {dTjdl%, in adiabatic expaasioi^ at eoiistuiit 4>. 

,Cy = {dTjdP)y -- l/(d/'/d2’)K. in cooling at eonstaiit voluiiio. 

== (dTjdP)s - lj{dpldt), in expansion of a saturated v:n)our. 

Cfi = (dTIdP)^ = t\ (1 - C'yPiryil - l .J'I'l'), *in expansion at 
constant E. 

Cg = (dTjdP)g = aVj(b, in expansion attiohstant po«iuial (1. 

The last two cannot be measured •xperiinentally, but are easily 
alculated. 


(1) The six cocllicicnts of the type {dXldT)j, are as follows: 

(dltldT),. = (dQldT)i. = / {d<t>jdT),, S ) 

{dVldT)p = V/T + SC/aT « SCJaT V. .......(1)* 

{dEldT)p - 6'(1 - C^Pji'); (<lfitdT)p - <I> ) 

1(2) In terms of the above six, any eia'fiieient witt; respect to 7 or P 
can be written down by the general relafion: 

Cg {dXldT)z = {dXldP)z = {d.ildr)p (C'z - f'.v). W 


IS zero. 


^ny other coefficient is given by the ratio ot two of the above: 

.( 8 ) 

(<iX/dY)z - = (dy/dr)p (t'z - Cy) 

\V)ien Z = lathis reduces to {dXldT)pl(dYjdT)p, since Cp is infinite. 
When Z=T, it becomes ^C,/Ci.)(</A7</7'),,^dF/dT)p. since Cj, 


( 4 ) These expre*ions may be transformed by the general relationj: 
C* = a(<iF/d4>)p = «7’|dF/dr)p//y = C + oF/S ) 

Cr - 0 (dri^h “ - «3r {dridT)^Sy =.s{Cy- c,)/Spj”"' 




622 INDfcX OF PARTIAL DIFFERENTIAL COEFFICIENIS 

(5) Thi special relations for Dry Steam are as follows: 

C =AC/-Sf\=Q-a6/S =Cv»-«F/S • =Cp-(R-B)/5i> 

Cg = ISacjaS^C + ablS =C^-a{r-t^l^^^CyOcP/RT 
C^=^STIlSP = C + aVIS *=^acTISPCE -8<S„C^/iaS 
Cy » S,TISP = CY ill - B)jSP = CeRTIocP = C, + (E- B)jSP' 

Cjj = aVTjill — st) — avTfih — st) (wet or dry saturated). 

, * V ’ ' . 

S4 + 144acP/r.^o = 13B/8 = 0-4772. B= 464 cals. C. = 835-2 B.Th.U, 

Not*. When S„ ie known by of periment S - S,, SC, Cy, and may bo deduced from 
Ihe characteristie equation; or conversely, the cburactoristio equation may bo verified by 
oxperimontal raea^uroments of Cy and C, and any other coofficient which may li 

required canjl)0 obtained fron^(3) a* shown in t!ie following' list. The omission of the value 
lordfy steam in any caso may be taken to imply that the genoral expression does not 
un!f[Ntfy materially on substituting tho special values from (5). In such a caso it is ))rc« 
forablo to imlculat^tho cooHiciont by inserting tho appropriate numoricat values of S, Cy, 
etc. in the general ex^ssion? Tho suffix S refers to tho state of saturation. Tho suffix Z 
stands for any suffix,-inoludiiig 8. X ^fid Y represent any two of tho six quantities, 

%0,//,<^,4«,and V. • 

• 





Ootfflolent 

(dEjdG)i, 

{dEldO)^ 

(dEjdG)j. 

(dEjdOr 

{dEIdU),. 

(dEjdn)^ 

'(dEjdU)r 
(dEjdlDy 
(dEjdP),, 
(dE/dPU 
(dEjdl\ 
{dEjdP)r 
{dE/dQ)^ 
(d/J/rf<D),; 
(dfi/d<D),, 
{dEld<P)j, 
(dEjd<b)y 
(dEldT)„ 
(dm),I 

JidEldT),, 

(dEldT)^- 

(dEjdT)y 

(dEjdV^ 

(dEldV)p 

(dmu 

{dEldy)j. 

(dGjdE)^ 

(dGldH)^ 

(dGjdH)p 

(dGIdH)^ 

{dGldH)p 

{dGldH)r 


INDEX OF COEFFJCIEN'” 


Ctantnk ExprMdon 

S (I ~ C\PIT)/<P 
SpCpPiT(<\> -aVH\) 
SC^(\-C,.PIT)lay 
S,.C,/((\4>-ay) 

1 ^ (\PIT 
SyC,(\P;„yT 
(1 -VyP!T)L\IC 
(Cy - C’*)/((',. - (') 
H(\{Cy OPir-aC 

SyCy(\PiT 

sca\ CyPIT) 

SyCy S{Cy -C\) 

(IjT) (dEld<l>)^ 

T-(\P(Cy - 0/(t'* C) 

r~c\p 

T - CyP 
T 

A’(l -C',;/(V,) 

.V(1 -cv/77’){i -tyt') 
s{i-c\p/r) 
SP(Cy~L\) 
Sy=S(Cy~C^)ICy 
(aTIC^-aP){C^-C)j(Cy- 
•aTlC^-aP 
■^aP 

aTjfy - aP 
ijldEldG)^ 

1>(Cfi-Co)/(C^-C) 

<t>is 

Ct<S>laf- 1 
aVlSC 

(®Cp - aV)l(SCy - SC) 


ytijt tdt Diy Btwm 

10.S7J«<t) . 

{E -- ft)/(7’<l> - ^aaPr/S) 

{E «)/(.S’„7'a>/.V - apy^ 
I()/I3 * 

- i>)/vty’ 

10/(13 - :ihjc) 

U)J(r.l -1, 3?V(K -H)) 

• IOoA/»3 
lon - h)/lH 

- li)ilc/!{ 

(E «)ip iOfl(r-i)/8 

St'c {dEjd<)>) 

uM/rjviy 

107'/13 

130w7'/!».S' 

T 

insiui - 10c<I)/3F 

•-(IO.S'ya3)/ji;k/8&-l) 

10,S'/)3 

{E - nyr 

(I0.S713)(1 -acPjRT) 
c) aPinayjioh - 1) 

WaPla 
~ aP ' 

aP (VtacPlaRT) 

See Keciprocals above 
18c<t)/86S - Vjb 
(l>IS 

aTdfjiaaPV -1 
F/(18c/8 - b) 

(S^mjS - aPV)l(U - B) 



524 


INDEX OF COEFFICIENTS 


Ooaffldent 

Otaena Bzpmila/ 

Vain* for Dry StoMS 

{dGIdPh 

.^iCK-Ca) 

\O0~ar 

la^c^ISS - aV 

{dGldP)„ 

(18acl8 - ab)<l>IS - aV 

(dOldPU 


8f’«Si>/13P - aV 

{dGldP)j. 

~aF 

<t>Cy\r-ar . 

-aV 

• {dG/dP)^ 

S^m/SP - aV 

t{dGldP)s 

«!> Ca) 

T<J>(c):^Ca)/(C^-C^)S 

aViT<S>l{H-St)-1) 

md^h 

Tty - i8c<t>i8S)iy- b) 

(dtlld<t>)j, 

< T (1 - c<D/«n 

Til-C^laV) 

(dGjd^),, 

T^/S 

T(t>IS 

(dGldO)j. 

aVTISC\ 

miprjss 

{dG/d^)y ^ 

(i'(i>Cy - arT)^^yCy ' 

T(SJ<i>IS - aPV)j{E - B] 


® (1 - Q/Cb) 

<I> - 8F«S/13c 

(dGldT)„, 

cDO - CJC) 

0 - aVIC 

i,dGjdT)p 

(j) •» >. 

0) 

l^ldTU 

0 - hVjC^ \ 

d* - ISaPF/ST 

{dGldT)y 

<i>~aVI€y. . 

0) - SaPVjS^T 

{dG/dn^ 

<t) - aVdpjM 

O - (// - st)jT 

(dGIdV)^ 

nrit>{Cy,-q,)ISCl{Cj..-Cy) 

"S' 

1 

1 

{dGldF),i 

aTit>{C- C„)/SC\{C -Cy) 

7'(«F-C<D)/(F- IOi/18) 

(dGjdV)p 

(du’/dF), 

amis(\ - (D (drjdV)p 
ar<t>{(\~C„)/SC\(C^~Cy) 

]3nP<I)/8S 

WldV)T 

aTii>C„ISC\Cy 

aP (nPVIRT) 

(dHIdE)^ 

ll(dKldll)g ^ ^ 

See Rccijmxfals 

(dHldG)z 

lHdG/dll)g c ^ 

»» »* 

(dHldP)j, 

.V(C, 

ah 

{dlIldP)„ 

S{Ca-C) • 

aFSl<b - SC 

(dtlldP)^ 

aV 

aV 

(dHldP)j, 

-SC 

t 

— ISacjS + ah 

(driidP)y 

S{Cy-b) 

(// - SyP = iSaF - lOab 

(dllldP)s 

S{C/-C) 

SaFTliU - St) - SQ 

{diim^ 

mid<b)a 

T(C„lc)/(C*,-C*) 

r(l-C«)/nF)/(l-C.O/nF) 

- Thjy - b) 

{dH(d<J>)p 

T 

T 

{dHld^)j. 

CTjC^ 

18CPIS 

{dHld<J>)y 

T{Cy-C)l(Cy-C^) 

T{H-B)HE-B) 

(mjdlb)y 

{dUld<t»s 

T + aVT/SyCy 

T + aVTlS(Cs-C^) 

i8r/io + abT/y - b) 
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OotBoiait 

OvBinl BxprMiloii 

Vtlo* for Sijlltwun 

(dn/dTy 


865/13C 

{dHldT)a 

5(1-C/Co) 

S ~ lSc(t>ISV4+btpjV 

(dHjdT)p 

s • • • 

5o + 130a<!P/9r 
laalTIST 

{dun 

S{l-CjCt)^aril 

mdT)r 

5(1-C/CV) 

5(l-/cp/5„r) 

5 - 50 iH - A/)/nrt’ 

{dHjdT)s 

5 (1 - C<fpldt) 

(dUldV)E 

aT{C,:-C)IC\{C^-C,.) 

- aj/l(V - b) 

{dlljdVh 

ar(Co-C)IC\{Ca-Cr) 

• 

(dHldV)p 

»TIC\ 

'vitiPja 

[dH/dVU 

- aWT!SyCy(\ 

- i.io/'r/io (v -b) 

{dHjdV)j, 

(dllldVU 

aTCjC^Cy 

«r(Cs.-C)/C*(C,.-C,.) 

uP (SCPjlfT) 

’{dP/dX)y^ 

iKdXjdP)^ 

See Reciprocals 

{,IQIdE)z 

ri(dEid<t>)y. 

%■ 

(dQfda)g 

ri(dUjd%y; 

fl 

(d(ildH)g 


, » 

(dQldI\ 

r {d<PltlP)y 

Sec {d<Pjd/^y 

(dqid<t>)^ 

T 

T 

(dQ/dT)^ 

5^, -. 5(1 -(VC^,) 

35(1' /.)/i;j<- 

{dQld'J\ 

.Vo-5(1 - C„/Co) 

5(1 - UTibjUUiPV) 

{dQldT),i 

5o =5(1 - (VC) -qr;c 

aVjC 

(dQldT)p 

Sp SyCyliCy — ('*) 

135/3 + lUOacPIOr 

{dQldTU- 

5,, .= 5(1-eye,.) , 

{E - li)SIH,r 

midT)s 

5o=-5(l-CVC,) 

5(1 - 3 (// - .vO/18flPF) 

{d^ldVh 

T{d<t>ldV)g 

^>ce(rf(K/rfF)^ 

(d<t>ldE)^ 

ll{dEldQ»y 

See Reeiprocnls 

{d<S>ldG)z 

]/(d(?/d«I))2 


midH)z 

y(dllld<j>)^ 

»> »* 

(rfWjE 

(5/r)(C^.-cv 

-^{V-byr 

(d<S>ldP)a 

{J§lT)(Ca-C\) 

avsj%>i> - av/iap 

(d<him)u 

-aVjT 

-aVIT 

mi8P)r 

-aCJT^-a(dVldT)p 

- asjisP 

(d<l>ldP)y 

SyCyjT ^ - a(dVldT)^ 

lOfl \V - b)l9T 

{d<t>ldP^ 

{SjT){Cs-C;) 

aVSKIl - St) - 35/18P 

(d^ldQh 

1/T 

IjT 

{d^ldT)g 

{ilT)(SqidT)y^ 

See Specific Heats 

mdV)j. 

{d<bldF)a 

* ~ {^g ^ Ey) 

tt (Cg — Cf)IC^ {Cg — Cy) 

aPjT 


33-3 
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{d<bldV)B 

(d<S>ldV)p 

(d<S>ldV)j. 

{d<!>ldF)s 

• (dTldE)g 

• {dTjd^h 

(dTJdU)z 

(d3'i<h% 

(dTjd^)g 

mdV)z 
(dVjdE)^ 
•^/dG)^ ’ 
J^i)z 
(dVIdP)/ 
(^ldP)a 
WldP)„ 
(ilVjdP)^ 
(dVldP)r 
(dVldP)j, 
(dVjdP)^ 


Otstral Expraidofl 

a(C-C^)IC^(C-Cy) ai 

\alC^ = a(dPjdT)^ • . 11 

^ICy = a (dPjdT)y Si 

«(C.-^C,)IC,{Cs-Cy) 

y(d\/dT)ss , * s< 

WHJKpz 

See Coaling-Effects on first page 


Vain* for Dry (togai 
aP/5(l - 106/18F) 
ISaPlaT 
SaP/S^T 

See Reciprocals 


• Tl(dqidl\ • 

mVjdT)^ 

^dRldV)g 
' iKdo'idV)^ • 
ll(dHldV)l, 

- - C„) 

- (Ck - CO 

-(.vcy«Y)’(c^, - cj 

-(SCJar)Cy , 

- CyVjT ~ CySC^aT 
~ (*^C*/<lT) (C y — Cg) 


See Specific Heats 
See Reciprocals 


-(F- b)/P 

-{FIP){RTIaPF-8Sim] 

- (F - lobjisyp 

- JO {F-. byisp 
~-(F + c-byp 

- RTjaP^ 


(dFymg \i{d<bidF)y, 


{dFjdry, {SejaP) (1 - Cy/Cy) 

WdT)^ (SC\laT)a-CyC„) 
(dF/dT),, {St\laT) (l - ly.jcr 
(dFjdT)j, SC^jaT • « 


(dFjdTy, FfT ^SCIar •. . 

(dFjdT)^ -SyCyjaT 
(dFjdT)^ {SejnT) (1 - Cy/Cg) 


Sec Reciprocals 

- SS {F ~ byiSacP 
(SSI18aP){l - S^m/aPFS) 

- (F - lObjlsyCP 
3S/lSaP 

It/aP + 10c/3T 

- 10 (F - bysT 
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Abbreviations and refctcncea, 3 
Absoiuto scale of temperature, 14 
Aocoleration of steam, 254 
Adiabatic, compn^ssibility, 431 
curves on diagram, 328, 473 
discharge through nozzle, 230 
elasticity, 432 

equation for dry sU'am, 52, 220, 4^7 
expansion or flow, 210, 440 
empirical formulae, 212, 223 
index for steam, 15, 52 
heat-drop, 209, 475, T 518 
for wet 8aturatc<l steam, 211 
f(jr wet suixjrsaturaUrd, 230, 252 
Air, specific neat, 100, 490 
standard, 204 
-thermometer, 495 
Amagat, E. H., 89, 154 
Androws, J. 1)., uU 
Ashcroft, J*rof., 70 
Atmospheric pressure, 0 
Availaolo eneigy, 287, 34t5, 352, 447 
Avogailro’s Law, 87 
Axial angle ami velocity, 270 

Back-pressure, 128, 243, 207, 479 
Barnes, H. T., 11,495 
Barometer, 6 
Battelli, A., 85. 195 
Baumann, K., 284, 310, 404 
Bohn, A.. 157, 187 
Blade-angle, 209 
-condensation, 417 
•l^ight, 287 
•velocity, 208 
wing-, 3^, 419 

BoUing-iH>iiit, 0, 10, 155, 484, 495 
UDoary curve, 171, 174, 208 
ylc'^t^w, 54, 433 
Brake horse-power, 480, 481 
Brinkwortlr, K., 50, 101, 490 
^BHtish Thermal Unit, 7, 485 
'Bubbles, eqqOibrium of, 172 
By-pass, 4i<, 422 

C.O.S. system of units, 4 
CflUletet and Mathias, 156 
Calorie Centigrade, 7, 485 
Calorimeter, contSuous electric, 12,490 
ste^y flow, 24 
steam, 490 
throttling, 45 

Capillary pressure, 173,239, 496 


Carbonic acuj^COj, 153-194 
tables, 14i/t7!). 180 
Carnot, S., LlO, 405 
< vXle, 127, 201 
irflrtion. 128, 406 
principh', 120, 458, 4415 
evil, Clark, 10, 34l, 495 
VVVstiui, 30 ^ 

Cimngc (jf staU', 330, 410# 

(’lianu-t* istic curve, 295, 318, 

I'uiialidi), 53 
/ Hteam, 541 , 

.' 4 (4,. 14M, 173. 184 
4 I r.- vi Ai's eipffttion, 20, 129, KW, 408 
(’iHi-k -fll, 10, M, 495 
('laiisilis, H.. 13(1. 178. 24MI, 454, 407 
4li-jiniiisedfakage, 383 
t.'loudy cotMleiisii4i«49^ 239, 425 
Co:iggn'ga4ii>n vnlinne, 50,4K), T507 
f(>«*f!icif*n4, of <'Xj»mHion. 429 
of |H*rff»rmance, 195, 231 
<if pn'HKun*, 434 

(/ompcnH!»t<‘d air-4liern»onieler, 495 
('onqN-usatiiig l(‘a<is. 53 
(Vun|K)und whirls. 2K4 
CoiupivKHtbility. 433 
(‘oinjir<‘HHi4m-Ati«>, 204, 21 2 
L’ouaeiisation, 34, 417^ 
hw of surface-, 44^15, 49.5 
l.'omliictioi/of heat, 44M1 
L'onw^atJbn of energy, 24), 22, et 
Uumtants for 15 

l.VinHiimption, 222, 274, 397 
['|>ntinuity of state. 174) 

Omtinuous expansion, 295 
calorimetry, 10, 490 
(>M4ing-efTcct, 47, 02, 103, 439 
Oirnrtion for pressure, 399 
suiierhei|>, 314) 
vacuum, 402 

(>)m»ponding*8UteB. 198 
Covoliime, 57. 1418 
Critical preaimro-ratio, 236, 2410 
Critical i«ia|ions, IHO 
sUte, 153-200 
temjKraturc, 39, 15.3 
Curtis wheels, 284 
Cut-off, 275. 480 
Cycles, ideal, 127, 201 
temperature, 496 
Cylin&r condensation, 482,495 

Dalby, Prof. W. E., 76, 482. 
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Dalton, J., 12# 

Davit, Prof. H. N., 72, 110, 113, 110, 
430,480 

Del,aval,278 k 
Density, 5, 167, 484 
Diagram, entropy-, 207,4’!f 
indicator, 207, 469 
. flI«gP, 180,328,4% 

• Molli^ 470 2 

(Diamet^, rectilinear IfX 

• of rotor, 292, 362,378\ 

DiotvicilC., II, 28, 34, iIl 
D iffeteAial-calorimeter, 1^ 64, 62, 76 
Dinerentiai cor^cicnts, 428, 621 
Differential, exact, 184, 466 • 

BiSerential-gaugo, 66, 76 

-thermometer, 11,66 
Dimensional consWnts, .361, 377, 380, 
407,419, , • 

LDischaroe ancle. 271, 288, 354,<106, 419 
^N4j>nt, 361, 390 
Dischargo through an ^^expansion,” 350, 
3C0, 37f 

a nozzle, 233-267 • • 

^ turbine, 271, 390 ^ • 

l^ontinuous expansion, 205, .341^, 355, 

BiscontinuitVvCorrAtion, 339, 355,^67, 
376 

Distribution of pressure,313,325,400-421 
Division of work, 312, 325 '• 

Dodge, A. R., 75 
Drtmiwuglif trials, 379 
Drop, of pressure, 287, 350 
receiver, 382, 412, 422 
Drop of total heat, 1, 23. ete., T 518 
Drops, eqiiilibriiim of, 172, 239 
Di^teaifllBkdiabatic, 62, 229 
entropy, 136, i ol i 
potential, 141, T 516 * 

total heat, 50, T 510 * 

volume, 56, 69,85.'Fil2 
DrynMB'froction, 134 
Dummydeakage, 262, 422 

Ebullition, 172 

Efficiency, absolute, 128,219, 478 
brake. 480, 481 
•constants, 352, 356 
kinetio, 274, 287 
meehanioal. 480 


Electromotive foroe, 11,36,495 
Encyclopaedia Britannica, 3, 496 
Enygy, availabldf 287, 362 
conservation of, 9, 20, etc, 
intrinslo, 17 | « • 
kinetic, 22, 233 
surface-, 182 
total, 22, 277 
Cntiopy, 131, 134, 458 
ilntropy-diagram, 208, 470 
Entropy of dry steam, 136, T 614 
saturated, D15, T 498-603 
water, 134, T 498 
wot saturated, 135 
Equal division of work, 312 
Equilibrium of drops and bubbles, 172, 
239 

E(|€iivalent of heat, 9 
Equivalent number of stages, 378 
Ewing, Sir J. A., 44 
Exact differential, 184, 456 
“Expansion” of N stages, 286, 350 
Expansion, adiabatic, 210 
continuous, 295 
incomplete, 478 
• isothermal, 230 
Expansion-coefficient, 429 
-curve, 318, 328 
-ratio, 212, ;iS3,4S0 
Extrapolation to 374’ C., 39, 81, T 196 

F.P.C., F.P.F., sysUmts, 4, 484 
Factor, reiluction, 4, 18, 484 
reheat, 300, tK)3 
integrating, 458 
•Fairlmirn and Tate, 85 
Fan-action, 291 

Feed-pump work, 30, 209, 220, 478 
('irst law, 22, 132, 201, 442 
Flow, adiabatic, 210, ^2 
/ constant, 297 
^ iscntropic, 213, 235, 363 
isothermal, 230 
steadv, 22, 275 
moss-’; 222, 234. 275 
Flow through, an “expansion,” 286,350 
a nozzle, 2^ 
a turbine, 268 
Friction, 296, 444 
blade-, 281 
nozzle-, 243, 253 


reaction-, 287 
relative, 221, 276 
stage-, 289, 296,451 « * 

Effioienoy of, Carnot cycle, 131, 203 
oonversioD, 451 
ooDitant V oycle, 203 
Rankiiil oycle, 219,478 
Effioienoy and superheat, 220, 261 
Effti^oy-mtio, ^2 
Elmtieity, 433 
Eleotrio oalorimeter, 11,496 
thermometen^ 12,62,495 


turbine-, 276 
wheel-, 281, 291 
Fraction, dryness-, 136 
Function, C^ot>, 128 
Gibb#, 140 
Fusion, 496 

Gas, adiabatic of, 234^ 
perfect mid pluperfect, 8o, va 
specific heats of, 129,496 
Oas-ooftstant, 15,91 
•engitm, 203 
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QaS'thermoineter, 14, 130,495 
Oauge-premre, 6 
Qibbe, J. Willard, 141« 

Gibba* funqtion, 140, 488 
Gray, J. MaoFarlaAe,^^ 43 
Orieumann, 70 
Griffiths, £. H., 10, 34 
Griffiths, Ezer, 35 
GrindJey, C. H., 44, 68 

H log P diagram, 189? 471 
//4> diagram, 189, 470 
Hoat, Article, 496 
latwt, 15, 38, 96, T 196, T 498 
•engine, 126 
equivalent, 9, 18, etc. 
specific, 15, 42, 45, 98, 496 
total, 19, 24, 29, etc. 
units of, 7 

Heat-drop, 209, 475, T518 
loss of, 257 
in stca^ly flow, 23 
subdivision of, 321 
Henning, H., 36, 95, 99, 142 
Him, G. A., 168 
HollKim, L., 99, 142, 152, 197 
Horse-power, 222, 427, 480 

Ice molecules, 27 ^ 

Ideal cycles, 126, 201 
Ideal gas or vapour, 42, 1,30 
Impulse and reaction. 268 
Impulse turbine, 269, 321-349 
Incomplete expansirtn, 478 
Index, adiabatic, 52 
Index of symbols, 1 
Indicated power, 222, 470 
Indicator diagram, 208, 469 
Initial and flnal states, 3 
Institution of Civil Engineers, 204 
Int^rating factor, 458 
Integration of //, 4>, and E. 460 , 

Internal or intrinsic onergA’, 17,58, 165, 
•7498 

Internal combustion engine, 204 
International Commission on tSymbols, 

bterpolation, 146, 213, 218, 431, 4.34, 
45Q, 494 

[sentropiq^xpansion, 209, 447 
[sotberma^ expansion or flow, 2.30 
••curves, 174,•192. 476 
elasticity,^32 

• 

Jakob, M„ 104, 108, 114 
laqua^, H. M., 63 

rinkin and Pye. 155, 158,164, 169, 193 
Joly, Prof. J.. 34. 163,107 
Joute, J. P., 9, 21^50,130 
Joule-Thomson effect, 47, 62, 79 


fUtowatt, 282,489 
Kinetic, efficiency, 274,287 
energy, 22, 233 
King, K. O.. 11,496 
\ircnhoff, Gj, 42, 47 
Knoblimeh. ().. 88. 101, 12.3, 142 

Ktienen an<niul>sun. 155.187 

• 

Labyrmth pack^g, 264 
• Latent bent. 

of eompn.‘H!unn, 455 
of steam, y. 96. T 196, T 4!# 
Thiesen'sl^iuuin, 39, 112, 196 
JavaK G. <le, 279 
L i V*' wf, Avt)gadrtN 87 
Hoyle. 54, 1.54, 433 
Condensation of steam, 44, 52, 246, 
495 

0 inst‘rvation ot cnergy.^2, 126, 442 
corn-s^tniding st 4 iO*s. 108 
pivssure distribution. 408 
n-ctilinear diameter. 157 
' hiTuuMlvnaniics, 22, 126, 201, 442, 
• (;3f4il6 • 
i/ cicaranp*'. 383 
diinsiny . 261; 422 

•loHSl'H, 4^2 

valve-, 182. 495 m 
Lviving-loKs, 274, 281 
Ximiting. discharge, 23.3, 363, 372, 394 
HiilMTsaturation, 246, 425 
surface coiidenK.ition, 417, 495 
Linde's equation, '.Ml. 97, 105, 114, 122 
Liidin, 8 


.MacPnrlanc Gmy, *1., 25, 43 
Makpwer, \V.. 56. 9!) 

Mails, Prof. 1^. S.. 1 1 l,_4 5ii<> 

Manno tiirbine^iiSH^W, 351, 379 
.Martin. 11.^1., 249, 265, 302, 362 
M.ass-6ow,*222, 234, 271 
^tiiinlnnia, 2i6f.3f|^. 4(K1 
‘ilaxirniim M/X for, “(expansion,” 372 
^labyrinth, 2tl4 
no/xle, 235 


turbine, 394 

Maxwell, T. 175, 248 
Mean s|x*cirie Im’hI. 123, 163 
I'lKTmaAUnit, 7, 48.5 
.VIechanicaT eflutienev, 480 
e<inivaletit,% 

Mcllanby, Prof. A. L., 245 

Missing ({uaiftiiy, 482 

Moleciilat veiglit, 15 

Mollier, Pr<5. R, 28. 70, 189, 470 

Mollier, K.. 101. 123 

Mrwrhy, W. IL, 10 

Motive power, 126 

Multistage turbine, 285 

Miinteh expcrlmenU, 88, 101, 143 ^ 


K.M.C. ^atem of units, 3,484 
Kelvin, Lord, see Thomson 


Ntcolson, Prof. J. T., 44, 56,496 
Non-condensing turbine, 366 
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»235 

expandiny, 241 
{notion ci* 24^ 
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